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PO3/ILJT 4. CTPYKTYPA I'PA®IB-OBCTPYKIIII HA TTIOBEPXHI KJIEMHA

4.1. IIpo anroput™M nodyaoBu 2-38’si3HUX MiHOpiB nmoBepxHi Kieiina

Posrnsinemo 3amady moOynoBu BCiX 2-3B’s3HUX TpadiB-oOcTpykuid s N, - TOBEpXHi
Kneiina i3 MHOKMHaMU pebep, KOKHE 3 SKUX € CYTTEBHM BiTHOCHO HEOPIEHTOBAHOTO poay 3 IpHU
orepamisx BUAAJICHHS pedpa 4u CTUCKaHHS MOT0 B TOUKY, TOOTO MiHOPIB HEOPIEHTOBAHOTO poay 3.
B [4] naBenmeHo uuciom 668, SK MOTYXHICTb MHOKHHH BCiX HE130MOp(GHUX 2-3B’S3HUX MIHODIB
HEOPIEHTOBAHOTO pOAy 3, ajle HeMae iXHiX aiarpaM. Bukopucraemo s moOynoBu miarpam 2-
3B’S3HUX MIHOPIB HEOPIEHTOBAHOTO POAY 3 CTPYKTYPHi BIIACTHBOCTI TaKuX rpadis, BUMucaxi B [5,8].
Crincok Bcix Hei30MOp(HUX MIHOPIB HEOPiEHTOBAaHOTO poay 2 MicTuTh 35 rpadis. B [6] HaBegeno 12
0a3ucHUX rpadiB MPOSKTHUBHOI IUIOIIMHH, YTBOPEHUX IEPETBOPCHHSMH METONY PENITUBHUX
KOMITOHEHT,Ta HaBeJIeHO MHOXHHY 3 63-X Oa3zucHux rpadis s nosepxHi Kneitna. [Toni6Ha 3anaua
noOy10Bu rpadiB-oOCTPYyKIiii HEOPIEHTOBAHOTO POJYy Ha OCHOBI MHOXHMHH BIIOMHX Tpadis-
OOCTPYKIIi#l 11 HEOPIEHTOBAHOTO POy K , Ma€ po3B’sA30K I He OinbIn Hixk Ha 10 BeprmHax [7], a
came, TIOBHOT MHOYKHHH JJISl TIPOCKTUBHOI TUIOMIMHU Ta HETIOBHOI /IS HINX ITOBEPXOHB, 30KpeEMa,
noBepxHi Kielina.. Bukopucraemo MeTos @-niepeTBopeHb rpadis ta reopemy 2 [8].

Teepaxenns 1. Hexail G,- MiHOp HeopieHTOBaHOro ponay 2, a rpag G mnojaHuil sK @-o0pas3
2 « .

9(G; \e+St (H), X(ay+9,) > (G{a;}), ne i=1(1)35, G, \e € G,- MiHOp i3 BUmATICHNM PeGPOM e
ER

Ta 3aJaHMMH TOYKamM 3 MHOXMHMM,;, M;={a;,a;,}, nocsxnoro Ha mosepxHi Kneina. 3amano
St,(H) - xBa3izipky 3 meHTpoMm TrpadoM H Ta MHOXKHHOIO BHCSYUX pedep sIK CyMOIO IiJMHOKHH
{(a;, ;)3 ta {(b,9;,) > A€ N>M21, AKl BUCSYMMHU BepIIMHAMH a;, b, NpHUKIEEHO
JIOBUTBHUM YHHOM JI0 ABOX TOUYOK 3 MHOXKHMHH X , X ={g j1v9j2), IPHUOMY MHOXMHA TOYOK Y ,
Y ={a;,b,}'\_,, Ha EBKIIJOBIN IJIOMMHI Mae yucio gocsvkHocTi t, (Y,S,) , me t,(Y,S,)=2, a
MHOXHHA X Ha MoBepxHi KieliHa Ma€ 9iCIo JOCSIKHOCTI tg 4y (X, N,) , 1€ tg 1y (X, N,) =1.

Sxmo rpad H romeomopdunii onnomy 3 rpadis {K,,K,;, K; \ e} Ta Mae 3a1aHy MHOKHHY TOYOK
XUY,aeX NY =, I0CSHKHY Ha MPOEKTUBHIN TUIOMIMHY, Ta 3 YHCIOM JOCSHKHOCTI tg (X UY,S,)
BITHOCHO €BKJI/I0BOT IJIOLIUHU S, , A€ t; (X UY,S,)=2, To Tpad G - MiHOp 4M rpad-o0CTpyKIis
HEOPIEHTOBAHOTO POy 3.



Hogeoenns. I'pap G ,G = D,;, MOXKIIUBO MOJIATH SIK IPU3MY, B OCHOBAX SKOI JIe)KaTh ABa MiArpadu
i3oMoppHUX K,, BEPIIMHM SAKUX MOMapHO 3’€qHaHi pebpamu. Muoxuny G' pebep rpada G

po3i0’eMO Ha KJIacH EKBIBAJICHTHOCTI BIJIHOCHO Tpynu aBToMop(i3MiB 1mporo rpada, ToOTO
HiAMHOKUHU pebep rpadiB 000X OCHOB Ta MHOXKMHA 3 YOTHUPbOX pebep rpaneil. [[ns xoxHOTrO
NpeICTaBHUKA KJIACy €KBIBAJICHTHOCTI IPOBEIEMO CTHCKAHHS B TOUKY. Pe3ynbraT HaBeneHo Ha puc. 1.
Uit pebep Kiacy 3 mpencTaBHUKOM (4.6), Ha apyrid kapti s (7,8). 3riiHO MuX KapT KOXKHA mapa
BEpIIMH IIUX CTUCHYTHX TpadiB JEKUTh ad0 Ha TpaHUIl 2-KIITKH YH TICEBIOKIITKH, TOOTO €
JOCSKHOIO Ha MPOEKTUBHIN miommHi. ToMy MOXIMBO MPHUKIEITH 0 YEPBOHUX Map KBa3i3ipku, 3
Yrciia HaBEICHUX Ha PHC.2, OTOTOKHUBIIK 3 TIAPOK0 HEIHIMICHTHUX BEpIIUH rpada G . BapianTu
CKJICEHUX (-00pa3iB rpadiB HaBeeHI Ha pHC.3.

Puc.1. Bknagenns D;; B N, Ha 1-i KapTi, Ha 2-ii Ta Ha 3-i rpadu G, , G ¢ BKIaACHI B N, .

