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ÂÑÒÓÏ 
Îäí³ºþ ³ç àêòóàëüíèõ ïðîáëåì ïðîåêòóâàííÿ òà äîñë³äæåííÿ 

îáëàäíàííÿ ç ìåõàí³çìàìè ïàðàëåëüíî¿ ñòðóêòóðè º âèçíà÷åííÿ ¿õ 
æîðñòêîñò³, ÿêà íàéá³ëüø ïîâíî îïèñóºòüñÿ ìàòðèöåþ ïðîñòîðîâî¿ 
æîðñòêîñò³ [1]. Çã³äíî ç [2] ìàòðèöÿ æîðñòêîñò³ âñòàíîâëþº 
ñï³ââ³äíîøåííÿ ì³æ íàâàíòàæåííÿì òà âèêëèêàíîþ íèì ïîõèáêîþ 
ïîëîæåííÿ 

 
 K=W Δ , (1) 

 

äå K  – ìàòðèöÿ æîðñòêîñò³ 6×6; ( ), , , , , T
x y z x y zP P P M M M=W  – 

âåêòîð óçàãàëüíåíîãî íàâàíòàæåííÿ ( , ,x y zP P P  – ñêëàäîâ³ ñèëè, ùî ä³þòü 

ó òî÷ö³ À ó íàïðÿìêàõ îñåé X, Y òà Z â³äïîâ³äíî; , ,x y zM M M – ñêëàäîâ³ 

ìîìåíòè, ùî ä³þòü ó òî÷ö³ À ñòîñîâíî îñåé X, Y òà Z â³äïîâ³äíî); 

( ), , , , ,
T

x y z x y zδ δ δ θ θ θ=Δ  – âåêòîð óçàãàëüíåíî¿ ïîõèáêè ( , ,x y zδ δ δ  – 

ð³çíèöÿ ì³æ íîì³íàëüíèìè òà ôàêòè÷íèìè êîîðäèíàòàìè òà , ,x y zθ θ θ  – 

ìàë³ ïîâîðîòè òâåðäîãî ò³ëà íàâêîëî îñåé êîîðäèíàò). Ô³çè÷íèé çì³ñò 
åëåìåíò³â ìàòðèö³ æîðñòêîñò³ ijk  – æîðñòê³ñòü ñèñòåìè ó íàïðÿìêó ³-¿ 

óçàãàëüíåíî¿ êîîðäèíàòè ï³ä ä³ºþ j-ãî êîìïîíåíòà óçàãàëüíåíî¿ ñèëè. 
Â ë³òåðàòóð³ çóñòð³÷àþòüñÿ ê³ëüêà âàð³àíò³â çàïèñó âåêòîð³â 

óçàãàëüíåíîãî ïåðåì³ùåííÿ òà íàâàíòàæåííÿ, ùî âèçíà÷àþòüñÿ 
ïð³îðèòåòîì ïîñòóïàëüíèõ ïåðåì³ùåíü òà ñèë [1,2], îáåðòàëüíèõ 
ïåðåì³ùåíü òà ìîìåíò³â [3], îáåðòàëüíèõ ïåðåì³ùåíü òà ñèë [4]. Çàëåæíî 
â³ä çàçíà÷åíîãî ïð³îðèòåòó ìîæíà ñôîðìóëþâàòè ê³ëüêà âàð³àíò³â 
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ñòðóêòóðè ìàòðèö³ æîðñòêîñò³ K , ùî â³äð³çíÿþòüñÿ ðîçì³ùåííÿì 
ï³äìàòðèöü ïîñòóïàëüíî¿, êðóòèëüíî¿ òà ñïîëó÷íî¿ æîðñòêîñòåé. 

ßêùî ò³ëî ðîçì³ùåíå íà n  òî÷êîâî-îñüîâèõ ïðóæíèõ îïîðàõ ç 
íàïðÿìêîì îñ³ ïðóæèíè ia , æîðñòê³ñòþ ik  òà ðàä³óñ-âåêòîðàìè ir  òî÷îê 

ïðèêð³ïëåííÿ ïðóæèíè, òà çã³äíî ç [2] åëåìåíòè ìàòðèö³ æîðñòêîñò³ 
âèçíà÷àþòüñÿ ÿê 
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äå , 1, 2, ..., 6j k ∈ ; ,ji kiR R – åëåìåíòè âåêòîðà 

( ), , , , ,
T

i xi yi zi xi yi zia a a s s s=R  ( , ,xi yi zia a a  – åëåìåíòè âåêòîðà ia ; , ,xi yi zis s s  – 

åëåìåíòè âåêòîðà i i i×m = r a , ùî ÿâëÿº ñîáîþ ìîìåíò âåêòîðà ia ). 

Ó çàãàëüíîìó âèïàäêó çà ôîðìóëîþ (2) íåîáõ³äíî ðîçðàõóâàòè êîæåí ³ç 
36 åëåìåíò³â ìàòðèö³ æîðñòêîñò³, òîìó öåé øëÿõ âèçíà÷åííÿ ìàòðèö³ 
æîðñòêîñò³ äîñèòü ñêëàäíèé òà ïîòðåáóº áàãàòî îá÷èñëåíü. 

Ó ðîáîò³ [3] íàâàíòàæåííÿ òà ïðóæí³ ïåðåì³ùåííÿ ðîçãëÿäàþòü ÿê 
êîìïëåêñí³ âåêòîðè, à çâ’ÿçîê ì³æ íèìè âñòàíîâëþºòüñÿ çà äîïîìîãîþ 
á³íîðà ïðóæíîñò³ ó âèãëÿä³ äâîõ êîìïëåêñíèõ ìàòðèöü 
 

( ) { } ( ),C C C C Cω+ += + = + = RΦ θ δ θ δ , 

 

äå ( ) { },C C C+=  – á³íîð ïðóæíîñò³; ( )Φ ω= +θ δ  – êîìïëåêñíèé âåêòîð 

(ãâèíò) ïðóæíèõ ïåðåì³ùåíü; ωR = f + m  – êîìïëåêñíèé âåêòîð (ãâèíò) 

çîâí³øí³õ íàâàíòàæåíü. Åëåìåíòè á³íîðà ïðóæíîñò³ ðîçðàõîâóþòüñÿ 
ïîä³áíî äî (2) ÿê ñóìè â³äïîâ³äíèõ ïðîåêö³é æîðñòêîñòåé îïîð àáî ¿õ 
ìîìåíò³â â³äíîñíî êîîðäèíàòíèõ îñåé. 

