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KpusoJiniiini inTerpanau
KpuBouiniiini inTerpaan nepmoro poay (1o 10B:KuHi
JAYTH)
O3Ha4yeHHS KPUBOJIHIMHOTO IHTETPATY IEPIIOTO POy
VY3aranbHUMO MOHATTS BUZHAYEHOTO IHTErpaia Ha
BHIA/I0K, KOJIM 0OJIACTIO IHTETPYBAHHS € BIIPI30K JEAKOT
kpuBoi. OJIep’KUMO KPUBOJIIHINHI IHTErpajy, sIK1 IHPOKO

BUKOPHUCTOBYIOTHCS B PI3HUX PO3/ijaxX BUIOT MaTeMaTHKH.

Y

PosrnsiHemMo Ha IUIoIKHI M1aaKy KpuBy L 1 ¢pyHK1i0
z= f(X,Yy), sxka BU3HAYCHA B KOXKHII TOYIII I[i€T KPUBOL.

Po3i6'emo 1 AB 1iel kxpuBOI Ha eeMEHTApHI AYTH
yry p pH1 1yT



(uactunn) Toukamu A=A, , A, A,, ..., A, = B. Ilo3Hauumo
gyepe3 Al, - noBxuny enemenrapHoi xyru A _,, A, iBudepemMo
Ha KOXKHIH elleMeHTapHii qy3i 1oBuTbHY Touky M, (X, V).
[TomuO>XMBIH 3HaYeHHS (YHKIIT B il TO4Ni HA qOBXHHY Al,

BIJIMTOBITHOT AYTH, OJIEPKUMO IHTETPAITBHY CYMY
n
> F 4 vl 1)
k=1

Byaemo 30u1bIIyBaTH YKCIIO €IEMEHTAPHUX AYT TaKUM
YHHOM, 00 MaKCUMaJIbHA JIOBKWHA €JIEMEHTapHUX YT
npsiMyBajia 10 HyJIs.

O3nauenns. SIKIO iCHYE CKIHUEHA TPaHUIl IHTErPATbHOT
cymu (1) mpu max Al, — 0, sika He 3aJISKUTH Hi BiJ CIOCOOY
po30uBKHM Ayru KpuBoi AB Ha enemeHTapHi ayru, Hi Bif
BuOopy Touok M, (X,, Y, ), TO BOHa HA3UBAETHCSI
KPHUBOJIHIHMM iHTErpaJjioM nepumoro poay (mo 10BKUHi

ayrn) Bin Gyskmii f (X, y) mo ay3i kpusoi AB imo3HavaeTbcs

lim > f (%, y)Al = f(x y)d. (2)
k=1

max Al, —0
= AB

®ynukmis (X, Y) Ha3MBaETHCSA IHTETPOBAHOIO B3IOBK

kpuBoi AB, xpuBa AB Ha3uBaeThCs KOHTYPOM IHTEIPYBaHHS,

A -moyatkoBa, a B - kiHIleBa TOUKH IHTETPYBaHHSL.



I'eomerpuunuii Ta Gi3sMUHUIN 3MICT KPUBOJIIHIHHOTO

IHTETpally MepIIoro pory

b
SIKIO BU3HAYECHUH iHTErpa _[ f(x)dx (f(x)=0)

IpeJicTaBiIsie co0010 MIOUTY KPUBOIIHINHOT Tpanelii, To

KPUBOJIHIMHUH IHTErpal MepIoro poay j f(x, y)dl npu
AB

f (X, y) >0 uncenbHO TOPIBHIOE TUIOII YACTHHH
IAJTHAPUYHOT TOBEPXHI, KA CKJIa/ICHA 13 IEPICHANKYIISAPIB 110
wiomuaun OXY , moctaBieHux B Toukax M (X, Y) ayru kpuBoi
AB i siki MaroTh 3MiHHY 1oBXkHHY (X, Y) (reomeTpuuHumit

3MICT).

A

N
I
—

(x,y)

<y




B wactunHOMY BUnajKy, skmo AB - He kpuBa, a
BIJIPI30K MPSIMOT [a, b], po3mirtienuii Ha oci OX , TO
f(x,y)=f(x), Al, =AXx, ixpuBomiHiliHUI iHTErpas OyIe
3BHYalHUM BU3HAYCHUM IHTETPAJIOM.

Skmo nmoxinactu f (X, y)=1, To ogepxumo

KPUBOJIHIMHUH iHTErpas j dl ,3Ha4eHHS IKOTO JJOPIBHIOE
AB

JOBXUH1 1yTH KpuBoi AB .
SIKII0 X B3JIOBK HEOJAHOPIAHOT MaTepianbHOi KpuBoi AB
PO3MOIIEHO Macy M JiHiiHOO rycTiHO0 P (X, YY), TO

m=_lm > p(x. y)al =] p(x y)dl,
k=1 AB

max Al,—0
To6T10 3 Pi3BUYHOT TOUKK 30py KPUBOJIIHIHHUM IHTETpaT

MIEePIIIOTo poaY BiJ HEBiN €MHOIT QYHKIIIT B3IOBXK ACSIKOT KPUBOT

JOPIBHIOE Maci 11i€i KpuBOi ((HhI3UIHUI 3MICT).

OCHOBHI BIIaCTUBOCTI KPUBOJIHIHHOTO IHTETpasia

MEPIIOTo poay

1) 3HaueHHs KPUBONIHIHHOTO IHTETpaia MEpIIOro POoay

HE 3QJIeKHUTh Bijl HAPSAMKY IUISAXY IHTETpyBaHHS.

[ f0oy)di= [ f(xy)d. 3)



2) TlocriiiHUii MHOXHHK MOXHa BHHOCHUTH 32 3HAK

KPHUBOJIHIAHOTO iHTETpaa.

Jk' f(x, y)dl = kj f(x, y)dl. 4

3) KpuBominiiinuii iHTerpanm Bim anredpaiuHoi cymu
(GyHKII JOpIBHIOE CyMi KPUBOJIHIMHUX IHTErpajiiB Bil LHUX
GyHKIIIH.

JIf gyl = [ feydi= fgxyd.  ©)
AB AB

AB
4) SIxkmro xpuBa iHTerpyBanHss AB posburta 3 momomororo

toukn C Ha aBivactuan: AB = ACUCB, 10

jumwmzjuxwm+juxwm (6)

AB AC

5) Skuio B ycix Toukax kpuBoi AB

f,(x,y) < f,(xy),

TO

[ .00 ydi < [ £, (x y)dl. (7)

6) Teopema mpo cepenne.  Sxmo  dynkmis (X, Y)
HerepepBHa Ha KpuBiii AB, To Ha mili KpuBiii icHye Touka

(X, Y,) Taxa, mo



JFOuydl = £(%,¥0)- L, ®

AB

ne L - nosxunHa myru kpuBoi AB.