IADE D

Puc.2. KBa3izipku St,(H) 31 CKII€EHUMHU B IIapy TOYOK MIJMHOKMHAMH BUCSAYMX BEPIIMH.

s noOy1oBH 2-3B°SI3HUX MIHOPIB A1 N, BUKOPHUCTAEMO MHOXKHHY BCIX HE130MOp-(pHHUX MIHODIB
npoekTHBHOI mionmHu. Hexail G = D,,. [lepeGupaemo BCi pi3HI BapiaHTH CKJICHKU MO MHOXMHI 3
JIBOX TOYOK rpada G Ta mapu TOYOK KBa3i3ipKH 13 HEHTpoM H, MOKIIMBUM € OTOTOKEHHSI KUIBKOX
BUCSYMX BEPUIMHAMH B OJIHY YU IPYTY TOUKY TTApH CKICHKH. MOXIIMBUMU OyAyTh HACTYIIHI BapiaHTH
(@-00pa3y 300pakeHi Ha pHC 2, Jie BUALICHO Mapy CKIEEHUX BUCSYUX BEPIIUH, K1 IPUKICIOBATUMEMO
10 mapu BepunH rpada D,,. BimmiTimo, mo aeski Bucsdi pedpa kBasizipku St,(H) crarayTi B Touky
SIK HECYTT€EBI1 BIJIHOCHO HEOPIEHTOBAHOI MOBepxHI N, . BubepeMo Touku ckieiku podumo cepes Tux
nap BEpIIUH, Kl € eJIeMEeHTaMU JTOCSHKHOI MHOXKMHM Ha N, . Bumamumo onne 3 pebep (a,b) Ta
HPUKJIEIMO MOMAPHO A0 KIHIEBUX BEPIIMH BUAAJICHOr0 pedpa Ti BepIIMHU KBa3i3ipkH i3 neHTpoM H
Ta MHOKHHOIO BUCSYMX BEPIIUH, pO30MTOIO Ha JB1 MIAMHOXUHH, [0 YTBOPUJIUCH ITPH OTOTOKHEHHI
X JBOX MiIMHOXHH. MOXJIMBUMHM € BUNAJKU CKJIEHOK 300pakeHi Ha puc.2. JloBeneHHS
TBEepJUKEHHS | 3aKiHYCHE.
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Puc. 3. Jliarpamu 2-3B’s13HKX MIHOPIB AJ1s moBepxHi KieiiHa..

Teeposcennsa 2. [lpubnuzne uncio 2-38’s13HUX MiHOPIB moBepxHi Kireitna - 700.

JoBenenns. KibKicTh 3B’sI3HUX MIHOPIB JUIS POEKTUBHOI IIIOLIMHU JopiBHIOE 32. [{ng BuGpanoro
HaocHmin cepel mux rpadis miHopy D;; MaemMo MHOXHHY 3 21-ro rpada, HaBeJeHy Ha puc. 3.
BBaxkxatumemo, 110 [JIs1 KOKHOTO 3 rpadiB-MIHOPIB MPOEKTUBHOI IUIOIIMHU KUIBKICTh MIHOPIB
npuOJIM3HO ofHaKkoBa . OT)Ke MaTUMEMO YHCIIO 2-3B’SI3HUX MiHOpiB moBepxHi Kielina npubauzHo
700. CxemaTnuHe JA0BEJEHHS 3aKkiHueHe. TBepkeHHs | € OCHOBOIO JIIHIMHOTO anroputMmy 1 sikum
MOYJIMBO 1OOY0BaTH BCl 2-3B’s13H1 MiHOpH noBepxHi Kieiina.



. 35 . . . . .
Aneopumm 1. Bxin: Muoxuna{G,;},”; i3 35-Tu MiHOpPiB NMPOEKTHBHOI IUIOIINHU, MHOKHHA BCIX

HeizoMop(HUX BKIAACHb KX rpadiB B moBepxHio Kieiina, {St,. (H )}, MHOXHHA KBa3i3ipok s
p Fp p g nj j j=1 p it

CKJICIOBAHHS TI0 JIBOM TapaM BHJUICHHUX BepiinH. Buxin: MHoxuHa 2-3BA3HUX TpadiB-00CTPYKITIK

{0(G,)}}, HeopieHTO-BaHOrO POy 3.

Jlis Kty 3 mapaMetpoM i Bixg 1 10 35 BUKOHATH HACTYIIHI il
1. G=G;;
2. To6ymyemo muoxuny B={(a,,b,)}’, Bcix map Bepmus rpada G , siKi posramosani
Ha rPaHUI 2-KIITKH MOBEPXHI KJIeHHA 4H 11 ICEBJOKIITKU Ta 30€piratoTh TOCSKHICTD
B rpadax, OTpUMaHUX MUISIXOM BHJIAJICHHS OBUILHOTO pedpa 4 CTHCKaHHs pedpa B
TOUKY.
3. s mukity 3 mapametpom K Bix 1 1o |B| BuKOHATH HACTYIIHI [Iii:
4. (a,b):={a,,b,);
5. Jlns uukiy 3 mapametpom j Bif 1 10 7 BUKOHATH HACTYIIHI Jii:
a. St,(H)= Stnj(H i)
b. Cxiieimo nomapso (G , (a,b)) Ta (St,(H),(a',b'));
c.Otrpumaemo napy ¢(G), (ax,bx);
d. Buogumo ¢(G);
e. Kinenp mukiy 1o j.
6. Kineup nukiny mo K
7. Kinenp nukity 1o i.
8. Kinenp anroputmy 1
BucnoBku. TakuMm yMHOM HaBeleHa MOOy/OBa JiHIMHOrO MoOyAOBM Aiarpam 2-3B’SI3HUX

MiHOpiB nmoBepxHi Kieitna.
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4.2. Cmpykmypa npoeKmugHo n10W{UHHUX niozpagis zpaghie-oocmpykuiii 3a0anoi nosepxHi

PosrnsinemMo 3adauy BUBUEHHS METPUYHHX BIACTUBOCTEH miarpada G \v, e v JOBUIbHA
BepinrHa rpada-o0cTpykiiii G HeopieHTOBaHOTO pony k , k >1, siki BU3HAYaTUMYTh MHOKHHU
TOYOK NMPHUETHAHHS OJHOTO MiArpada 10 iHIIOoro 1 T03BOIATHME OyAyBaTH MPOTOTUIH IpadiB-
00CTpyKIIii 13 yrciioM BepiuH OutbmuM 10 HeopieHTOBaHOTO poay Oiibinoro Hixk Kk . [TeBHEM
YMHOM 3 LI€I0 331a4er0 MoB’13aHa rinote3a Epapoma [3] mpo mokputTs rpadiB-o0CcTpyKITii
HEOPIEHTOBAHOI MOBEPXHi poay k , ge k > 1, HAHMEHIIOO 33 BKIFOYCHHSIM MHOXHHOIO 13 K +1-T0
rpaga romeomopduoro K, abo K. B [4] rinore3a KOHCTPYKTUBHO J0Be/ieHa 1)1l 35-TH MiHOPIB
rpa¢iB-00CTPYKIIi MPOSKTUBHOI IUIOMUHU N, , MHOXHHHM 62-X 13 He OunbmnM Hixk 10-ma
BEpLIMHAMU TpadiB-00CTPyKLii Ta iXHIX po3ILeIuIeHb st moBepxHi KieiHa N, , a TaKOX JesIKUX
rpa¢iB-00CTpyKIii /Ui HOBEPXOHb N, Ta N,. B po6oTi [5] noBeneHo icCHyBaHHS CKIHUEHOT
MHOXHHHU TpadiB-00CTpyKLii A1t HeopieHTOBHOI moBepxHi. [loxiOHa 3amava posriusganacs B [6], ne
PO3TISAAIUCS MOJIETI-NIPOTOTUIH rpadiB-00cTpyKiii. [IpoToTunom rpada-odberpykiii
HEOPIEHTOBAHOTO poay k , OyneMo Ha3uBaTH rpadu, o MarTh BIaCHUM Miarpadom rpad-
o0cTpyKIIiro HeopieHToBaHOTO pony k , k > 1. B pobotax [7, 8] po3riisganack AOTHYHA 3a/1a4a
MOKPUTTSI MHOYKUHH BEPIIUH HAHMEHIIIOK KUTBKICTIO IIUKIIIB-TPAHHIIb 2-KIITOK, TOHSATTS KJIITKOBOI
Bifcrani HaBeneHe B [9, 10]. Tyt gocmimkeHo rpaHUYHI MEXi OPIEHTOBAHOTO POy Tpadis,
YTBOPEHUX 3 IUIONIMHHUX TpadiB 1 MPOCTOI 31pKH, MPUKICEHOT 10 ACIKUX HOTO BEPILIUH.
[MoTeTHYHO MOKIIMBO X OTPUMATH IUISIXOM PEKYPCHUBHOTO (-TIEpETBOPEHHS rpada-o0cTpyKiii
MPOCKTUBHOI TUIONIMHM Ta KOIIii Or0 MIIONMHHOTO Mmiarpada, 3aaHoro Ha BEpIIHHAX, peOpax uu
gacTuHax pedep, ado MPOCTUX JIAHIIOTaX, TOOTO TOCSHKHIUM YacTHHAM TaK 3BaHOTO rpad)a-0CHOBU
(rpada romeomopdroro rpady KypaToBcbKOro i BKJIaIHOTO B MPOSKTUBHY IJIOLIUHY).
BBaxxatnumemo, 1110 3aMicTh OJAHOTO HiArpada Moxe OyTH KiibKa Komii miarpadis rpagis-
00CTPYKIIii MPOEKTUBHOT MIOUTUHH.