ßêùî ðîçãëÿäàòè ñòðóêòóðó òðàäèö³éíî¿ ìàòðèö³ æîðñòêîñò³ ó âèãëÿä³ 
áëîê³â 3×3 [4] 
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äå ïK , ñK  òà êK  – ìàòðèö³ ïîñòóïàëüíî¿, ñïîëó÷íî¿ òà êðóòíî¿ 

æîðñòêîñòåé â³äïîâ³äíî, ìîæíà çàïèñàòè åêâ³âàëåíòíèé âèðàç á³íîðà 
ïðóæíîñò³ [3] ó âèãëÿä³ 
 

 ( ) { }ê c ï ñ,TC K K K Kω ω= + + , 

 
òîáòî á³íîð ïðóæíîñò³ ì³ñòèòü òó ñàìó ³íôîðìàö³þ, ùî ³ ìàòðèöÿ 
æîðñòêîñò³, àëå ó âèãëÿä³ äâîõ êîìïëåêñíèõ ìàòðèöü, íå íàäòî çðó÷íîìó 
äëÿ îá÷èñëåíü ³ ïåðåòâîðåíü. 

Ìàòåìàòè÷íèé àïàðàò ãâèíòîâîãî ÷èñëåííÿ îáðîáëÿº ïàðè ñèëà-
ìîìåíò, ë³í³éíå-êóòîâå ïåðåì³ùåííÿ ðàçîì, àëå çàñòîñóâàííÿ 
êîìïëåêñíèõ âåêòîð³â óñêëàäíþº âèêîðèñòàííÿ ºäèíèõ ìàòðèöü 
ïåðåòâîðåíü, ³ íàéãîëîâí³øå – ñï³ââ³äíîøåííÿ ì³æ êîìïëåêñíèìè 
âåêòîðàìè (ãâèíòàìè) ïåðåì³ùåííÿ ³ íàâàíòàæåííÿ íå ÿâëÿº ñîáîþ 
ìàòðèö³ æîðñòêîñò³ ó òðàäèö³éíîìó âèãëÿä³. Òàêèì ÷èíîì, çàñòîñóâàííÿ 
ìàòåìàòè÷íîãî àïàðàòà ãâèíòîâîãî ÷èñëåííÿ ó âèãëÿä³ êîìïëåêñíèõ 
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âåêòîð³â ñïðîùóº ðîçðàõóíêè, àëå âñå îäíî íå äîçâîëÿº îäåðæàòè ºäèíèé 
ïðîñòèé âèðàç äëÿ ìàòðèö³ æîðñòêîñò³ ïðóæíî¿ ñèñòåìè. 

Â ðîáîò³ [2] ðàä³óñ-âåêòîðè òî÷îê ç äåêàðòîâèìè êîîðäèíàòàìè 
, ,x y z  îïèñóþòüñÿ âëàñíèìè âåêòîðàìè ÷åòâåðòîãî ïîðÿäêó âèãëÿäó 

( ), , , 1
T

x y z=r , êîîðäèíàòí³ ïåðåòâîðåííÿ ÿêèõ âèêîíóþòüñÿ çà 

äîïîìîãîþ ìàòðèöü 4×4 ïåðåòâîðåííÿ êîîðäèíàò, ÿê³ ìàþòü òàêó 
ñòðóêòóðó: 
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, 

 
äå ë³âèé âåðõí³é áëîê 3×3, ùî ÿâëÿº ñîáîþ îðòîãîíàëüíó ìàòðèöþ, ÿêà 
îïèñóº â³äíîñíèé ïîâîðîò ñèñòåì êîîðäèíàò, à òðè ïåðø³ êîîðäèíàòè 
÷åòâåðòîãî ñòîâï÷èêà ÿâëÿþòü ñîáîþ äåêàðòîâ³ êîîðäèíàòè ¿õ â³äíîñíîãî 
ïåðåì³ùåííÿ. 

Òàêèé ìàòåìàòè÷íèé àïàðàò çàáåçïå÷óº çðó÷íå ïåðåòâîðåííÿ ðàä³óñ-
âåêòîð³â ïåðåìíîæåííÿì íà ìàòðèö³ êîîðäèíàòíîãî ïåðåòâîðåííÿ, ïðîòå 
ïîðÿäîê ðàä³óñ-âåêòîð³â òà ìàòðèöü ïåðåòâîðåííÿ íå çá³ãàºòüñÿ ç 
ïîðÿäêîì âåêòîð³â óçàãàëüíåíîãî íàâàíòàæåííÿ, óçàãàëüíåíèõ 
ïåðåì³ùåíü òà ìàòðèö³ æîðñòêîñò³, ùî âèìàãàº äîäàòêîâèõ îïåðàö³é ³ 
çíà÷íî óñêëàäíþº ðîçðàõóíêè. Âðàõîâóþ÷è, ùî âåêòîðè ïîñòóïàëüíèõ òà 
îáåðòàëüíèõ ïåðåì³ùåíü, ñèë òà ìîìåíò³â ïåðåòâîðþþòüñÿ îêðåìî, ñë³ä 
âèçíàòè, ùî âèêîðèñòàííÿ ìàòåìàòè÷íîãî àïàðàòà âåêòîð³â ÷åòâåðòîãî 
ïîðÿäêó äëÿ âèçíà÷åííÿ ìàòðèö³ æîðñòêîñò³ íåäîö³ëüíå. 
 