OO0uucreHHs KPUBOJIIHIMHOTO IHTETpaia MepIIoro poay.

OO6uuncreHHs KPUBOJIIHIMHUX IHTErPAJIiB MEPIIOTO POy
3BOJIUTHCS JI0 OOYMCIICHHS! BU3HAYCHHUX THTETPATIIB.
PosrnsiHemo pi3Hi BUNIaKy 3a7aHHs KpUBOi iHTerpyBanHs AB .

1) Hexaii kpuBa inTerpyBannst AB 3amana
TapaMeTpUYHAMY piBHAHEAME X = X(1), Y = y(t), t (e, A],
ne X(t), y(t) - memepepBHi pa3oMm 3i CBOIMH MOXITHUMHU
X'(t), y'(t) pyukmii, a f(X,y) - byHkiisa, HemepepBHa
B3/I0BXK I[i€1 KpUBO1, MPUUOMY ISl BA3HAYEHOCTI OyaeMo
BBaKaTH, 110 Touri A Bimmosingae 3HayeHHsa t = o, Touri B -
3HavyeHHs t = £ . JludepeHitian 1yru KpuBOi 3HAXOAUTHCS 3a
bopmyoro

dl = X2 (t) + y"? (t)dt.
Tonai kpuBOJHIMHUE 1HTErpai nepuoro poay oynae

0o0uHCIIOBaTUCH 32 (POPMYIIOIO



B

[ ooy =[x, yOWX* O +y?@®dt. (9

AB a

Hpuknag. OO6YKCIUTH KPUBOJIHIMHUE IHTErpaJl IEPIIOTO

poay I J2ydl, ne koutyp interpyBanns AB - mepiua apka

AB

x=a(t-sint),

MUKJI0IIN
{y =a(l-cost).

Po3B’sa3yBaHus.

Yy
IJZ_ydI = I,/Za(l—cost)\/az(l—cost)2 +a’sin?tdt =
AB 0

27
= I,/Za(l—cost)a\/l— 2cost +cos”t +sin > tdt =
0

= aT\/ﬁ\/(l— cost)2(1—cost)dt =

2z 3
= 2a\/gj'(l— cost)dt = 2a+/a(t —sin t)‘z =4a’r.
0

2) Hexaii kpuBa iHTerpyBanust AB 3anaHa Ha momuHi

pisrsHEsM Y = g(X), X [a,b],a f(X,y) — Henepepsua B



Toukax 1iel kpusoi ¢pynkuis. Toxai nudepeHian gyru KpuBoi

MaTuMe BUTJISL
dl = y1+9"(x;)dx,

a KpUBOJIIHIHMI IHTETpa Mepuoro poay Oyae

00UYHCITIOBATHCH 32 (HOPMYIIOIO

b

j f(x, y)dl = j f(X, g(X)y1+ g2(x)dx. (10)

AB a
Hpuknan. OGUUCIUTH KPUBOIIHIHHUI 1HTErpaji NepIIoro

pony _[ xdl, ne koutyp iHterpyBanus AB — ayra mapaGonu
AB

2

=-——, mo 3’eaaye ToukHu (0, 0) 1 (2, J2).
Y =7 o 3emy, (0,0)1( )

Po3sp’s3yBanns. Ockimbku x € [0, 2] i Y’ =+/2x, To 3rigHo

3 (10) maemo:

2 2
[xdi = [x/1+2xFdx = %j(u 2x2)2d(1+2x?) =
AB 0 0

13

2

=%w/(l+ 2x%)?

0

3) Sxmo kpuBa iHTerpyBanHs AB 3amana Ha rutommHi

piBHsHHAM I = I'(@), To il MOKHA 3a1aTH TAPAMETPHYHO 34

10



JOIIOMOTOI0 piBHOCTEl X =FCOS@, Y=rSing, ¢, <p < @,.
Toni KpUBOJIIHIAHUY IHTErpa MEPIIOro poay Oyae

00YHCITIOBATHCH 32 (POPMYIIOIO

J' f(x, y)dl =T f(rcose, rsin @)yri(p)+r?(p)de.  (11)

AB o

Hpuknan. OOYUCIUTH KPUBOIIHIMHUMN IHTETpaJl IEPILIOTO
y . AB - -
pony |arctg =dl, ne koHTYp iHTErpyBaHHS Kapaioiga
X
AB

r=a(l+cosg), (O <p< %)

Poss’sa3yBanns. Haitnemo r’' = —asin ¢ . CkopucTaBImch

dhopmyroro (11), Oynemo matu

72
jarctg %dl = jqo\/az(1+ cosp)’ +a’sin? pdep =
AB 0

T,

2
= aj¢\/l+ 2C0S ¢ +C0s* o +sin > pdgo =
0

% %
= a\/EIgo,/lJr cospdep :a\/zj¢\/a2(l+ cosg)’ +a’sin? pdg =
0 0

11



st fooo? T rcos?
=a+2 2c0s° Zdp =2a | pcos=dop =
_([(/’ 5 Q !(0 5 Q

u=e, dv=cos%, (p% 7 o
= =2a-@-2sin—= —4a|sin —dep=
p-2sin ! 5 7

du =de, v:Zsing 0

5 - alV2(z +4)-8].

Y/ T
=4a—sIn — +8acos—
2 4 0

2

4) 1o uporo yacy po3risijaiu KpUBOJIIHIHHUHN IHTErpas
MEPIIOrO POAY VIS TUIOCKOT KPHBOI. AHAIOTIYHO BU3HAYAETHCS
KPUBOJIIHIHHUAN IHTETpaJI MEepIIoro poay Bix GyHKIIIT TPhOX
sminaux f (X, Y,Z) @I mpocTopoBOi KPHBOI, SIKa 3a1a€ThCS
napaMeTPUIHUMU PIBHSIHHIMH
x=Xx(t), y = y(t), z=z(t), te[a, B] Toxmi xpusoniniinuii

IHTerpaJ nepuoro poay Oyne o04ucIoBaTUCh 3a HOPMYIOI0

j f(x,y,2)dl =

B
=[x, (), ZO)X 1)+ Y (1) + 2" (Dt (12)

12



Hpuknan. O6YUCIUTH KPUBOTIHIHHUYN THTETpaJl IEPIIOTO

X = 2Cost,
poy _[xyzdl, ne l:sy=2sint, 0<t<2xr.
' z=t,

Po3B’s3yBanHs. 3actocoByroun Gpopmyny (12),

0JIEP)KUMO:

2
Ixyzdl = IZcost-Zsint-t-\/4sin “t+4cos’t +1dt =
| 0

2z
= —/5 [td(cos 2t) = —\/g(t cos 2t
0

2 2r
7 j cos2tdt | =
0 0

2
=—x/§-27z+\/§%sin Zt‘ (;[=—2\/§7z.