Hexaii 3anano miHiManbsHe BkiIaaeHHs f rpada G 1o HeopieHToBaHOI moBepxHi N,
SIKe peaji3ye YUCiIo TOCSKHOCTI t, t; (M, N) =t , TOOTO 1€ HaliMeHIla MO BKIYEHHIO MiIMHOKIUHA
{Si}}=1 MHOXKHUHU S (N, f), Sg(N, f)=N\ f(G), ckiaieHa 3 KIITOK Ha FPAaHULISAX SIKUX PO3TAIIOBAHO
ToukH 3 MHOXUHU M. KoxxeH rpad G HeopieHTOBaHOIO poay k , k > 1, Moxe OyTH MoJlaHuM

HACTYIIHUM ItepeTBOpeHHsAM: ¢(H + St (g,), % (@ +9;)) = (G{a},), Ak ¢-06pa3 rpada H Ta 3ipku

1=S

St,(9,) , IPUEIHAHOI BUCYMMU BEPLINHAMU ¢, [0 TOYOK a;, 1€ 3aJaHa MHOXXMHA M TOYOK rpada
H, M={a},, M c(0s,uds,)nH 0 sxa PO3MIIILYETHCS HA TPAHULAX KIITOK S,,S,,...5, MHOXXHHH
NAf'(H), net>2, m=>2, i=12,...,m, MiHiMaJsHUM BKJIageHusm f', f"H — N',

AHJIOTIYHO XapaKTEepPUCTHKAM BKJIAJICHHA rpada 10 Opi€eHTOBAHOI OBEPXHI HA MiAMHOXXHHI

{s;.s j,sk} MHOKHHI Sg(N, f), BU3HAUMMO XapaKTEPUCTUKY 6 , 6 =1, MHO)KMHU M Ko
BHKOHYETBCS YMOBa 0S; N 0s; M 0S, # <, TOOTO €, IOHAaHMEHIIE, OJIHA CIiIbHA TOYKa Ha IXHIX
TPaHHUIISAX, AKA € LEHTPOM KIIITKOBOI 31ipKH, yTBOPEHOT 13 TPhOX KIITOK {S;,S;,S,}, @00 BU3HAYEHO

XapaKTepUCTUKY 06 , 06 =1, SIKIIO TOBUIbHI apH IUX KJIITOK MAIOTh Ha IPAHUIISAX, MIHIMYM, OJTHY
CHUIBHY TOYKY, TOOTO YTBOPIOIOTH KIITKOBUH IIMKJI IOBXXHUHU 3, YTBOPEHHUX 13 TPHOX KIIITOK

{sis; 8}



Hosnauenns 1. IloznauatumeMo Z(S;,S;) Ta HA3MBATUMEMO KyTOM MK KJIITKAMH 91

IICEBIOKIITKAMM S;,S; MHOXHMHH S(N, f) HaliMEHIIy 10 BKIIOYEHHIO 3ipKy rpada G 3 IEHTPOM B

0 . .
a, aeG N(0s;M3s;), i3 MHOXKUHOIO PeOEP-NIPOMEHIB, PO3TAIIOBAHUX 3 OJHOTO OOKY I0JI0 TOYKH
IEPETHHY TPaHMIb KIITOK §;,S;. Came 1i peOpa 4u iXHi 4aCTMHM BKJIaJaTUMEMO 110 JIeHTH Mebiyca,

MPUKIJIEEHOT 10 TUIOLIMHY, JIJIsl YTBOPEHHS MICEBIOKIITKH, Ha TPAHUIII SIKOT pO3MIIIYIOThCS 00’ €HaH
Hs rpaHuup S;,S;. Ha 4-i Ta 5-i kaprax puc. 1 nokaszaHno KyT Mix nopapOoBaHUMH 2-KIIITKAMH Ta

BKJIaJICHHS HOT0 Ha JeHTY Mebiyca, IpUKIICERY JI0 eJIEMEHTapHOTO AUCKA IMOBEpXHi N .
Iosnauennsn 2. Hexaii 3amane MinimManpHe BKIageHHs f rpada H 1o HeopieHTOBaHOI MOBepxHi N .
[To3HauatumMemMo a(/(s,,s,)) ONepalio epeTBOpeHHs pedep e, ,e,, f(e,) s, f(e,) < s, , 31
CIIJILHOIO BEPIIMHOIO & KIITOK s;,S;,,S,, A€ f(e) U f(e,) < ds,, , IpUuoMy BKiajgeHHs f rpaga H

B N pO3MIII[y€e Ha TPAHHUIIAX KIITOK s,,s, MHOXuny f(M), f(M)=f({a},).

Puc. 1. [TnomunHI miarpadu NpoeKTUBHUX MIHOPIB 13 MHOKHHOKO M 3 UepBOHMX BEpPILIUH HA
rpaHuiax 3adapOoBaHUX KIIITOK 3 YHCIOM JTOCSKHOCTI 2 Ta KJIITKOBOIO BIJICTAHHIO 2 MiXK
JIBOMa BUJIJICHUMHU KOJILOPOM KIIITKAaMH-TPAaHSIMH Ha TPAHUIIX SKAX PO3TAIIOBaHI
MiIMHOXUHU MHOXUHH M

Hasenemo anroputwm 1 sxuii 3a nmojgiHOMiaNbHUHN Yac BUaae BkianeHus f BxigHoro rpadaG ao
noBepxHi N' HeopieHTOBaHOTO poay 7(N'), e mae micuie HepiBHICTB ¥(N') > 7(G) +1, a MHOKHHA
N\ f(G) MICTUTH TUTBKH 2-KJIITKH Ta TICEBIOKIIITKH.

Anzopumm 1
Bxia: monano ckindeHu#t rpad G HEOpiEHTOBAHOTO polty k , k >1, sik @-00pa3 rpada H Ta 3ipku

St,(g,) , HACTYITHUM NEPETBOPEHHAM: ¢(H + Stn(go),i(ai +9,)) = (G{a'}",), ToOTO BHCAYI

1=s
BEPIIMHH g, 3ipKH St,(g,) MPUEIHAHO 10 TOYOK a,3 MHOKHHH TOYOK M Tpada H, me M ={a}.;,
sKa MiHIMaJIbHUM BKJIaZieHHsM f', f':H — N' po3millyeTbcst Ha TpaHUISX KIITOK S, S,,..,.S,
muoxkuHu N\f'(H), me t>2, i=12,.,m, m> 2. Hexaii 3a1ane minimManbpHe BKiaaeHHss f Tpada



H 110 HeOplEHTOBAHOI MOBEPXHI N , SIKE peai3ye YnuciIo JOCAKHOCTI t, t, (M,N)=t, MHOKUHU
TOYOK M.