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×² 
Òàêèì ÷èíîì, íåîáõ³äíî, ùîá ìàòåìàòè÷íèé àïàðàò äëÿ ðîçðàõóíê³â 

æîðñòêîñò³ çàäîâîëüíÿâ òàê³ óìîâè: ñï³ââ³äíîøåííÿ ì³æ âåêòîðàìè 
óçàãàëüíåíîãî íàâàíòàæåííÿ òà óçàãàëüíåíîãî ïåðåì³ùåííÿ ÿâëÿº ñîáîþ 
ìàòðèöþ æîðñòêîñò³ ó âèãëÿä³ (1); ïåðåòâîðåííÿ âåêòîð³â óçàãàëüíåíîãî 
íàâàíòàæåííÿ òà óçàãàëüíåíîãî ïåðåì³ùåííÿ ïðè ïåðåõîä³ ì³æ ñèñòåìàìè 
êîîðäèíàò ïðîâîäèòüñÿ áåç ðîçêëàäó íà îêðåì³ ñêëàäîâ³. Òàê³ óìîâè 
çàäîâîëüíÿº ìàòåìàòè÷íèé àïàðàò âåêòîð³â øîñòîãî ïîðÿäêó [5], ÿêèì 
ìîæíà ñêîðèñòàòèñÿ äëÿ ïðåäñòàâëåííÿ ìàòåìàòè÷íèõ ìîäåëåé ô³çè÷íèõ 
îá’ºêò³â – óçàãàëüíåíîãî ïåðåì³ùåííÿ òà íàâàíòàæåííÿ.  

Îòæå, ìåòîþ ðîáîòè º îá´ðóíòóâàííÿ ïåðåõîäó ðîçðàõóíê³â æîðñòêîñò³ 
â³ä âåêòîðíî¿ àëãåáðè ç êîîðäèíàòíîþ ôîðìîþ çàïèñó ãåîìåòðè÷íèõ 
âåêòîð³â äî ìàòåìàòè÷íîãî àïàðàòà ïåðåòâîðåíü âåêòîð³â øîñòîãî ïîðÿäêó 
çà äîïîìîãîþ ñïåö³àëüíèõ ìàòðèöü, äëÿ ÷îãî íåîáõ³äíî ñèñòåìàòèçóâàòè 
îïåðàö³¿ ç âåêòîðàìè øîñòîãî ïîðÿäêó, âèçíà÷èòè ìàòðèö³ êîîðäèíàòíèõ 
ïåðåòâîðåíü âåêòîð³â óçàãàëüíåíîãî ïåðåì³ùåííÿ òà íàâàíòàæåííÿ, 
âñòàíîâèòè çàêîíè êîîðäèíàòíîãî ïåðåòâîðåííÿ ìàòðèö³ æîðñòêîñò³. 
 

ÎÑÍÎÂÍÀ ×ÀÑÒÈÍÀ 
Îñê³ëüêè òðàäèö³éíà çàãàëüíîïðèéíÿòà ñòðóêòóðà ìàòðèö³ æîðñòêîñò³ 

ìàº âèãëÿä (3), â ïîäàëüøîìó áóäåìî ðîçãëÿäàòè âåêòîð óçàãàëüíåíèõ 
ïåðåì³ùåíü ó âèãëÿä³ 
 

 
 

=  
 

δΔ
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äå ( ), ,
T

x y zδ δ δ=δ – âåêòîð ìàëèõ ë³í³éíèõ ïåðåì³ùåíü; ( ), ,
T

x y zθ θ θ=θ  – 

âåêòîð ìàëèõ ïîâîðîò³â òâåðäîãî ò³ëà, à âåêòîð óçàãàëüíåíîãî 
íàâàíòàæåííÿ ó âèãëÿä³ 
 

 
 

=  
 

f
W

m
, 

 

äå ( ), , T
x y zP P P=f  – âåêòîð ñèë; ( ), , T

x y zM M M=m  – âåêòîð ìîìåíò³â 

ñòîñîâíî  êîîðäèíàòíèõ îñåé. 
Òîä³ ð³âíÿííÿ (1) ìîæíà çàïèñàòè ó âèãëÿä³ 
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Çà àíàëîã³ºþ ç [3] ìîæíà ââàæàòè âåêòîðè óçàãàëüíåíèõ ïåðåì³ùåíü 

òà íàâàíòàæåíü ãâèíòàìè, îñê³ëüêè âîíè ñêëàäàþòüñÿ ç äâîõ òð³éîê 
êîîðäèíàò. Àëå íà â³äì³íó â³ä òðàäèö³éíèõ ãâèíò³â êîë³íåàðí³ñòü ì³æ 
òð³éêàìè íå ïîòð³áíà, ùî óñóâàº íåîáõ³äí³ñòü âèçíà÷åííÿ îñ³ ãâèíòîâîãî 
ïåðåì³ùåííÿ àáî ñèëîâîãî ãâèíòà ³ äîçâîëÿº áåçïîñåðåäíüî âèçíà÷àòè 
óçàãàëüíåíå ïåðåì³ùåííÿ àáî íàâàíòàæåííÿ ó íåîáõ³äíèõ òî÷êàõ òâåðäîãî 
ò³ëà. Äàë³ áóäåìî ãîâîðèòè ïðî óçàãàëüíåíå íàâàíòàæåííÿ òà óçàãàëüíåíå 
ïåðåì³ùåííÿ íà ïî÷àòêó êîîðäèíàò, ÿêùî îêðåìî íå çàçíà÷åíî ³íøîãî. 

 
Ìîìåíò ñèëè 
ßêùî âåêòîð ñèëè f  ä³º ó òî÷ö³ ç ðàä³óñ-âåêòîðîì r , ¿¿ ìîìåíò 

ñòîñîâíî öåíòðà êîîðäèíàò äîð³âíþº 
 
 = ×m r f . 