3acTocyBaHHS KPUBOIHIMHUX IHTETPAJIB MEPIIOTO POIY

1) JIoB)KuHa KPUBOI.

Skmro miginrerpansHa pynkiis f (X, y) =1, to 3rigHo
O3HaYEHHS KPUBOJIIHIHHOTO iHTErpaia MepIioro poy
OJIEPIKYEMO, IO B IIbOMY BUIAJIKY BiH JOPIBHIOE TOBXKHUHI

KPHBOi, IO SIKiil BeleTbCs IHTETpyBaHHS

13



L='|'dl. (13)

2) Maca marepiaibHOT KpUBOL.
BBaxarouw, 1o nininrerpansHa Gynkuis f(x,y),
BU3HAYAE T'YCTUHY KOXKHOT TOUKM KPUBO1, MOXKHA 3HAUTH Macy

MaTepiaabHOI KpUBOi o (popmyii
m=[ p(x,y)dl. (14)
|
3) CratnuHi MOMEHTH KpHBOi | BITHOCHO KOOPIMHATHUX

oceil ISl MI0CKOT KpUBOT MOXKHA 3HANTH, MIPKYIOUH TaK CaMo,

SIK y BUTAJKY MJIOCKOT 00J1acTi:

m=[y-pydl, m, =[x-pxy)d. (15

4) MomenTH iHepIii KpuBoi | BiTHOCHO KOOpAMHATHHX

ocell BU3HA4YalOThCS TaK.

=]y ptoydl, 1, =[x p(xyydl. (16)

[TonspHUit Ta HEHTPOODKHUI MOMEHTH 1HEPIlii MOKHA

oOumcnuTu 3a hopMyaamu:

o= [ +y?) plxypdl, 1y =[xy poy)dl, (A7)

5) KoopmuHaTu IEHTpY Mac MarepiaibHOT KpuBoOi |

MO’KHA OOUMCIINTH 3a hopMyTamMHu:

14



X =—, Y.=—. (18)

3aysaoicenns. SIKIo rycTMHa Macu MaTepiajabHOI1 KPUBOi
B yCIX TOYKax MOCTiifHa (TOOTO MaTepiajbHa KpUBa

OJTHOpi/HA), TO B HABEJICHHUX BHILE GopMyaax MOTPiOHO B3SATH

p(xy) =1

[puknan 1.

OOGuncnuTu Macy
cripaini Apximenaa

I = 2¢, sKa JCKUTH

> BCEpeNHI Kpyra
paaiyca R 3 meHTpoM

B IIOJIIOCI, SIKIIO

T'YCTHHA CITipai

y
g

p = arctg

Po3p’a3yBanHg. Mexi IHTErpyBaHHs MO ¢ 3HaiineMo 13

r=R,

PO3B’SI3KY CUCTEMHU PIBHSHb
r=2¢.

. R
3Bincu maemo: R=2¢, ¢= PE 3acTOCOBYIOUYH

dbopmyny (14 ), onepxumo:

15



y %
m= j arctg —dl = j arctg
| X 0 r

PP [2g) +22dg =
cos @
R R 1
=2[p\p* +1dp = [(p* +1)?d(p” +1) =
0 0

R 3

R 2 \%

P _2|[REq)7 ]
3| 2

Hpuknan 2. OGUUCTUTH KOOPIUHATH IIEHTPY Mac
OJTHOPITHOT KPUBOT, SIKA 33JTA€THCS OJHIEI0 aPKOIO IUKIIOI TN
x=a(t-sint), y=a(l—cost), 0<t<2r.

Po3p’a3yBanns. Cniovarky 3HaiinemMo macy kpuoi. Tak

SIK KpHMBa OJHOPIiIHA, TpHiiMeMO, 1110 ryctuHa p(X, y) = 1.

O6uncmuMo Macy mHMKIoinu 3a popmynoro (15):

2z 2z
m :Idl = aJ.\/(l—cost)2 +sin®tdt = a\/Ej'\/l—costdt = 8a.
| 0 0

KoopaunaTu IeHTpy MacH LMKIOIAN 3HAXOAATHCA 3a

dbopmynamu (15), (18):

m 2z
Xo =—L = L ixa=ta J'(t—sin t)v/2+/1— costdt = 7a,
m 8aj 8a ¢

16



2z
yo =M =ijydl :iazj‘(l—cost)\/?\/l—costdt LN
m 8aj 8a ¢ 3

KpuBouiniiini inTerpaau apyroro poay (no

KOOPANHATAX)
O3HadeHHs] KPUBOIIHIMHOTO THTETpaIy IPYroro poy

Hexait B nesikiii o6acti mnonuuaun OXY 3amaHi
nenepepsHi pyukuii P(X,y) 1 Q(X,Y), i Hexaii B 11iif xe
oOmacti po3mimena agyra AB mutockoi kpuBoi L . Po3i6’emo
nyry kpuBoi AB Ha N 4acTuH TOYKaMu
A=A A, A, ..., A =B.Ozgepxumo ereMeHTapHI Jyr'u
A, A, . BcepeanHi K0>kHOT el1eMeHTapHOI AyTu BUGepemMo

touky M(X,,Y,) 1ckiazemMo iHTerpajibHi CyMU

Zn:P(Xky Yi)AX,, 1)

k=1

17



> Qs Y)Y, @

ne AX,, Ay, - npoexuii enemenTapHoi qyru |, Ha oci
Ox,0Oy.

Osnauenns. KpuBoJiHiiiHUM iHTerpasoM Bia gpyHkuii
P(x,y) (Q(x,y)) mo xoopauuari X (y) mo kpusiii AB
Ha3UBAETHCS TPAHMIIS (SIKIIIO BOHA ICHYE 1 HE 3aJICKUTH Bif
croco0y po30MBKH 1yTH KPUBOT HA BIIPI3KU i BUOOPY TOUOK
M (X, Y,)) inTerpansHoi cymu (1) (BixmoBigHO cymu(2)) npu

ymoBi max Ax, >0 (max Ay, — 0), to6to

rmXliAnXLOZn‘,P(xk, Y, )AX, = j P(x, y)dx, 3)
(Jm > Q0 y)ay, = [ ) @)

O3Hnauenns. 3araJibHUM KPUBOJIHIHHUM iHTEerpajom
o KoopauHaTax (Apyroro poay) Bix ¢pyukiiin P(X,y) i
Q(x,y) mo kpuBiii AB HasuBaroTh cymy interpanis (3), (4) i

IIO3HA4Yar0Th

[POG )X+ [Q(x, y)dy = [P(x,y)dx+Q(x,y)dy.  (5)