Dyukyis A (6xiOHi knimku s,,s,, 8uxiona kiimka S ). Bukonyerbes omepauisi a(Z(s,,s,))
IIEpETBOPEHHS pedep e, ,e,, f(e;) = ds,, f(e,) = 85, , 31 CIIIBHOIO BEPIIMHOK & KIITOK S;,S;,,S, , A€
f(e,)u f(e,) < 0s,, , mpuuoMy BKIajeHHa f rpada H B N po3Mmillye Ha TPaHULAX KIITOK S, S,
muoxuny f(M), f(M)=f({a},). [IpukieimMo 10 KIiTKH s, JeHTy Mebiyca HACTYITHUM YHHOM.
Po3menumo n0BUIBHY BHYTpIIIHIO TOUKy f(x;) pedpa e, e =(a;,b;) Ha Toukn x;', X", 1€ i=12.
Bupixemo B cepeuHi s, €1eMEHTapHHI TUCK 3 LIEHTPOM B X, Ta PO3TALIyEMO HAa HOT0 rpaHMIIl
JiaMeTpajbHO MPOTUJICKHI TapH TOUOK (X', X,") , (X", X,") SIK KIHIEBl TOUKH YaCTUH MEPEXPELICHUX

pebep Ha IJIOMIKHI eJIeMEHTapHOTo AucKa. OTpUMaEMO TaKHMM YMHOM TICEBJIOKIIITKY S
HeopieHToBaHOo1 noBepxHl N', ge ¥(N')=y(N)+1, ds =0s, U ds,, B IKy MOXKIMBO BKJIACTU Ty

yacTuHy 3ipku f'(St,(g,)), SKa NpUKIIEEHA 10 TOUOK MHOKHHU f(M)N0s 1 Takum unHOM
MaTUMEMO BKIafieHHs rpada G B MOBEPXHIO N'.

Buxio: MHOXWHA R KIIITOK Y4 TICEBJOKIITOK HeopieHTOBaHOT moBepxHi N', y(N') > y(G) +1,
IPaHUIIl SKUX HE IEPETHHAIOTHCS, a Ha IXHIX TPAHMIIIX PO3TAlIOBaHI BCi TOUKA MHOXHH M .

Iouamxosi snavenns. S ={s;}_,; 0S:={0s;},,; R=D.
s mapamerpa i , mo MiHs€Tbes Bif 1 10 | S | KpokoM 1 BUKOHATH HUKIIYHI il
Bubepemo kiiTKy s, 5, €S .
Jlns mapamerpa j, o MiHs€ThCs Bif i +1 10 | S| kpokom 1 BUKOHATH ITUKJIIYHI Aii.
Bubepemo kiitky s, s; €S ;
SIkmo 0s i 0s, # < TO BUKOHATH:
MOYAaTOK JIiM;
s=A(s,,S))).
ITepenymepyemo eneMeHTn MHOXKUHU S = S\{s;,s;}Us;
R=Ru{s}.
[Tepeiitu Ha miTKy Kpok 1.
KIHENb JiH;
Kpox 2: Kinens ukiy mo j.
Kpoxk_1: Kinenp nukiy 1o i .
Kinens anropurma 1.

Teepoowcenns 1. Anroputm 1 ains 3B’ si3H0r0 rpadpa G HeopieHTOBaHOTO poay y(G) Ha n BeplIMHAX
Ta q pedpax i3 3aJaHOI0 MHOKUHOIO TOYOK 3 UHCIIOM JOCSKHOCTI t 3a MOJIHOMiaTbHHMA Yac



0(S?),|SE2-7(G)-n+q, KOPEKTHO Oy/lye MHOKHHY 130JIbOBAaHUX KIIITOK BKJIaJeHHS rpada
JI0 HEOPIEHTOBAHOT MOBEPXHi, A 1<t <|S|.

[Insgxom 3acTOCYBaHHS HABEJIEHOTO AITOPUTMY MOXJIMBO JIOBECTH HACTYIHI iemu 1 Ta 2.
Jlema 1. MaroTh Miclie HACTyIHI TBEPXKCHHS.

1. JIBi 3ipKH, 110 IEPETHUHAIOTHCS 110 BHYTPIIIHIM TOYKAaM BUCSYMX pedep Ha IJIOMIKHI
€JIEMEHTaPHOT0 JUCKY, MOKIUBO BKJIACTH 0€3 IEPETUHY Y BHYTPIIIHIX TOYKAX JI0 €IEMEHTAPHOTO
JIMCKY TUIOIIMHH 13 MPUKJICEHOIO 0 HHOTO JIEHTOI Mebiyca.

2. Slkuo pebpo e neperuHae pedpa TPUKYTHUKA K, , pO3TaIioBaHOIO Ha IUIOIIMHI €1€MEHTAapHOTO

JTUCKA, TO CNpaeednusi HaCTYIIHI TBEPIKEHHS:

a) pebpa rpada K, MOXIIMBO BKJIACTH Ha JieHTI Mebiyca, IpUKIIeeHIl 10 eIeMEHTapHOro JUcKa

Tak, o0 BKJIagamucs 0e3 nmepeTuHy Ha JeHTi Mebiyca mapa pedep, cXpelieHuX Ha eBKIII0BIH
IUIOIIMHI, Ta OJJHE 3 IBOX MapaJieIbHUX pedep;

0) sKIIO pedpo e mepeThHae pedpo, 110 € OCHOBOIO TPUKYTHHKA, TO HA TIPUKIICEHY JeHTy Mebiyca
MO>KJIMBO, 200 BKJIACTH pedpo e 4u BCi pedpa TPUKYTHHUKA,

B) SKIIO peOpo e He MepeTHHae iHie pedpo, Mo € OCHOBOIO TPHUKYTHUKA, TO MOKJIMBO BKJIACTH HA
npukieeny JeHTy Mebiyca pedpo e Ta Ba CyMIKHHUX 3 HUM pedpa TPUKYTHHKA, a peOpo, 1110 €
OCHOBOIO TPUKYTHHKA — HE BKJIAIA€ThCS Ha JIeHTy Mebiyca.

Jlema 2. Hexaii Ha MHOXUH1 S (N, f) 3aJaHO MHOXKHHY 3 KJIITKOBHX 31pOK 13, MIHIMYM, JJBOMa

KIITKaMH-TTPOMEHSIMH 13 CIIUIBHOIO TOYKOIO — IIEHTPOM 3ipKH Ta KIITKOBUX IUKJIB IOBKUHOIO HE
MeH1re 3. MaroTh Miclie HACTYITHI CIiBBiTHOLIIECHHS.

1. Hexail 3a1aHO KJIITKOBY 31pKY M KJIITKOBUHN IIMKJI TOBXHUHU 3. J[J1s1 yTBOpPEHHS OJHI€T KITKH, sIKa
0 micTuia Ha CBOiM rpaHuIll 00’ €JHAHHS TPAHUIIb KITITOK 31PKH UM KIIITKOBHH UK JTOBXKUHU 3,
HEOOXIJTHO MPHKIIEITH /1Bi JIeHTH Mebiyca 10 moBepxHi N .