 
Òîä³ âåêòîð óçàãàëüíåíîãî íàâàíòàæåííÿ âèçíà÷àºòüñÿ ÿê 
 

 
E

×

  
= =     ×      

f
W f

rr f
, 

 
äå E  – îäèíè÷íà ìàòðèöÿ 3õ3; 

×  p  – êîñîñèìåòðè÷íà ìàòðèöÿ 3õ3, 

ïîðîäæåíà âåêòîðîì  ïàðàëåëüíîãî ïåðåíåñåííÿ ïî÷àòêó êîîðäèíàò Î äî 
Î', çàäàíèì ó ñèñòåì³ êîîðäèíàò X0Y0Z0: 
 

 
3 2

3 1

2 1

0

0

0

p p

p p

p p
×

− 
 = −    
 − 

p . 

 
Ìàòðèöÿ 

×  p  ôàêòè÷íî º ë³í³éíèì îïåðàòîðîì, ùî â³äïîâ³äàº 

âåêòîðíîìó äîáóòêó ×p , òîáòî çàñòîñóâàííÿ 
×  p  äî âåêòîðà r  

ïåðåòâîðþº éîãî íà âåêòîð ×p r . Ó â³ò÷èçíÿí³é ë³òåðàòóð³ çäåá³ëüøîãî 

âèêîðèñòîâóºòüñÿ çàïèñ ó âèãëÿä³ 
×  p , à ó çàðóá³æí³é – ÿê îïåðàòîðà ×p  

[6]. 
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Òàêîæ ìîæíà âèçíà÷èòè óçàãàëüíåíå íàâàíòàæåííÿ, çíàþ÷è âåêòîð 
ïëþêåðîâèõ êîîðäèíàò ë³í³¿ ä³¿ ñèëè òà ¿¿ àáñîëþòíó âåëè÷èíó 

 f=W N , (4) 

äå 
 

=  × 

n
N

r n
 – âåêòîð 6×1 ïëþêåðîâèõ êîîðäèíàò ë³í³¿ ä³¿ ñèëè. 

 
Êîîðäèíàòí³ ïåðåòâîðåííÿ ðàä³óñ-âåêòîð³â 
Ðîçãëÿíåìî ïåðåòâîðåííÿ ðàä³óñ-âåêòîðà ïðè ïåðåõîä³ â³ä ñèñòåìè 

êîîðäèíàò X0Y0Z0 äî ñèñòåìè X'0Y'0Z'0 
 
 ' R= −r r p , 

 
äå R  – ìàòðèöÿ ïîâîðîòó; p – âåêòîð, ùî âñòàíîâëþº êîîðäèíàòè öåíòðà 
ñèñòåìè X'0Y'0Z'0 ó X0Y0Z0. 

Ùîá ïåðåéòè â³ä òðàäèö³éíî¿ îïåðàö³¿ äîäàâàííÿ ðàä³óñ-âåêòîð³â ïðè 
ïàðàëåëüíîìó ïåðåíîñ³ ñèñòåìè êîîðäèíàò äî îïåðàö³¿ ìàòðè÷íîãî 
ìíîæåííÿ âåêòîð³â øîñòîãî ïîðÿäêó, ðîçãëÿíåìî ñòðóêòóðó äîáóòêó 
ìàòðèö³ íà âåêòîð 

 

 11 12 1 11 1 12 2

21 22 2 21 1 22 2

A A A A

A A A A

+     
⋅ =     +     

b b b

b b b
. (5) 

 
Êîîðäèíàòí³ ïåðåòâîðåííÿ âåêòîðà óçàãàëüíåíîãî íàâàíòàæåííÿ  

Ðîçãëÿíåìî ïåðåõ³ä â³ä ñèñòåìè êîîðäèíàò X0Y0Z0 äî ñèñòåìè 
X'0Y'0Z'0 , ïî÷àòîê êîîðäèíàò ÿêî¿ Î' îäåðæóºòüñÿ ïàðàëåëüíèì 

ïåðåíåñåííÿì ïî÷àòêó êîîðäèíàò 0 âåêòîðîì 1 2 3, ,
T

p p p=   p  (ðèñ. 

1).  
Ðèñóíîê 1 – Ïåðåòâîðåííÿ óçàãàëüíåíîãî íàâàíòàæåííÿ 

 
Îñê³ëüêè âåêòîð ñèëè f  çàëèøàºòüñÿ ïîñò³éíèì, à âåêòîð ìîìåíòó 

çì³íþºòüñÿ ç óðàõóâàííÿì ïàðàëåëüíîãî ïåðåíåñåííÿ ñèëè 
 

 ' = − ×m m p f , 
 

âåêòîð íàâàíòàæåííÿ W  çì³íþºòüñÿ òàê: 
 

'

'

   
=   − ×   

f f

m m p f
. 
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Òîä³ ç óðàõóâàííÿì (5) çâ’ÿçîê ì³æ âåêòîðàìè íàâàíòàæåííÿ 'W  òà W  ó 
ñèñòåìàõ êîîðäèíàò X0Y0Z0 òà X'0Y'0Z'0 ìîæíà çàïèñàòè òàê: 
 
 ' S=W W , 

 
äå S  – ìàòðèöÿ 6x6 ïðîñòîðîâîãî ïàðàëåëüíîãî ïåðåíåñåííÿ 
 

 
0E

S
E

×

 
=  −    p

, 

 

Çâîðîòíå ïåðåòâîðåííÿ îïèñóºòüñÿ ìàòðèöåþ 1S− , ÿêà çã³äíî ç 
ôîðìóëîþ Ôðîáåí³óñà [7] äîð³âíþº 

 

 -1
0E

S
E

×

 
=      p

, 

 
ùî ï³äòâåðäæóºòüñÿ ð³âíÿííÿì '= + ×m m p f . 