18



3aysaocennsnl. Slkmo P(X,y) 1 Q(X,Y) - npoekii cuiu

F Ha koopauHatHi oci, To6T0 F = P(X, y)i +Q(X,y)], To i3
(1), (2) 1 (5) BunmuBae, 110 3aradbHUN KPUBOIIHIMHUNA IHTETpAT
JPYroro pojy BUpakae poOOTy i€l crn Ha misixy AB
(pi3ugHMIA 3MICT KPUBOJIHIMHOTO IHTETPATY IPYrOTO POAY).
3aysaorcennal. Slxkmo xpuBa AB 3amana B mpocTopi, TO
KPUBOJIIHIMHUN IHTETpasl APYroro poay BiJ TphOX (PYyHKI[IH

P(x,Y,2), Q(x,Y,2), R(X,Y,Z) BU3HAYAETHCS aHAIOTIYHO

_[P(x, y,2)dx +Q(X,y,z)dy + R(X,Y,2). (6)

OCHOBHI BJIaCTUBOCTI KPUBOJIIHIHHOTO 1HTErpasa

JIPYTOTO POjTy

[Ipu 3miH1 HaNPSIMKY KpUBOi (TOOTO 3MIHHM MICIISIMU
JPYroro pojy 3MIHIOE 3HaK Ha MpoTuiexHuid. JlicHo, 13
CTPYKTYpH iHTerpaibHuX cyM (1), (2) BUMIMBaE, 110
KPUBOJIIHIMHUN IHTETpasl APYroro poay 3MIHIOE 3HAK Ha

NPOTHJICKHUHM TPH 3MiH1 HanpsMKy kpuBoi AB , To6TO

[POCY)dX+Q(x, y)dy == [ P(x, y)dx +Q(x, y)dy.  (7)

19



SIKIII0 3MIHUTH HANPSIMOK KPUBO1, TO 3MIHIOIOTHCS 3HAKU
npoekuiii AX,, Ay, B cymax (1), (2), a 3HaunTh, cama cyma i i
IPaHULS 3MIHIOIOTH 3HAaK.

[HIIi BITacTHBOCTI aHAJIOTTYHI BIACTUBOCTSIM
KPUBOJIIHIMHUX IHTETPAJIIB TIEPIIOTO POY.

3ayeadicenns. O3HaYEHHS KPUBOJIHIMHOTO POy APYroro
pOJy 3aJIMIIAETHCA B CUJIl 1 B TOMY BUIIAJKY, KOJIU KpUBa
IHTErpyBaHHA 3aMKHYTa. [ MO3HaUYEHHs! KPUBOJIIHIHHOTO
IHTErpaxy Ipyroro poay mo 3aMKHYTOMY KOHTYpPY

BUKOPHUCTOBYIOTH CHMBOJI

§ PO Y)dx+Q(x, y)dy . ®)

OO0unceHHs KPUBOJIIHIMHOTO IHTETpasia IPYyroro poay

OO06uncIeHHs KPUBOJIIHIMHUX IHTErpalliB IPyroro pouy,
TaK SK 1 epIIoro poAay, 3BOAUTHCS JI0 OOYHCIICHHS
BH3HAYEHUX IHTErpalliB. Po3riissHEMO pi3H1 BUMAAKU 3aIaHHS

KpuBOi iHTerpyBanHs AB.
1) Hexait kpuBa AB 3amana mapamMeTpuIHUMU

piBasHEsIME X = X(1), Y = y(t), <t < B, nme x(b), y(t) -

HerepepBHi, tudepeHIiiiioBani QyHKILIi, 1 Ha Hill 3a1aHa

20



HenepepBHa ¢yHkiis f(X,Yy). Tourni A BiAmoBigae 3HaYCHHS
t =, Touni B -3nauenns t = f. Toni KpUBOIIHIHHMIHA
IHTErpa Jpyroro poy iCHye i Mae MicIie piBHICTb

[P0 y)dx+Q(x, y)dy =

{PIx®), yO ') + Q[x(t), yd)ly'®)jdt. (9

R

[puknan. O6UKMCIUTH KPUBOJIHIMHUHN IHTErPal JPYroro

xdy — ydx
pony | ————, A€ l:
JIA X% +y?

X = acost,
{ 0<t< 2.

y =asint,

PosB’a3yBannsa. O0yncaInMo noximHi

X'(t)=—-asint, y'(t) =acost i, 3acrocoByrouu popmyiy (9),

OJCPKHUMO:

27
dt= [dt=t" =27.

J-xdy— ydx _]T-acost-acost+asint-asint
0 0

2 2 2
L XT 4y a

2) SIxmo kpuBa 3a7aHa PIBHSAHHAM
y=y(x), (a<x<b) 1o kpuBONiHiitHMii iHTerpan apyroro

poIy 0OUUCITIOETBCS 32 POPMYIIOI0

21



[P0 y)dx+Q(x, y)dy =

{P[x, y(x)]+Q[x, y(x)]y'(x) Jolx, (10)

D ey T

ne-aib -abcumen Touok A i B.

Hpuknan. O6UUCIUTH KPUBOITIHIMHUHN IHTETpal APyroro

poxy j xy?dx + x*ydy B3n0BK myru mapabonu Y = X* Bin
AB

toukn A(L1l) mo Touku B(2,4).

Poss’s3yBannsg. O6urcaumo noxigay Y'(X) = 2X i,

3actocoByrouu dhopmyny (10), ogepkumo:

2

jxyzdx+ x*ydy = Jz.(x XXX 2X )X = I(x5 +2x° Jdx =
AB 1

1

3) ko kpuBa 3ajiaHa B MOJISAPHIA CHCTEM1 KOOPIUHAT
piBHSHHAM I =1(@), @, <@ < @,, TO KPUBOJTIHIHHUI

IHTErpa Jpyroro pojty 00UHCIIOETHCS

[PCx y)dx+Q(x, y)dy =
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P2
= I {P(rcosg,rsin p)-rsin @)+ Q(rcose,rsin p)rcospldp. (11)
P

Hpuknan. OOYUCIATH KPUBOTIHIHHUHN THTETpal APYroro

pony .[(X +y)dx —(x— y)dy B3moBx Kosa X? + y? = R?, ske
|

JICKUTH B MEPIIOMY KBAJIPAHTI.