2. [1apa KJIITOK 31 CIIJIBHOIO BEPIIMHOIO HA TPAHUIISIX [IEPETBOPIOETHCS HA OJIHY MCEBAOKIITKY, IKa
MICTUTh Ha IpaHulli 00’ €IHaHHA JBOX TPaHUIlb IUISIXOM MPUKIICIOBaHHS JeHTH Mebiyca;

3. Hlnsixom npukieroBaHHs JeHTH Mebiyca 10 MicIlsl BKJIaIeHHs CHUTbHOI BEPIIMHU KOXKHOT Tapu
KIIITOK 3 MHOKUHU S (N, f) HEOopieHTOBaHOI MOBEpXHI N MOXIJIMBO YTBOPUTH MOBEPXHIO N' poay

7(N"), me y(N')=»(N)+x , Ha siKiif MHO>XMHA M € OCSIKHOI0, TOOTO BUKOHY€ETHCS PIBHICTD
t;(M,N') =1, 1e x — YMCJIO BCIX MOKJIMBUX KYTIB, Ikl YTBOPEHI MiJ Yac NepeTBOPEHb KOKHOT
napy KJIITOK 3 MHOXXHHU S (N, f) 41 MHOXXMHHM HOBOYTBOPEHUX IICEBJIOKIITOK, IO MAlOTh CHUIbHI
TOYKH Ha CBOIX I'PAHUIISX.

Busnauenns I . Hexait 3a1ano MiHiManibHe BKJIaJieHHa f rpada G 10 HeopieHTOBaHOI MOoBepXHi N,
SKe peai3zye YHCIo JOCSHKHOCTI t, t; (M, N) =t . bByneMo Ha3uBaTH KJIITKOBOIO JIOBXHHOIO

dg (Si,8;, f) MDK TpaHULAMY KITITOK S;,S; 13 33laHMMK Ha HMX MIAMHOKWHaMK L;, L ; Bepmmn
3B’s3H010 Tpada G, xe L, =G’ nds;, L; =G’ nas;, {s;,5;3 =Ss(N, f), moryxmicts | J |
HaWMEHIIOT 110 BKIIFOYEHHIO BIOPAAKOBAHOT MHOKUHHA J , J ={S;,S;;1,-. Sk, S;}, I =Sg(N, f), zie

MOCJTIIOBHI Mapy KIIITOK MalOTh Ha CBOIX IPAHUIIX, MIHIMYM OJIHE, criijibHE pedpo. [Ipuuomy
MIIMHOKUHY MHOXKMHHU J , CKJIaZIEHY 13 HE MEHIIIE HIXK JIBOX MOCJIITOBHUX KJIITOK 31 CIIUIBHOIO



BEPIIMHOIO Ha TPaHUIISIX, OyIEMO paxyBaTH sIK OJHY KIITKy. Takox OymeMo BBaxartu, 110 Ha
MHOKHMHI J 3a1aH0 OCOOIMBUI MPOCTUH KIITKOBMH nanuor L, L; =L(s;,s;), Akuii 3’€Hy€e KIITKHA
S;» §; KIiTKoBOro rpaa jis rpada G . V BUIAIKy HE3B A3HOTO rpada G oaHa 3 KIITOK MHOKUHH

J Oyze He 2-KIIITKOO 1 He MCEeBAOKIIITKOIO.

Busnauenns 2. bynemo nozHayatu T, T =T, (M,N), Ta Ha3UBaTH JEPEBOM JIOCSYKHOCT1 MHOKHHU
Touok M , M ={a},, 38’s13H0r0 Tpada G , IpH 3aaaHOMy MiHIMaITLHOMY BKIaneHHi f rpada G 1o
HEOPIEHTOBAHOI MOBEPXHI N , IKE peai3ye YUCIIo JOCSHKHOCTI t, t; (M, N) =t , mapy MHOXHUH
({si}i,{Lij P, ne {L;} — HalimeHIIa 110 BKIIOYEHHIO MHOKMHA OCOOIMBHX KIITKOBUX JIAHIIIOTIB
L(s;,s;) mo, abo Ge3mocepennpo, abo K 00’ €HaHHS KiTbKOX MOCIIOBHUX JIAHIFOTIB 31 CHUIbHUM
KiHIIEM OJIHOTO Ta MOYaTKOM 1HIIOr0, IO 3’€IHYIOTh BCI IAPH KIITOK S;,S; Ta MAIOTh HAWMEHIILY

CYMy JOBHH B34TY 10 BciM L. 13 mHOXuHN {L;}.
ij ]

Busnauenns 3. Jlnst MEOXHUHE TOYOK M , M ={a,}",, ruronmHHOTO Tpada G 3 YKCIOM JOCSIHKHOCTI
ts(M,X,), ae tg(M,X,)=t, t>2, OyJemMo Ha3uBaTU KIITKOBOIO IOBXUHOIO dg (M ,t), e

dg(M,t)= min X dg(s;,s;, f), Mk migmMuoxkunamu L;,L; Maoxunu M, M =L, UL,
Ve TGN vs;,s;eT

LinL =9, po3TaiioBaHuMu Ha rpaHULAX JOBUILHUX KIITOK S;,S;, {S;,5;} =S¢(Z,, f), mo
peartizyoTh YUCIIO JOCSHKHOCTI t; (M, Y,), 1e fGN — MHOXHHA BCiX HEI30MOP(HUX BKIIAZCHD

rpada G 10 X, IO peati3yloTh YHCIO JOCSHKHOCTI t; (M,Y,) MHOXHHHU TOYOK M .

Busnauenns 4. Bynemo Ha3uBatu MHOXHHY M , M ={a;},, Todok rpada G 3 YHUCIOM JOCSHKHOCTI
t, ne tg(M,>,)=t, KpUTUYHOIO BITHOCHO KJIITKOBOI JJOBKHUHU d (M) IpH onepariii BUJaIEeHHS
JIOBUIBHOT'O €JIEMEHTA 4, , AKII0 Ma€ Miclie HepiBHICTh dg (M \a;) <d; (M), 9M BIIHOCHO omepariii
CTHCKaHHS pedpa U = (ab) B Touky a' (akmo {a,b}c M , To 3amicTb M poO3IIIIIaTUMEMO MHOKHUHY
M'=(M \(a,b)) u{a'}), skio mae Mmiciie HepiBHICTb dg, (M') <dg(M).

Busnauenns 5. bynemo Ha3uBaTu rpag G MiHIMaJIbHUM BITHOCHO d; (M) Ipu onepaiiii BUJAJEHHS
a00 CTUCKaHHS y TOUKY JOBUIBHOTO pedpa u , AKIo, a0 dg\, (M) +1=dg(M), dg, (M) <dg (M),
ne Gu - rpad 31 CTUCHYTHM y TOUKY a' pedpoM u =(a,b) ta M'=(M \{a,b}) va'.
Teepoowcenns 2. Koxen rpad G HEOpieHTOBAHOTO poay k , k =1, moJgaHU IEpETBOPEHHSIM:

m
o(H +St,(9,),>(a;+9;)) > (G.{a; }4), Ak @-00pa3 miommHHOrO rpada H Ta 3ipku St,(g,),

i=s °
NIPUETHAHO] BUCSYUMH BepIIMHAMH ¢ ; JIO TOYOK &, , e M — 3aJaHa MHOXXHHA TOYOK rpada H ,

M ={a}",, M c (s, Uds,) N H®, aKa po3MIILyeThCS HA TPAHHIIAX KITITOK $;,S,,...5, MHOXKHHU
S Nf(H), e t>2, m>2, i=12,...,m, MiHIMaIbHUM BKIageHHsM f , f :H — X, Ta 3a10BOJIbHAE
HACTYITHUM CITiBB1THOIIICHHSIM.