ßêùî ïî÷àòêè ñèñòåì êîîðäèíàò çá³ãàþòüñÿ, à R  – ìàòðèöÿ 3õ3 
ïîâîðîòó â³ä ñèñòåìè X'0Y'0Z'0 äî X0Y0Z0 ,  òî 

 
 ' H=W W , 

 
äå H  – ìàòðèöÿ 6õ6 ïðîñòîðîâîãî ïîâîðîòó 
 

 
0

0

R
H

R
 

=  
 

. 

 
Çâîðîòíå ïåðåòâîðåííÿ îïèñóºòüñÿ ìàòðèöåþ 
 

 1 0

0

T

T

R
H

R
−

 
=  

  
. 

 
ßêùî äëÿ ïåðåõîäó äî ñèñòåìè êîîðäèíàò X'0Y'0Z'0 íåîáõ³äíî 

ïîñë³äîâíî çä³éñíèòè ïåðåì³ùåííÿ òà ïîâîðîò, òî 
 
 ' T=W W , (6) 

 
à ìàòðèöÿ ïðîñòîðîâîãî ïåðåòâîðåííÿ ìàº âèãëÿä 
 

 
0 00

0

E RR
T

E R RR × ×

    
= =     − −              p p

. (7) 

 

Çâîðîòíå ïåðåòâîðåííÿ çàäàºòüñÿ ìàòðèöåþ 1T− , ÿêà äîð³âíþº 
 

 1
0 00

0

TT

T TT

E RR
T

E R RR

−

× ×

   
 = =                 

p p
. 
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Êîîðäèíàòí³ ïåðåòâîðåííÿ âåêòîðà óçàãàëüíåíîãî ïåðåì³ùåííÿ  
Íà â³äì³íó â³ä âåêòîðà óçàãàëüíåíîãî íàâàíòàæåííÿ ïðè ïåðåõîä³ â³ä  

ñèñòåìè êîîðäèíàò X0Y0Z0 äî ñèñòåìè X'0Y'0Z'0  (ðèñ. 2) íåçì³ííèì 
çàëèøàºòüñÿ äðóãèé êîìïîíåíò âåêòîðà óçàãàëüíåíîãî ïåðåì³ùåííÿ – 
âåêòîð ïîâîðîòó θ , à âåêòîð ïåðåì³ùåííÿ δ  çì³íþºòüñÿ ç óðàõóâàííÿì 
ïàðàëåëüíîãî ïåðåíåñåííÿ 

 

 ' = − ×δ δ p θ . (8) 
 

 
Ðèñóíîê 2 – Ïåðåòâîðåííÿ óçàãàëüíåíîãî ïåðåì³ùåííÿ 

 
Òîä³ âåêòîð óçàãàëüíåíîãî ïåðåì³ùåííÿ Δ  çì³íþºòüñÿ òàê: 
 

 
− ×   

=   
   

δ' δ p θ
θ ' θ

. 

 
Îòæå, çâ’ÿçîê ì³æ âåêòîðàìè Δ  òà 'Δ  ôîðìóëþºòüñÿ òàê: 
 

 *' S=Δ Δ, 

äå *S  – ìàòðèöÿ 6õ6 ïðîñòîðîâîãî ïàðàëåëüíîãî ïåðåíîñó 
 

 *S
0

E

E
×

 −  =  
  

p
, 

 
Çâîðîòíå ïåðåòâîðåííÿ îïèñóºòüñÿ ìàòðèöåþ 
 

 ( ) 1
* *S

0

E
S

E

−− ×
   = =  
  

p
, 

 
ùî â³äïîâ³äàº çàëåæíîñò³ '= + ×Δ Δ p θ . 

Ïðè ïîâîðîò³ ñèñòåìè êîîðäèíàò 
 

 *' H=Δ Δ , 
 

äå *H  – ìàòðèöÿ 6õ6 ïðîñòîðîâîãî ïîâîðîòó 



Â³ñíèê ÑóìÄÓ. Ñåð³ÿ “Òåõí³÷í³ íàóêè”,  ¹2’ 2010  149 

 * 0

0

R
H

R
 

=  
 

. 

 
Çâîðîòíå ïåðåòâîðåííÿ îïèñóºòüñÿ ìàòðèöåþ 

 

 ( ) 1
* * 0

0

T

T

R
H H

R

−−
 

= =  
  

. 

 
ßêùî äëÿ ïåðåõîäó äî ñèñòåìè êîîðäèíàò X'0Y'0Z'0 íåîáõ³äíî 

ïîñë³äîâíî çä³éñíèòè ïåðåì³ùåííÿ òà ïîâîðîò, òî 
 

 *' T=Δ Δ, (9) 
 
à ìàòðèöÿ ïðîñòîðîâîãî ïåðåòâîðåííÿ ìàº âèãëÿä 
 

 * 0

0 0 0

E R RR
T

R E R
× ×

   − −        = =    
        

p p
. (10) 

 

Çâîðîòíå ïåðåòâîðåííÿ çàäàºòüñÿ ìàòðèöåþ *T− , ÿêà äîð³âíþº 
 

 ( ) 1* * 0

00 0

T TT

T T

E R RR
T T

RE R

−− × ×
           = = =   
        

p p
. 

 
Ñèñòåìàòèçóºìî óñ³ ìàòðèö³ ïåðåòâîðåííÿ ó òàáëèöþ 1. Î÷åâèäíî, ùî 

áóäü-ÿêà ê³ëüê³ñòü ïîñë³äîâíèõ êîîðäèíàòíèõ ïåðåòâîðåíü çâîäèòüñÿ äî 
ïåðåìíîæåííÿ ìàòðèöü ïåðåòâîðåííÿ ó çâîðîòíîìó ïîðÿäêó. Íàïðèêëàä, 
ïðè ïåðåõîä³ â³ä ñèñòåìè ² äî ñèñòåìè ²² ³ äàë³ äî ñèñòåìè ²²² ìàºìî  

 

II I II IT −=W W , 

 
òîä³ III II III II II III I II IT T T− − −= =W W W . 