Po3B’si3yBanns. 3actocoByroun Gopmyimy (11),

0JIEP)KUMO:

[ O+ y)dx = (x = y)dy =

%
= “(RCOSgoJr Rsin ¢ )— Rsin ¢)—(Rcos@ — Rsin p)Rcospldp =
0

7
=R? I(— cospsin ¢ —sin * ¢ —cos’ ¢ +sin (pCOS(p)d(p B
0
A 2
_ _R? jdt _ R
2

4) Po3risiHeMO IPOCTOPOBY KPHUBY, SIKY 3a/IaHO
napaMeTPHYHUMU PIBHSIHHIMU
x=x(t), y = y(t), z=z(t), te[a, B]. Toni kpusoniiitamuii

IHTErpai apyroro poay Oyne o0UMCIIOBaTUCH 32 (GOPMYIIOIO:
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jP(x, y,2)dx +Q(X,y,2)dy + R(x,y, z)dz =

{P[x(®), y(®), 2®) @) + Qx(t), y(®), 2(®)]y'(t) + R[x(t), (1), z(t) ]2'(t) }ait.
(12)

R

Hpuknan. O6UUCIUTH KPUBOIIHIMHUMN IHTETpall APyroro

poxy I yzdx + zxdy + Xydz B370BX TBUHTOBOT JIiHIT
|

. at . .
X=Rcost,y=Rsint, z = 2 BiJl TOUKH MEPETUHY JIiHII 3
T

WIONMHOK Z =0 10 TOYKM NEPETHUHY 3 MUIOIIMHOK Z = a.

PosB’a3yBannasg. O0YnCInMO NOXIIHI

X'(t)=—-Rsint, y'(t) = Rcost, z'(t) = Zi i, 3aCTOCOBYIOUH
T

dhopmyny (12), onepxumo:
_[ yzdx+ zxdy + xydz=
|

27
= j(— Rsinta—tRsin t +a—t RcostR cost + R? sin tcostijdtz
5 27 2z 27

2 u=t, dv=cos2tdt,

2r
_Ra j(tcoszulsin Zt)dt:
) 2

27 du = dt, v=%sin o
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2 2z
= E ltsin 2t
27 | 2

1
;2

27 1 27
J'sin 2tdt+ = jsin 2tdt | =0.
0 2 0

3ayeascenns 1. SIko KOHTYp IHTETpyBaHHS 3aMKHYTHI,
TO OyZIeMO BBa)XATH, 110 3aMKHYTHUH KOHTYP 00XOJIUTHCS B
JI0JTAaTHOMY HAIPSIMKY, IIPU SIKOMY 00J1aCTb, SIKa JIEXKUTh
BCEPE/IMHI IOTO KOHTYpPA, 3aJIHMILIAETHCS 10 JIIBY CTOPOHY B1J
TOYKH 00XOY.

3ayvsaswcenns 2. SIKIMO KOHTYp IHTETpYBaHHS 3aMKHYTHH,
TO BETMYMHA KPUBOTIHIMHOTO IHTETPAITY APYTOro pojy Mo
LIbOMY KOHTYpY HE 3aJIeKUTh B1J TOTO, 5IKA TOYKA KOHTYPY

BHOpaHa 3a MOYaTOK IHTETPyBaHHSI.

Hpuknag. O6uyncouTH § (X2 — yz)jx + 2xydy, nme

3aMKHYTHH KOHTYp 00J1acTi, yTBOPEHOI IPH TIEPETHHI JTiHIH

y=xiy=x%

y=Xx"Yy=X
2 Po3B’a3yBaHHs.
3a mogaTHIN HAPSIMOK
il 00X0/1y MPUAMEMO
Y 7 I,
A HaIpsIMOK MPOTH
71 0 1 . T'OJIMHHHUKOBOI

crpinku. KoHTyp
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po3i6’emo Ha ABi yactuHU. Tol, y BITNOBITHOCTI 3
BJIACTUBOCTSAMH KPHUBOIHIHHHUX {HTErpaliB Jpyroro poay,

MOYKEMO 3aIUCaTH:
§(x2 —~ yz):ix +2xydy =
- I(xz — y? Jdx + 2xydy + j(xz — y? Jdx + 2xydy,
Il |2
ne |, - myra mapa6omu y = x*, |, - Bipizok mpsamoi Y = X.
Tax sik mapa0ouia 1 mpsiMa NEPETUHAIOTHCS B TOUKAX

(0,0); 1.1), 0

§(x2 —yz):ix+2xydy:
:j(x2 —x“+2x-x-2x)dx+_(|l(x2 —x4+2x-x-1)dx:
0 1

1

::[(xz +3x4)dx+j2xdx=[%3+§x5jo

0

+2x
%, 15

3

3B’S30K MK KPUBOIIHIHHUMU IHTETpajlaMy MEPIIOTo Ta

ApYroro poay
Hexait AB - neska miocka KpuBa 3 moyatkom A i

kinem B . [lo3naunmo kyTH, siKi yTBOprO€ foTn4Ha 10 AB 3

OCSIMU KOOPJIUHAT, uepe3 ¢, . OueBUaHO, IO Il KyTH
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SIBJITFOTHCSI PYHKIIISIMA KOOPJIUHAT X, Y TOYKH NOTUKY M .

Buninumo i3 AB enementapny ayry dl i6ynemo BBaxkaTH ii
npsIMOTiHINHO0. 3HaunTh, dl € BekTop 3 mpoekitisimu dX, dy
HaIpaBJICHUH Tak ke, K 1 kpuBa AB . Orxe,

dx = cosadl, dy = cos gdl . Toxi kpuBOiHIHUI IHTETpaT
JPYroro poay BUPA3UThCS Yepe3 KPUBOJIIHINHUIKI 1HTEerpa

MEePIIOTo Poay 3a GOPMYJIOLO:

dex+Qdy :j(P cosa +Qcos g)dl. (13)

[Ipu 3MiH1 HANIPSAMKY pyXY TOUYKHU IO KPUBIHA Ha

MPOTHIICKHUN COS ¢, COS f3, dX, dy 3MIHIOIOTH 3HAK, 1 OpMyIH

(13) 3amummaroThCs B CHUIL.

3acTocyBaHHS KPUBOIIHIMHUX IHTETPAIIB APYroro poay

1) Po6ota cumir F = P(x, y)i +Q(X,y)] Ha meskomy

KPHUBOJTIHIHHOMY HUIAXY | 004HCIIOEThCs 32 POPMYIIOLO:

A=[P(x,y)dx +Q(x, y)dy. (14)

2) Sxmo D - obmacth, 0OMekeHa 3aMKHYTUM KOHTYpOM

|, To mtomy 11i€i 00acTi MOXHA 3HANUTH 33 (HOPMYIIOIO:
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1
S= E§ xdy — ydx. (15)

JloBeieHHS.
Hexait obnacts D -
npaBUJIbHA 1
MPOCKTYETHCS HA

Bicb OX B BIAPI30K

[, b], mpuaomy

Y

a b 3HH3Yy BOHA
obMerxeHa KpuBoto |, , piBHAHHSA sK0T Y =V, (X), a3Bepxy —
KpuBoIo |, , piBHAHHSA K01 Y = Y,(X). Toxi mroma obmnacri D

JOPIBHIOE
b b
S = [ v, ()dx = y, (x)lx.