1. fIxmo t,(M,2,)=2, k=22, Tod,(M)=k -1.

2. 8xmo t,(M,2,)=3, 0,(M,Z,)=1, k=2,T0 d,, (M) =1.



3. Cepen pebep miarpada H MoxyTs OyTH HECyTTEBI BITHOCHO YKCIa TOCSIYKHOCTI 3a1aHOT
MHO>KMHHU TOYOK Y KIIITKOBOI BiJICTaHI1 I[i€1 )k MHOKWHU TIPH BUJAIICHHI peOpa, i CTUCKaHHI pedpa
y TOUKY.

JHosenemo criBigHouieHHs 1. Hexait rpag G HeopienToBaHOro poay k , k =2, — @-o0pa3

HACTYITHOTO TepeTBOpeHHs: ¢(H + St (g,). ﬁ (a,+9;)) = (G,{a}",), To6TO 10 IWIOMUHHOTrO rpada

H npuenHaHo 31pKy St,(g,) LUIAXOM OTOTOKHEHHs Hap (a;,d;) , YTBOPEHUX TOUYKaMHU a; rpada H ,
Ta BUCSYMMM BEPIIMHAMHU g, , 1€ i =1,2,..., m. Byemo BBaxkaru, 1m0 M — 3a1aHa MHO>KHHA TOYOK

rpada H mae ymcio gocsokaocTi 2, ne M ={a,},, T06TO MiHiMaIbHUM BKIajeHHsM f rpada H
710 €BKJIZIOBOT IUIOIMHU X, PO3MIIIY€ETHCS HA TPAHHULIAX ABOX KIITOK S, S, , 1€ {si}l2 cZ,\f(H).
OckinbKu t,, (M,2,) = 2, TO iICHy€ KIITKOBHI JIAHIIOT MIX KJIITKaMU s,, s, JOBXHUHOWO d , d >1.
PosrisHeMo aBa BUYEPITHI BUTIAIKH.

1. IIpunyctumo, 1o icHy0Th pedpa e, e,, Taki, o f(e,) = ds,, f (e,) = &s, , 31 CIUIBHOIO BEPIIMHOIO
a . Buyianumo 3 uux pebep yactunu €,',€,", 1e €,'ne,'"G° = a, Ta po3IenuMo BepIIMHy 8 Ha JIBi
BEpIIMHY a', a", sIKi € IIEHTPaMH JBOX 3IpOK St (a'), Sts(a"), OAHA 3 IKUX MICTHTh

f (e,'ve,\{a}) u{a'} Ta po3rISHEMO HOBY KIITKY S , sIKa yTBOPHJIACS 3 IBOX KJITOK S;,S, MPHU
PO3LIEIJICHH] BEPILIMHU a Ta Ma€ IPaHULIO 0s , e 0S = 0S; U 0S,. J1o KIITKH S MPUKIIEIMO JIEHTY
MebGiyca L Ha siKy po3mictumo BriaaeHHsm f' 3ipky St;(a'), f'(Stg(a')) = L, tobTo
HepexpecTuMo BUCsUi peOpa 3ipku €,',e,', €,,€,Ta OTOTO)KHUMO BEPIINHHU a',a" y BEPILIMHY a .
[oGymyemo Bkmanenns f', f:H — N,, ze f'| H\ St} (@") = f | H\St;, ("),

f'l StlH (@)= "f| StlH (a") , sKe poOUTHh MHOKHUHY M JOCSKHOIO Ha MPOSKTUBHIN TUIONINHI, IO
JI03BOJISIE IPOIOBXKUTH f' 710 BKIaAeHHs y KIIiTKy s o0pa3y 3ipku f'(St, (9,)) . Tum camum
OTPUMAEMO, 1110 HEOPIEHTOBHUM pill »(G) =1. [Ipunymennsa HenpasuibHe. Bunagok 1
HEMOXJIUBUH.

2. BaxxaTumemo, 1110 HeMae pedep e, ,e,, f(e,) = 0s;, f(e,) = 0s,, 31 CIIIBHOO BEPIINHOO @, alle
€ KJIITKOBHH jaHIor L, L= Lf(G) (S;,S,) MOBXKHHOIO HE MEHIIIE 1, AKMi1 MiCTUTh HIOHANMEHIIIE TPU
KJIITKHU s,,s,,,8,,A¢ f(e;)u f(e,) < 0s,,, npuuomy Bkianenus f rpadga H B T, po3Millye Ha
TPaHMILIX KITITOK s,,s, MHOXuHY f (M), f(M)= f({a;}i,). [IpukieimMo 0 KIITOK s,,s,,,S,
€BKJI1JIOBOI IJIOUIMHM JIB1 JJeHTH Mebiyca HaCTyITHUM YMHOM. Po3menumMo BHYTpPIIIHIO TOUKY f (X;)
pe6pa e, & =(a;,b) Ha TOYKH x;',x;", A€ i=12. BHpi)KeMo Ha X, eJ'IeMeHTapHI/Iﬁ JYCK 3 IICHTPOM
B X, Ta PO3TAILlyeEMO Ha HOT0 IpaHMIll 11aMeTPaJIbHO MPOTUJICKHI TOUKH X', X;" K KIHIEBl TOUKU
yacTuH pedpa €;. OTpuMaeMo KIITKY S MOBEPXHi N, , 1€ ds = ds, U ds;, U 8S, , B IKY MOXKIIUBO
BKJIACTH 3ipKy f'(St,(g,)) 1 TAKMM YMHOM OTPUMATH MiHIMaJbHE BKJIaJeHHs rpada G y MOBEPXHIO

N,, To6TO #(G)=2. Toai MaTumMeMo piBHICTh d,, (M) =k —1, 110 i Tpeba goBecTH. JloBeneHHs
croiBBigHOIIEHHS | 3aKiHYEHE.

JloBeneHHs CIiBBITHOIICHHS 2 TSl K > 2 aHAJOTIYHE HABEACHOMY JUISl CIiBBiIHOIICHHS 1.
Cnissionowenna 3 MaTUMe cxeMaTHuuyHe JoBefeHHs. Ha puc.2 HaBeeHi Bci Hei30MOp(dHI TUIOIUHHI
niarpadu HEMPOEKTUBHUX MIHOPIB, IO € MIHIMAJIBHUM B1IHOCHO BUJAJIEHHS peOep UM CTUCKAHHS
iX y TOUKy, sIK BITHOCHO KJIITKOBOI BIJICTaHi 2, TaK i YMCJia JOCSHOCTI 2 3a/IaHUX MHOXHH

YEpBOHUX BEPIIMH, SK1 IPUEIHYIOTHCS MOMAPHO 10 KIHLIEBUX TOYOK pedep MPOCTHX 31POK.
JloBenieHHs TBepXKEHHS 2 3aKiHUYEHO.
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Puc. 2. Iligrpadgu MinopiB npoeKTuBHOI mioumHu D17 Ta C4 SIK IPUKIIAA A0 TBEPKEHHS 2, e
pebpo (1,3) € HecyTTEBUM IIPH BUAAICHHI BITHOCHO YHCIIa JOCSHKHOCTI 2 Ta KIITKOBOIO
BificTaHHIO d,, (M) =2, ne M ={2,5,7,8} niarpa¢ Cs\3 mae HecyTTeBe pedpo (2,7) npu
orepallii CTUCKaHHS Y TOYKY BIJIHOCHO BIJICTaHI MIX JJBOMA JIOBUTbHUMH KJIITKAMUA MHOXXUHU
KJIITOK, SIKa pealli3y€e Yucio JOCHKHOCTI MHOKUHHM {1,4,8,9} Touok rpada Cs\3