 
Òàáëèöÿ 1 – Ìàòðèö³ ïåðåòâîðåííÿ âåêòîð³â øîñòîãî ïîðÿäêó 

Ìàòðèöÿ ïåðåòâîðåííÿ Îá’ºêò 
ïåðåòâîðåííÿ 

Íàïðÿìîê 
ïåðåòâîðåííÿ Çñóâ Ïîâîðîò Çàãàëüíå 

ïðÿìèé 
0E

E
×

 
 −    p

 
0

0

R

R
 
 
 

 
0R

R R
×

 
 −     p

 
Âåêòîð 
óçàãàëüíåíîãî 
íàâàíòàæåííÿ 

çâîðîòíèé 
0E

E
×

 
     p

 
0

0

T

T

R

R

 
 
  

 
0T

T T

R

R R
×

 
 
    p

 

ïðÿìèé 
0

E

E
×

 −  
 
  

p
 

0

0

R

R
 
 
 

 
0

R R

R
×

 −   
 
  

p
 

Âåêòîð 
óçàãàëüíåíîãî 
ïåðåì³ùåííÿ 

çâîðîòíèé 
0

E

E
×

   
 
  

p
 

0

0

T

T

R

R

 
 
  

 
0

T T

T

R R

R

×
    
  

p
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Äëÿ äîäàòêîâî¿ ïåðåâ³ðêè âñòàíîâëåíèõ çàëåæíîñòåé âèêîðèñòàºìî òîé 
ôàêò, ùî ðîáîòà âèçíà÷àºòüñÿ [6] ÿê ïîëîâèíà äîáóòêó óçàãàëüíåíîãî 
ïåðåì³ùåííÿ íà óçàãàëüíåíå íàâàíòàæåííÿ 

 

 
1

2
TA = Δ W , 

 
ùî çã³äíî ç ïðàâèëàìè ïåðåìíîæåííÿ ìàòðèöü â³äïîâ³äàº òðàäèö³éíîìó 
çàïèñó ó êîîðäèíàòí³é ôîðì³ 
 

 ( )1

2 x x y y z z x x y y z zA P P P M M Mδ δ δ θ θ θ= + + + + + . 

 

Ó ñèñòåì³ êîîðäèíàò X0Y0Z0 óçàãàëüíåíå íàâàíòàæåííÿ W  íà 
óçàãàëüíåíîìó ïåðåì³ùåíí³ Δ  çä³éñíèòü ðîáîòó 

 

 
1

2
TA = Δ W , 

 
òîä³ ÿê ó ñèñòåì³ êîîðäèíàò X'0Y'0Z'0 öÿ ðîáîòà áóäå äîð³âíþâàòè 
 

 
1

' ' '
2

TA = Δ W . 

 
Îñê³ëüêè ðîáîòà íå çàëåæèòü â³ä ñèñòåìè êîîðäèíàò, òî  

 

 ' 'T T=Δ W Δ W . 
 

Ç óðàõóâàííÿì (6) òà (9) 
 

 ( )* T TT T =Δ W Δ W , (11) 

 

 *TT T E= . (12) 
 

Ïåðåâ³ðÿºìî (12), ï³äñòàâëÿþ÷è (7) òà (10) 
 

( )0 0

00 0

TT T T

T

R R R R R R R R R E
R R ER R R

× × ×

×

  −    − + −           = =    −              

p p p

p
, 

 
óìîâà âèêîíóºòüñÿ. Òàêîæ ç (11) âèïëèâàº ñï³ââ³äíîøåííÿ ì³æ 
ìàòðèöÿìè êîîðäèíàòíèõ ïåðåòâîðåíü óçàãàëüíåíîãî ïåðåì³ùåííÿ òà 
íàâàíòàæåííÿ 

 * TT T−= . 
 
 

Êîîðäèíàòí³ ïåðåòâîðåííÿ ìàòðèö³ æîðñòêîñò³  

ßêùî çàïèñàòè (1) ó ³íø³é ñèñòåì³ êîîðäèíàò X'0Y'0Z'0 , îäåðæèìî 
 

 ' ' 'K=W Δ ,  (13) 
 

äå 'W  òà 'Δ  – âåêòîðè óçàãàëüíåíîãî íàâàíòàæåííÿ òà ïðóæíèõ 
ïåðåì³ùåíü, çàïèñàí³ ó íîâ³é ñèñòåì³ êîîðäèíàò. 
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Âðàõîâóþ÷è (1), (6) òà  
 

 'TT=Δ Δ , 
 
îäåðæóºìî 

 ' 'TTKT=W Δ . 
 

Âðàõîâóþ÷è (13), ìàºìî çàëåæí³ñòü ìàòðèö³ æîðñòêîñò³ â³ä 
ïåðåòâîðåííÿ êîîðäèíàò 

 

 ' TK TKT= . (14) 
 

Òàêèì ÷èíîì, ó çàãàëüíîìó âèïàäêó 'K K≠ , òîáòî ìàòðèöÿ 
ïðîñòîðîâî¿ æîðñòêîñò³ çàëåæèòü â³ä âèáîðó ñèñòåìè êîîðäèíàò. 