[Teprmuii iHTETpaAT € KPUBOJIIHIMHUM 1HTETPAJIOM T10
kpuBiii |, (MRN), Tak six y =Y, (X) € piBHSHHS Lii€i KPUBOT.
OTxe,

Iyz(x)dx = jydx.

MRN
Jpyruii iHTerpan € KpUBOJIHIHHUM IHTErpaoM 10

kpusiii |, (MBN), To6to
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Iyl(x)dx = Iydx.

MBN
BukopucTraBimy BI1acTUBICTh KPUBOJIHIKHOTO iHTETpary

APYTOTro POJIY, OJIEPKUMO

f ydx = — I ydx.
MRN NRM
OTxe,
S=- .f ydx — .[ ydx = —j; ydx. (16)
NRM MBN

AHaJIOTTYHO MOYKHA [TOKA3aTH, 110
S= § xdy. (17)

Jomaroun mouwineHHo piBHOCTI (16) 1(17) 1 gunsuu Ha 2,

oepKUMO GhopMyITy /Tt 00UMCIeHHS TuToITi oonacti D
1
S= E§xdy— ydx.

3aysasicenns. 1110 hopMyny MOKHA TaKOK BUBECTH 32

nonomoroto ¢popmynu ['pina.

X = acost,

[puknan. 3HalTH MOy eJirca .
y =bsint.

Po3p’a3yBannsa. Cxopuctaemoch dopmynoro (15):

dx = —asin t,
dy =bcost.

1
S =§ifxdy— ydx =

29



2z
= % j(acost-bcost +bsint-asin t)dt =
0

ab27r 2
=?J' cos t +sin? tjt = _Idt_ﬂab(oa)
0

®opmyaa I'pina.

®dopmyna ['piHa BCTAaHOBITIOE 3B'I30K MK IMOJIBINHUM
IHTerpaJioM Mo JesKiil miockiit obxacti D 1 kpuBosiHiHHUM
iHTerpanom mo rpanui | 1iei oGmacti. Bona mmpoko
3aCTOCOBYETHCS B MATEMATHYHOMY aHaJi31.

Teopema. Hexait D - nesika mpaBmiibHa 3aMKHYTa

obsiacTh, oOMexkeHa koHTypoM | , 1 Hexait ¢pynkiii P(X,Y) i

Q(X,y) - HenepepBHi pa3oM 3i CBOIMH YaCTUHHUMHU

. . 0Q . . . .

MOXITHUMU — 1 5 B AaHiit oonacti. Toxi mae micie
X

dbopmyna

Il [———dedy PO y)dX+Q(x, y)dy,  (18)

sKa Ha3uBaeThbes opmyroro ['pina.
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[losedenns.

Posrngauemo Ha

miomuni OXYy
oOMexKeHy

3aMKHEHUM KOHTYPOM

| mpaBuIBHY 00JaCTh

D . Kpusgi, mo
0OMEXYIOTh 110 00JIaCTh 3HU3Y ¥ 3BEpXY, 3aJ1aH1 PIBHAHHIMHU
y=VY,(X), y=Y,(x). Toxni obmacte D moxHa 3agaTn
CHUCTEMOIO HEPIBHOCTEH

as<x<b,

{yl(X) <Y <Y, ().

3agamo B obsacti D HenepepsHi Gynkitii P(X,Y) i

Q.

Q(X,y), 1110 MarOTh HEMEPEPBHI YaCTUHHI HOXLI[HI — 11— 5
X

PO3IIITHEMO TOIBIHHMM U TETpal

Ifgféifxzdxdy

Ilepexoasuu 10 MOBTOPHOTO (BOKPATHOTO) IHTErpaja,

NEPEeTBOPUMO HOTo B KPUBOJIIHIMHUMI:
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b [ Y2(x)
12 ey - ;[ ; —dy}
D a Y1(X)
Y, (x)

= [P(x,
JPOV )

dx = [(P(X, Y, () = P(x, ¥, ()i =

= [P(x, y, (x))dx - j P(X, ¥;(x))dx.

KoxHwuil 13 11X BU3HAYEHUX IHTETPpaiB TOPIBHIOE
KPUBOJIIHIHHOMY IHTETpaly APyroro poay, B3ATOMY IO

BIJIMOBIIHINA KpUBIi

jP(x Y,(0)dx = [P(x,y)dx == [P(x, y)dx,

MRN NRM

j P(X, Y, ())dx = [ P(x, y)dx.

MBN

TaxkuM 4YHHOM,

”Z—I:dxdyz —{ j P(x, y)dx+ JP(X, y)dx}=—§ P(x, y)dx. (19)

NRM MBN

Tak camMo0 MOXHa OJICpiKaTH, 10

J 2 axdy = fQx, yydy (20)
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(mpu npomy obnacte D moTpiGHO 3agaTH CHCTEMOIO

, U{cgysm
HEepiBHOCTEH
X, (Y) < X< %, (y)-
Bigaimemo 13(20) nounenso (19), ogepxumo nrykany

dopmymy (18).

[puknan 1. 3actocyBaBimm Gopmyiny ['pina, 06UnCIUTH

§&y+x+yhx+&y+x—yh%

|
e I - KOHTyp HpﬂMOKYTHI/IKa 3 BepHII/IHaMI/I B TOYKaAX
0(0,0); A(02): B(2,1); C(2,0).

Po3B’g3yBanHs. 3a yMOBOIO

P(X,y)=xy+x+Yy, Q(XY)=Xxy+X-y. 3uaiinemo

yA YaCTUHHI MOXIiTH1
A(01) B(2)
X
D
0(0,0) C20) T 3acTocoByrouM Gopmyny

['pina, ogepKumMo

§&y+x+ybx+@y+x—yﬁy=

= [y +1-x~1)dxdy = [ (y - x)aixdy.
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Jiis nanoi 061acTi 3anuIeMo CUCTEMY HEPIBHOCTEH:

{OSXSZ,

[Tepeiinemo B MOABIHOMY IHTETrpai 10
0<y<l

MTOBTOPHOTO (JIBOKPATHOTO) IHTETPaJIA i 0JICPKUMO

] (y = x)dxdy zi dxj(y ~ X)dy =

oo -f el

OTxe, 0JIep>KMMO BiJIMOBI/b:

2

=-1.

0

§0y+x+ywx+@y+x—yhy=—1

[puknan 2. OGYUCIATH:

fy@—xzﬁx+x@+y2ﬁ%

e koHTyp | - komo X +y? =4.

Po3B’a3yBaHHs. 3a yMOBOO

P(x,y) = y(l— XZ), Q(x,y) = X(1+ yz) 3HaiIeMO YaCTHHHI

MOX1/IH1 % =1-x?, 68_3 =1+ y®. 3acrocoByroun Gopmyry

I'pina, onepxumo
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( 2ﬁx+x@+y2by:

yA

////ﬂ§\\\<z+y2=4 = Il+y ~1+x kkdy—
D

N

'—e—.