Teopema 1. Hexaii rpad G mae utomuanui niarpagp H , H =G \v, v — BepmuHa rpada G
HOZAHO T sk 9-06pa3 ¢(H +St, (9p), 3 (8, +0,)) > (G {a/},), 1€ vi= gy, a miarpad H —

MiHIMaJIBHUH BITHOCHO d,, (M), d,, (M) =k , IpH ONEpaLisixX BUIAJICHHS YU CTUCKAHHS Y TOUKY
JOBIUJIBHOTO #f0ro pedpa, a MHOKMHA M MiHiManbHa o0 d, (M), M ={a}.;, t,(M,=;) =t,
0,(M,=,)=6,00,(M,2,)=00, >0, 00>0, m>k >1.I'pap G abo ioro niarpad e rpad-
oOcTpykIiiero HeopieHToBaHoro poay 7(G), ne y(G) <k +1, SKIio Mae Micie oHa 3 HACTYITHHX
YMOB:

1) t=2;

2) (t=3)A((@=D v (060=1)).
Hoeedenns ipu yMOBi | BUTUIMBaE 3 TBEPKEHHSA 2 Ta MOJIATAE B TOOYI0BI BKIajeHHs rpada G B

€BKJIIJIOBY IUIOLIMHY 13 IpukieeHuMHu K +1 neHramu Mebiyca, Ha SKMX PO3MILLIEHO 110 OJJHOMY
CHUIBHOMY pedpy CYCIIHIX TpaHHULb KIITKOBOTro JaHLtora. Hexait rpag G HeopieHTOBaHOTO poay

MoaHo AK ¢-00pa3 ¢(H + St,(g,), i (a;+9;)— (G ,{ai*}im:l) Ta BUKOHYIOTbCS YMOBH TEOPEMH 1.

Ocki1bKM 3a BU3Ha4eHHsM Irpad G € rpag-o0CcTpyKiiero HeopieHToBaHOTO poay 7 (G) Toai i TibKK
TOJI1, KOJIM KOXHE pedpo u rpada G € CyTTEBUM BIAHOCHO POJIY SIK IPU oIeparii BUAAJEHHS, TaK 1
P CTUCKaHHI B TOUKY. SIKIo pedpo u, ue G*, MaTume mpoodpas u', ae u'e H', TO BUIAJICHHS Y1
CTHCKaHHS y TOUKY peOpa U IpU3BOAUTH A0 TaKUX caMuX Jid Haja u'. OCKUIbKU IJIOLMHHUM rpad
H MiHIManbHUM BIIHOCHO d,, (M) IpH ONepauisxX BUAAIECHHS YU CTUCKAHHS Y TOUKY JOBUJIBHOTO

pedpa, TO iCHyBaTUMe KIIITKOBHMH JIAHIOT L(s;,S,), IO 3 €IHyBaTUME KJIITKH S, Ta S,, HA TPAHULAX
AKUX PO3TALIOBYETHCS MHOXKMHA M , Ta MaTuMe A0BXKUHY d , d =d,, (M) —1. CTUCKAaHHA y TOUKY
pedpa u MpHU3BOAUTH IO TAKUX caMuX il Hax u'. Skmio pedpo u, ue G', matume npoodpas u', e
u'=(a;,g,), U'e St, (g,)", To BUaneHHs pedpa U O3HAUMTHME BUAANCHHS 3 MHOKUHM M KiHIIEBOI
BEpPIINHHU @, , 110 32 YMOBH KPUTHYHOCTI MHOKMHU M BigHOCHO d, (M), MaTUMEMO HEPIBHICTh

de (M \a;) <dg(M). CTucKaHHs y TOUKY pedpa U HPU3BOAMTH A0 CTUCKAHHS Yy TOUKY @, pedpa u' i

o3HauuTUMe nojanHs rpadgaG, sk g-obpasy rpada H' ta St (a,), e H'< H .

Buxopucraemo meton inaykuii mo d . basa inaykuii d =1. [ToOyayemo, 3rinHo 1emMu 1, BKIaACHHS
f rpaga H B moBepxHio N,, Toxi Mae Mmicie HepiBHICTb (G \u) <2 Ta npu 1bOMY BKJIaJIeHH] f
MHOXHHa M Oyzae nocskHOro Ha moBepxHi N, . AHanmoriqHo uist 6a3u iHIyKHii d =2 MaTuMeMo



noBezieHy Teopemy 1. 3pobumo iHayKiiani Kpok Big d =k —1 1o d =k, k > 2. Y Bumanky, koiau
d =k, ned, (M) =k+1, matumemo, moHaibLIbIIe, K +1 eHTY Meblyca npukieeHy A0 KIITOK
nanmora L(S;,S,) Tak, o0 Ha KOXKHIM po3MicTuTH K +1 pedpo rpada H , ki Hamexarb
TPaHUIM [TOCTIIOBHUX Map KIITOK JaHmoora L(S;,s,) . Toai Matumemo HepiBHICTD y(G) <k +1.
JloBenieMo METO/I0M BiJ] MPOTHIIEKHOTO, 1110 Tpad G — rpad-oO0CTpyKilis HEOPIEHTOBAHOTO POAY
7(G) . Hpumycrumo, 1o pedpo u, u € G*, € HecyrreBuM BigrocHo d, (M) = k +1 npu onepariii
BujaneHHs. Ockinbku miarpad H e MiHiManbHUM BitHOCHO d,, (M) mpu onepauisx BUAAJICHHS YU
CTUCKAHHS y TOYKY JIOBUIBHOTO pedpa, To u € H'. I3 Bu3Ha4eHHs 3 BUIUIMBATHME, [0 KOKHE PeOpo
rpada H € criapbHUM A7 TPAHUIh IBOX MOCHIIOBHUX KIJIITOK JIESKOTO KIIITKOBOTO JIAHITIOTA

L(s,,s,) nosxunu k , romy niarpa¢p H \u maTumMe KniTKOBHH JaHIor L' nosxkuau k —1,
yTBOpeHMH 3 aHutora L(s;,s,) JOBXKUHU K HUIIXOM BUAAlEHHsS pedpa U Ha CHUIbHINA IpaHULi
IBOX KJIITOK. Bumanmumo y rpadi H \u Bci HecyTTeBi pedpa BigHocHo d,,\, (M), e

d,,(M)=Kk-1, npu onepauisx BUAaJICHHs Y1 CTUCKAHHS Y TOUKY JIOBUIbHOTO pedpa. OTpumaemMo
niarpad H' i3 3a1aHOI0 MHOXKHUHOIO BEPIIUH M 3 YHCIIOM JOCSOKHOCTI 2 Ta BijcTaHHIO K —1 Mix
JIBOMA MiIMHOKUHAMU M , € MIHIMaJIbHUM BiiHOCHO d,, (M) mpu onepauisix BUAAJICHHS YU

CTHCKaHHS y TOYKY JOBUTbHOTO pedpa. Toxi 3a iIHIyKIIITHUM NPUITYIIEHHSIM MaTuMeMo Tpad-
obctpykuito G', HeopieHToBaHOTO pony y(G'), ne y(G') <k , IKII0 BUKOHAEMO (-TIEPETBOPEHHS

rpada H' Ta St (9,), 3anane HactynHuM ynHOM: @ : (H'+St_ (g,), g‘,(xlj +X,;) = (G',{a?};") ,
=

ne St (g,) — kBa3i3ipka 3 ICHTPOM Yy BEpIIMHI §, Ta M peOpaMU-IPOMEHSIMH, 110 CYMiKHI
BEpLIMHAM 3 MHOKUHH X,, X, MiJIMHOXHHA MHOKUHM TO4OK rpada H , X, ={x;};', MaTume 4ucio