Êîðèñòóþ÷èñü âëàñòèâîñòÿìè áëî÷íèõ ìàòðèöü [7], ìîæíà âèçíà÷èòè 
âèãëÿä ìàòðèö³ æîðñòêîñò³ ï³ñëÿ ïåðåòâîðåííÿ êîîðäèíàò 

 

( )
( ) ( )

ï ñ ï

ñ ï ê ñ ñ ï

'

TT T

T TT T T T

RK R R K K R
K

R K K R R K K K K R

 − 
=  

− − − + 
 

p

p p p p p
. (15) 

 
Ç (15) âèäíî, ùî ÷èñòèé ïîâîðîò ñèñòåìè êîîðäèíàò òðàíñôîðìóº óñ³ 

ï³äìàòðèö³ îäíàêîâî, à ñòóï³íü âïëèâó íà íèõ ïàðàëåëüíîãî ïåðåíåñåííÿ 
çíà÷íî â³äð³çíÿºòüñÿ. Ìàòðèöÿ ïîñòóïàëüíî¿ æîðñòêîñò³ ïðè ïåðåõîä³ â³ä 
îäíî¿ ñèñòåìè êîîðäèíàò äî ³íøî¿ íå çàëåæèòü â³ä âåêòîðà â³äíîñíîãî 
çì³ùåííÿ p  ¿õ öåíòð³â, à âèçíà÷àºòüñÿ ëèøå â³äíîñíèì ïîâîðîòîì R . 
Îñê³ëüêè âëàñí³ çíà÷åííÿ ìàòðèö³ ïðè ïîâîðîò³ çáåð³ãàþòüñÿ, òî 
ïîñòóïàëüí³ æîðñòêîñò³ íå çàëåæàòü â³ä âèáîðó ñèñòåìè êîîðäèíàò. 
Ìàòðèöÿ ñïîëó÷íî¿ æîðñòêîñò³ ïðè ÷èñòîìó ïîâîðîò³ òðàíñôîðìóºòüñÿ ÿê 
îêðåìà ìàòðèöÿ, à ë³í³éíå ïåðåì³ùåííÿ ïîâ’ÿçóº ¿¿ ç ìàòðèöåþ 
ïîñòóïàëüíî¿ æîðñòêîñò³. Ïðè öüîìó çíà÷åííÿ ñïîëó÷íèõ æîðñòêîñòåé íå 
çáåð³ãàþòüñÿ. Ìàòðèöÿ êðóòèëüíî¿ æîðñòêîñò³ òðàíñôîðìóºòüñÿ íàéá³ëüø 
ñêëàäíî, ó ¿¿ ïåðåòâîðåíí³ çàä³ÿí³ ÿê ìàòðèöÿ ïîñòóïàëüíî¿, òàê ³ 
ìàòðèöÿ ñïîëó÷íî¿ æîðñòêîñò³. Êðóòèëüí³ æîðñòêîñò³ ïðè ïåðåòâîðåíí³ 
êîîðäèíàò íå çáåð³ãàþòüñÿ. 

ßê ïðèêëàä ìîæíà çàñòîñóâàòè ðîçãëÿíóòèé ìàòåìàòè÷íèé àïàðàò äëÿ 
âèçíà÷åííÿ â³äîìî¿ ìàòðèö³ æîðñòêîñò³ ãåêñàïîäó [4], ïðåäñòàâèâøè éîãî 
ðóõîìó ïëàòôîðìó ó âèãëÿä³ òâåðäîãî ò³ëà íà øåñòè ïðóæèííèõ îïîðàõ 
(ðèñ. 3). 

 

Ðèñóíîê 3 – Ñõåìà ãåêñàïîäó 
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Íåõàé îñÿì øåñòè øòàíã çì³ííî¿ äîâæèíè æîðñòê³ñòþ ik , çàêð³ïëåíèõ 

ó òî÷êàõ ç ðàä³óñ-âåêòîðàìè ir , â³äïîâ³äàþòü îäèíè÷í³ âåêòîðè in . Ï³ä 

óçàãàëüíåíèì íàâàíòàæåííÿì W  ïðóæí³ ïåðåì³ùåííÿ ïëàòôîðìè ó 
ñèñòåì³ êîîðäèíàò îñíîâè äîð³âíþþòü Δ . 

Íîðìàë³çîâàí³ ïëþêåðîâ³ êîîðäèíàòè øòàíã âèçíà÷àþòüñÿ âåêòîðàìè 
 

 i
i

i i

 
=  × 

n
N

r n
. 

Ïåðåì³ùåííÿ ó øòàíãàõ ìîæíà ðîçðàõóâàòè ÿê ïðîåêö³þ âåêòîðà 
ë³í³éíèõ ïåðåì³ùåíü ïëàòôîðìè iδ  ó òî÷ö³ ïðèêð³ïëåííÿ øòàíãè íà ¿¿ 

îäèíè÷íèé âåêòîð 
 

 T
i i il∆ = n δ . (16) 

 
Âðàõîâóþ÷è (8), 
 

 T T
i i i i il∆ = − ×n δ n r θ . 

 
Ç îãëÿäó íà òå, ùî òðàíñïîíîâàíèé âåêòîð ïëþêåðîâèõ êîîðäèíàò 

äîð³âíþº 
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T
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i i i i i i i
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×

     = = × = −         × 
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ìîæíà çàïèñàòè (16) ó âèãëÿä³ 

 

 T
i il∆ = N Δ . (17) 

 
Îñê³ëüêè çîâí³øíº íàâàíòàæåííÿ ïîâí³ñòþ êîìïåíñóºòüñÿ ñèëàìè ó 

øòàíãàõ, ç óðàõóâàííÿì (4) ìîæíà çàïèñàòè 
 

 
6

1
i i

i

f
=

= ∑W N ,  (18) 

 
äå if   – âåëè÷èíè ñèëè ó øòàíãàõ, ÿêó ìîæíà âèçíà÷èòè çà ôîðìóëîþ 

 
 i i if k l= ∆ . (19) 

 
Òîä³ ç óðàõóâàííÿì (17) òà (19) çàëåæí³ñòü (18) íàáèðàº âèãëÿäó 
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T
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i

k
=

= ∑W N N Δ . 