X r ::II (x2 + y2dxdy),

D

JIe KOHTYp IHTETpyBaHHS

D - koo, BU3HaYeHE
. . 2 2 ‘o

HepIBHICTIO X° + Y° < 4. Jlns oOunClIeHHs 0IBIHHOTO
IHTerpaily nepeiieMo 10 NOoJIPHOi CUCTEMH KOOPJAWHAT.
Ob6nacTsb iHTEerpyBaHHs D B mosisipHiil cucTeMi KOOpAUHAT
3aMUIIEeThCS CUCTEMOIO HEPIBHOCTEI:

0<¢p<2r,

0<r<2.

OO6uMCITMBIIM MOJABIMHUN IHTETPaJI, OJACPKUMO:
§y@—x2ﬁx+x@+y2by=j]&z+y2bmW:
| D

2

- Jd¢jr3dr—¢|2”r = 8.

HezanexxHicTh KpUBOMIHIHHOTO IHTETpaNly IPYroro poay

BiJl KOHTYpY IHTErpyBaHHS
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Posrnsnemo ¢yukiii P(X,y) 1 Q(X,y) - HenepepBHi B
nesiKiil 3aMKHyTii o6macti D .
BizeMeMo AB1 TOBUIBHI TOYKH A
i B 1pi3Hi nusaxu

AcB, ABB, AAB, ASB,......, sxi

3’€MHYIOTH I1i TOYKH (TOuka A -
MoYaToK, Touka B - KiHeup nuisxy), 1 ikl He BUXOATh 32 MEX1

obnacti D. SIkiio BUKOHYETHCS PIBHICTD

dex+Qdy= dex+Qdy=
ApB

AaB

= .[de+Qdy e = dex+Qdy, (21)

AlB
TO KaXyTh, 110 KPUBOJIHIMHUHN IHTErpaJl APYrOro poay He
3QJICKUTD BiJl NIUISIXY 1HTETpyBaHHS B AaHiid oo6macti D .
Teopema. Hexait pynxuii P(x,y) 1 Q(X, y) HenepepsHi
pa3oMm 31 CBOIMH YaCTHHHUMU MOXITHUMU B JiesKii obmacti D,
sIKa TMOBHICTIO MiCTUTh KOHTYP | . Toai HeoOXimaHOO 1

JOCTaTHBOIO YMOBOIO HE3AJIEKHOCTI KPUBOJIIHIHHOTO
iHTErpasy Ipyroro poay j P(x, y)dx + Q(x, y)dy Bix koHTYpY
AB
IHTEerpyBaHHS € BUKOHaHH: B 001acti D piBHOCTI
oP aQ

5 (22)
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3ayeaocenns 1. Ilpu BuKoHaHHi ymoBu (22)

KPUBOJIHIMHUHN IHTErpal 10 3aMKHYTOMY KOHTYPY, SKHIA

nexuTh B oonacti D, mopiBHIOE HYyIIO!

§ P(x, y)dx +Q(x, y)dy = 0. (23)

3ayeaoicennsa . SIk1o BUKOHYeThCS yMoBa (22), To

MiAIHTETpaJIbHUN BUpa3 € MOBHUM AU(EpeHIiaioM AesKoi
byHkii u(X, y), Tooto
du(x, y) = P(x, y)dx +Q(x, y)dy. (24)
B nipoMy BUNagKy MOKHA 3allMCaTH y3arajibHEHY

dhopmyny Herorona-Jleitonina:

(X2,Y2)

_[P(x, y)dx +Q(x, y)dy = u(x, y)|(X2~YZ) _

(X1, Y1)
(%2,Y1)

=u(x2,y2)—u(x1,yl). (25)

[puknan. 3HalTH 3HaYSHHs] KPUBOJIIHIHHOTO 1HTETpasa

| = j y2dx + 2xydy Bix Touku O(0,0) no Touxu B(1,2)
|

B3/I0BK YKa3aHUX IUIAXIB: a) Y = 2X; ©0) Y =2X*; B)

y:2\/;.
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B(L2)

tp

st y=2x

—_—
T
T

y = 2X
0.5t
E y = 2x°
-05 0 05 | 15

Po3p’a3yBanng. a) [linctaBumo y | 3amicte Yy BenuuuHy 2X i

3amicTh dy = 2dX, Tomy 1m0 Y = 2X. OmepKumo:

31
12x _a

0

I :Jl-(4x2 +2x-2x-2)dx:12J1-x2dx:
0 0

6) IlinctaBumoy | 3amicTe Yy BemmumHy 2X° i3aMicTh

dy = 4xdx, Tomy mo Yy = 2x*. OnepKuMo:

51
20x _a

| = .l[(4x4 +2X - 2X3 -4x)dx = 20]1‘ x*dx =
0 0

0

B) IlinctaBumo y | 3amicte Yy BenuumHy 2+/ X 13amicTh

dy = % TOMY 110 Y = 2/x. OnepkuMo:

1
=4,

0

Jl‘( \/— 1] Jl' 8X2
| = || 4X+2X-24/X - — |dx =8| xdx = —
0 \/; 0 2
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Bci Tpu Bianmosiai onHakoBi. OTKe, KpUBOIIHIHHHHA
IHTErpas He 3aJIeKUTD BiJl KOHTYPY IHTEIpyBaHHS, TaK K

BHUKOHYETHCS PIBHICTH:
oP 0Q

= 2y.
oy OX y

[HTerpyBaHHs NOBHUX AUQEpeHIialiB

BuxopuctoBytoun popmynu (24), (25), Mmo’xkHa BKazaTu
croci6 3HaxomKeHHs GyHKil U(X, Y), TOBHUIA audepeHitian
sKOi 3aaeThest Bupasom: P(X, y)dx + Q(x, y)dy.

I3 y3aranbaeHoi popmynu Herotona-Jleitonina (25),
3aMUIIeMO KPUBOJIIHIHHUN IHTETpalT 13 3MIHHOIO BEPXHBOIO

MEXEI0 IHTeTrpyBaHHS:

(x.y)
u(x,y) = [P(xy)dx+Q(x, y)dy+C, (26)

(%0:Yo)
KU 1a€ MOXJIMBICTh BUSHAUYUTH BCl PYHKIII1, K1 MalOTh

MiTIHTErPAILHUA BUPa3 CBOIM MOBHUM JTU(EPEHITIATIOM.
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M (%o, y) B(x,Y)
A% &/ N (X, ¥,)
0 X

Jns 3naxomkerns GyHkmii U(X, y) mo dhopmyti (26)
JOCTaTHBO, BUOPABIIN OY/b-SIKY TOUKY (XO, yo) B obnacti D,
00YMCIINTH KPUBOJIHIMHUM 1HTErpai no Oyab-sKiili KpUBIi, sika
3’€IHY€E TOUKH (XO, yo) 1 (X, y). Tak K KpUBOTIHINHUT
IHTETpaJ HE 3aJICKUTH BiJ] BUOOPY IIJIAXY IHTETPYBaHHS, TO
3pY4YHO 3a IIJISX IHTETPYBAHHS B3ATH JJaMaHy, JJAHKU K01
napasneibHi 0csiM KOOpAHHAT.