 
Òàêèì ÷èíîì, ç óðàõóâàííÿì (1) ìàòðèöÿ æîðñòêîñò³ ãåêñàïîäó 

íàáèðàº âèãëÿäó 
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1

T
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i

K k
=

= ∑N N . (20) 
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Ç ïðàâèë îïåðàö³é íàä âåêòîðàìè ³ ìàòðèöÿìè ìîæíà ïîì³òèòè, ùî 
äîáóòîê âåêòîðà íà òðàíñïîíîâàíèé âåêòîð äîð³âíþº äîáóòêó ìàòðèö³, 
áóäü-ÿêèì ³ç ñòîâï÷èê³â ÿêî¿ º öåé âåêòîð, à ³íø³ ñòîâï÷èêè – íóëüîâ³, 
íà òðàíñïîíîâàíó, íàïðèêëàä 

 

 0 0 0 0 0 0 0 0 0 0T T= ⋅      u u u u . 

 

Äàë³ ìîæíà ïîäàòè äîáóòîê Tcu u ó âèãëÿä³ 

 

( )0 0 0 0 0 0, ,0,0,0,0 0 0 0 0 0T Tc diag c=       u u u u . 

 

Òîä³ ìîæíà ïîäàòè T
i i ikN N  ó âèãëÿä³ äîáóòêó òðüîõ êâàäðàòíèõ 

ìàòðèöü 6×6 
 

 T T
i i ik B A B=N N , (21) 

 
äå A  – ìàòðèöÿ, i -ì åëåìåíòîì ãîëîâíî¿ ä³àãîíàë³ ÿêî¿ º ik  (³íø³ 

åëåìåíòè ìîæóòü ìàòè äîâ³ëüí³ çíà÷åííÿ); B  – ìàòðèöÿ, i -ì ñòîâï÷èêîì 
ÿêî¿ º âåêòîð iN . 

Îòæå, ç óðàõóâàííÿì (21) ìàòðèöÿ æîðñòêîñò³ ãåêñàïîäó 
 

 TK P K Pθ= , (22) 

 
äå ( )iK diag kθ =  – ìàòðèöÿ êîåô³ö³ºíò³â æîðñòêîñò³ øòàíã; 

( )1 2 6, ,... ,P = N N N  – ìàòðèöÿ, ñòîâï÷èêàìè ÿêî¿ º íîðìàë³çîâàí³ 

ïëþêåðîâ³ êîîðäèíàòè øòàíã ãåêñàïîäó. 

Çàëåæí³ñòü (22) çá³ãàºòüñÿ ç îäåðæàíèì ó [2] âèðàçîì TK J K Jθ=  ç 

óðàõóâàííÿì òîãî, ùî ÿêîá³àí ÿâëÿº ñîáîþ òðàíñïîíîâàíó ìàòðèöþ 

ïëþêåðîâèõ êîîðäèíàò TJ P= . 
ßêùî âèçíà÷àòè ìàòðèöþ æîðñòêîñò³ ó ñèñòåì³ êîîðäèíàò, öåíòð ÿêî¿ 

çàäàíî âåêòîðîì p  ó ñèñòåì³ êîîðäèíàò îñíîâè, à îð³ºíòàö³ÿ îñåé – 

ìàòðèöåþ ïîâîðîòó R , âåêòîðè ir  ìàòèìóòü âèãëÿä 

 
 ( )' 'i iR= −r r p . 

 
Òîä³ âåêòîðè ïëþêåðîâèõ êîîðäèíàò øòàíã äîð³âíþþòü 
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ÂÈÑÍÎÂÊÈ 
1. Äëÿ àíàë³çó æîðñòêîñò³ ìåõàí³çì³â ïàðàëåëüíî¿ ñòðóêòóðè çðó÷íî 

çàñòîñîâóâàòè âåêòîðè øîñòîãî ïîðÿäêó óçàãàëüíåíîãî íàâàíòàæåííÿ òà 
óçàãàëüíåíîãî ïåðåì³ùåííÿ áåç ðîçêëàäàííÿ íà îêðåì³ êîîðäèíàòí³ 
ñêëàäîâ³. 

2. Âèçíà÷åí³ ìàòðèö³ ïåðåòâîðåííÿ, ùî äîçâîëÿþòü òðàíñôîðìóâàòè 
âåêòîðè øîñòîãî ïîðÿäêó óçàãàëüíåíîãî íàâàíòàæåííÿ òà ïåðåì³ùåííÿ, 
ïðåäñòàâëÿþ÷è ïîñë³äîâí³ çñóâè òà ïîâîðîòè ñèñòåìè êîîðäèíàò ó âèãëÿä³ 
äîáóòêó â³äïîâ³äíèõ ìàòðèöü ïåðåòâîðåííÿ. 

3. Íà îñíîâ³ êîîðäèíàòíèõ ïåðåòâîðåíü âåêòîð³â óçàãàëüíåíîãî 
íàâàíòàæåííÿ òà óçàãàëüíåíîãî ïåðåì³ùåííÿ âñòàíîâëåí³ çàëåæíîñò³ äëÿ 
êîîðäèíàòíîãî ïåðåòâîðåííÿ ìàòðèö³ æîðñòêîñò³. 

4. Ðîçãëÿíóòèé ìàòåìàòè÷íèé àïàðàò çàñòîñîâàíèé äëÿ âèçíà÷åííÿ 
ìàòðèö³ æîðñòêîñò³ ãåêñàïîäó ÿê òâåðäîãî ò³ëà íà øåñòè ïðóæíèõ îïîðàõ 
òà ¿¿ êîîðäèíàòíèõ ïåðåòâîðåíü. 
 
SUMMARY 

SIX-DIMENSIONAL VECTORS FOR STIFFNESS CALCULATIONS  
OF SPATIAL PARALLEL ROBOTS 

 
V.B. Strutynsky, A.M. Kyrychenko 
National Technical University of Ukraine 'Kyiv Polytechnic Institute' 
 

The application of six-dimensional vectors for spatial stiffness calculations of parallel robots 
is considered. The coordinate transforms of generalized force, generalized displacement and 
stiffness matrix are established and validated by the case of hexapod stiffness matrix. 

Key words:  parallel kinematics, vector, transform matrix, force, displacement, stiffness 
matrix, hexapod. 
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