Sxmio inTerpysaru no samaniii ANB, To B3nmosx AN
Y=Y, dy=0, aB3noxNB - x =const, dx =0, i inTerpai
(26) naOyBae BUTIIALY:

X y
u(x,y) = [ P(x, ¥o)dx+ [Q(x, y)dy +C, (27)
Xo Yo

e IepIIuil IHTerpajl OOUUCIIOETHCS IPU NOCTIHHOMY Y, a

JPYruil — Ipu MOCTIHHOMY X.
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Slkmo x iHTerpysatu no namadii AMB , ne M(X,, y),
TO OJCPKUMO aHAIOTIUHY (popmyIy:

u(x,y) = [QUx, y)dy + [P(x, y)dx+C.  (28)

Yo Xo

Hpuknan 1. [lepesiputu, un Oyae Bupas

(1 + 1jdx + (E —%de
Xy y 'y

noBHUM AudepeHtiiaroM QyHKIIT 1BOX 3MiHHHX U(X,Y) .
SIK110 Tak, TO 3HAUTH 110 QYHKIIIIO.

Po3B’s3yBanns. [lepeBipuMo, 4 BUKOHYETHCSI yMOBa

MMOBHOTO Ju(epeHIiany (Z—P = aa—Q] s Gyskiii u(Xx,y) .
Y X

Maewmo:

X, P 1. Q 1
: - N _

1 1
P i) = _; ] = - 2’ 2
(X,y) +y Q(x,y) v oy y P y

X

< | N

®yukmii P(x,Yy) i Q(X, y) HemepepBHi pa3oM 3i CBOIMH
MOXITHUMH, 32 BUKIIOYEHHIM TOUYKHU (0,0). YacTUHHI TOX1AH1

oP .0 o .
— 1 X piBHI MK c00010. 3HaUNTh, 3aJJaHUI BUPa3 €
X

oy
noBHUM Judepeniiiazom aeskoi pyHkii u(X, y), a

KPUBOJIHIHHUHN IHTETpaNl JPYrOTO POAY
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(x,y)
I (£+£jdx+[g—%jdy
(%0:Y0) X y y y

HE 3QJICKHUTH BiJI NUIAXY IHTErpyBaHHs. 3a (IKCOBAHY TOUKY
IHTeTpyBaHHS (XO, yo) HalKpale OpaTtu TOUKy (0,0). Ane B
nanomy Bunaaky nmpu X =0, y =0 dynkuii P(X,y) 1 Q(Xx,Y)
He BHU3HauyeHl. ToMy 3a OYaTKOBY TOUKY IHTETpyBaHHS

(XO, yo) MOJKHa B3sTH, Hanpukiaa, Touky A(L11). Tomi,

BUKOPHUCTABIIH (popMyiy (27), OIEPKUMO:

ux,y) = I( }dx+j[——y—jdy=

y
=(In x+x); +(2In y+§j =hx+x-h1-1+2hy+
y

1

+§—2In1—x+C0 =Inx+2In y+§—1+CO.
y

y
3pobumo nepeBipky. [[ToBHHHO BUKOHYBaTHCS
au(x, y) au(x,y)
———==P(x,y), X,
o (xy) =Q(x,y),
Q(In X+2In y+§—1+COJ:1+l7
i(In X+21In y+5—1+cojzg_l2_
oy y y 'y
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Omxe, Bimnosigs: U(X,y)=Ix+2Ihy +£ +C, ne
y

C=C,-1.
Hpuknan 2. 3uaiitu Gyskiiro U(X,Y) mo i ToBHOMY
nudepeHIiany
du(x, y):( 5 —1+In y)dx+1dy.
1+x° X y
Po3p’a3yBanns. [lepeBipuMo, Uu BUKOHYETHCSI YMOBa
MOBHOTO TU(epeHITiany @» = Q st pyskii u(x,y) .
oy OX
Maewmo:
1 1 X
PXy)=——=-—+hy Qxy)=—;
1+x° X y
k_L1.RQ_1
o y x vy

Otxe, 3a7aHuil BUpa3 € NOBHUM JudepeHiianom QyHkiii

u(x,y) . 3adikcyemo touky A(L1) (touxky O(0,0) B3sTH HE
MOXHa, TaK K ¢pyHkmii P(X,Yy) i Q(X,Yy) B wiii Toui He

BHU3HaueH1. 3a popmynoro (27), MaeEMo:

o101 X
u(x,y) = ( ——a+|n1jdx+ —dy =
-1[ 1+x* X '1[)’

= (arctg x—In x)|. + xIn y|, +C, =arctgx —In x -
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—arctgl+xIhy+C, =arctgx—In x+xIny+C,

ne C =C0—arctglzco—%.

[epeBipka.

—£+my
1+x% X ’

2(arctgx—ln x+xlny+C)=
OX

g(arctg Xx—Inx+xhy+C)=2.
%y y

OTxe, BimmoBigs: U(X,y)=arctgx—Inx+xIhy+C.

Hpuknan 3. Po3s’s3atu mudepeHiiiaabHe piBHSIHHS:
(l —yi+ 4)dx + (—1—3xy2jdy =0.
X y

Po3p’s3yBanng. Ilo3zgaunmo

P(x,y) = % -v¥+4, Q(x,y)= —% —3xy%. O6unciIuMo

YaCTUHHI MOXIIH1 @» =-3y?, Q = —-3y?. Taxk sk

OX

oP 0Q . .
— = —, TO MaeMO Ju(epeHIiaIbHe PIBHAHHS B IOBHUX

oy oX

nudepeHitiazax. 3anuiemMo Horo 3arajibHUN po3B’A30K:

X 1 3 y 1 )
Jl=-yo' +4dx+[| -==3xy* [dy =C,.
X WL Y

Xo

[IpoinTerpyemo ioro
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y
=C,,

Yo

3
X

Inx - yOSX‘ +ax[ —Iny| _ax L

Xo Xo Xo Yo 3

3 3
In X —In X, — Y, X+ Y, X +4X—4X, —
—Iny+Iny, —xy*+xy,’ =C
y Yo = XY Yo =Co-
OTtxe, 3aranbHUN PO3B’SI30K AU(EPEHIIAIbHOTO PIBHIHHS:

X 3
In —+ 4%, — XY, -

0

%‘—xy3+4x=c, ne C=C,+1In
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