JIOCSHKHOCTI 1, Ta XapaKTePUCTUKH 6, ,08,, TO y(G')<0+2-1— (6, +6,) + k4 —st . 3ayBa)uMO, 11O B
HAIlIOMY BUMAJKY 6, + 060, =0 1 k4—st =0, 1e k4 —st — YUCI0 JOAATKOBUX 2-PYUOK MPHUKIICEHUX JI0
KITKA S 3 MHOXHMHUA N, \ f(H) mpu Bknagensi f :H - N,, r =2-1-(60,+06,) , 13 St — CTOPOHHIM

JOCTYIIOM JI0 TUX TOUOK IIPUETHAHHS HA IPAHULl OS KIITKH S (10 SKOT IPUKIIEEHO I IITYK 2-
PYYOK 1 BKJIaJIEHO KBa3i3ipKYy), 1110 MPX OTOTOXKHEHH] Iap TOYOK NPUETHAHHS (X;j,X,;) MOPOIKYHOTH

k4 pizaux migrpadis romeomoppuux K,, un K, ;. JloBeneHHs 11 yMOBH | 3aBEpIIEHO.

Jlosedennsa Teopemu 1 mist ymoBu 2. JloBeIeHHS BUIUIMBAE 3 TBEP/KEHHS 2 Ta TOOYA0BH
BKJIaJIeHHS rpada G B eBKJIIOBY IUIOIMIMHY 13 PUKICEHUMH, MIHIMAJIbHO, IBOMA JICHTAMHU
MeO0iyca, Ha SKHX pO3MIILEHO, IOHAHMEHIIIE, [T0 OJTHOMY CIIJIBHOMY PeOpy 3 THX JIBOX, III0 MAlOTh
CHUIbHY TOUYKY Ta HaJeKaTh TPAHULSIM CYMDKHUX KIIITOK TPhOXKIJIITKOBOI 31pKHU I BUMIAAKY 6 =1,
YU 110 JIBa CyMDKHHUX pedpa, 110 HaJIeXKaTh TPAHULIIM CYMDKHUX KIJIITOK KJIITKOBOT'O IPOCTOTO LIUKITY
JIOBKUHU 3 1 BUNIAJKy 06 =1.

Hexaii k =2 1 Bukonyethcst ymoBa ((t =3) A ((0 =1) v (00 =1)) . Lle o3HayaTume, € TPU KIITKU

$1,S,,S; 3 MHOXHMHHU X, \ f(H), K1 Ha CBOTX TPAHUIIX MICTSATh MHOKHHY 3aJaHUX TOYOK M , Jie

M ={a;},, Ta 3 IKUX YTBOPEHO, 200 3ipKy, a00 TPUKYTHHK. PO3TIISIHEMO BUITAI0K, KO TPAHHUIT
KIITOK S,,S,,S; MICTSTh MIHIMYM OJIHY CIIUJIbHY BepuinHy a rpada G. [Toznaunmo Sty (a) 3ipKy, 110

pO3MillleHa MK IPaHMIAMHU KIITOK S;,S;, A€ N; =Ny, i, j=12,3, Ta po3risHemo ABi 3 HUX St,, (a),

jie
St,  (a) Ta BBaXKaTMMEMO, IO Ny, > Ny, >1. Ha koxkHoMy pebpi (a,g,) 3ipku St, (a)um St, (a)



BHOEpPEMO BHYTPIIITHIO TOYKY X Ta PO3MIECMUMO ii Ha Bl BEPIIMHM X', X", yTBOPIOIOYH JIBa HOBUX
pebpa, (a,Xx'), (x",g,) 3 OQHOTO BUCSIYOTO pedpa (a,g,) . IlepectaBuMO KiHIIEBI BEPLUIMHHA BUCSIUX

pebep (a,x') 3 CIUILHOIO BEPUIMHOIO a B 00EPHEHOMY MOPSJIKY CJIiTlyBaHHS (TIepIle 3 OCTAHHIM,

JpyTe 3 MEePEIOCTaHHIM, 1 TaK JjaJli) Ta PpO3MICTUMO IIi TIEPECTaBJICHI BEPIIMHY HA TPAHUII
eJIeMeHTapHOro Iucky D1, BUpi3aHOMY B IIJIOIIMHI 01151 PO3IICIUICHUX TOYOK pedep, YTBOPIOIOYHN
napu (X',X") AiaMeTpaiabHO MPOTUIICKHUX TOUOK Ha TPAaHUIIl eJIeMEHTapHOro AUCKY D1, siKi

TNOMAPHO OTOTOKHUMO B TOUKY X pebpa (a,g,) 3ipku St, (a). Buxonasumm taki onepamii juist
KOXKHOTro pe0pa (a,g,) , no0yayemo BkiaaeHHs f', f''H — N,, IIJIIXOM pO3MILIEHHS BCIX pebep
(a,g,) 3ipku St, (a) Hasenti Mebiyca, K NPOJOBKEHHS BKIAJICHHS f , IPUYOMY 3aMICTh KIIITOK
5,8, Oyne KiiTka s, , 1€ 0s,, = 0s, U 6s,. Jlna 3ipku St, (a) amanoriumi aii moTpibHi 1y 1oy noBu
BkiageHug f", ne f""H — N, , SK OpOJOBKCHHSI BKJIaJICHHS f', TIJIBKM 3aMiCTh S$;,S, 6yz[e S5, @
3aMICTh KJITOK S,,,S; Oy/€ KINTKA S,,;, 1€ 8S,,; =05, U S, , f"(M)c 8s,,,. IIponoBxkuMO
BkiageHHs f" mo Bkimagenns f''', ne f''': G — N, , IUIAXOM BKJIaJICHHS 31pKH St (g,) 1o KJIITKA
S;,5. 101l MaTUMe Miclie HepiBHICTh ¥(G) < 2. JloBeaeHHs npu yMoBI 2 3akiHdeHo. [Tpuknaau

IUTOIIMHHI Miarpadu MpOSeKTUBHUX MIHOPIB 13 3aJaHUMHU TPhOMa i IMHOKUHAMH MHOXHHH
HaBeJIeHi Ha puc. 3. JloBeneHHs Teopemu | 3aKkiHYEHO.

B

.

Puc. 3. ITnomuHuHI miarpagu NpoeKTUBHUX MIHOPIB 13 3alaHUMU TPbOMa IMiAMHOXKHUHAMH MHOKUHHU
M 4epBOHMX BepILKH (pPO3TAIOBaHOO HAa TPAHUIIAX TPHOX 3a(apOOBaHUX KIITOK) 3 YUCIOM
JOCSDKHOCTI 3 Ta KIIITKOBOIO BiACTaHHIO 1 yu 0 MK mapaMu JOBUIBHUX MiIMHOXUH MHOKUHU
M. Ha nepmuiii, ApyTiii Ta 4eTBepTii kKapTax TpH 3adapOoBaH1 KIITKH YTBOPIOIOThH KIITKOBY
3ipKY, Ha TPETiil KIITKOBHUI LIUKII JIOBXKHUHY 3, a Ha 11 ATild kapTi € rpad Cs\3 i3 CTUCHYTUM Y
TOYKY pedpom (2,7), Ha MIOCTIH KapTi MOKa3aHO KIITKOBUH JAHITIOT TOBXUHU |

Hacnioox 1. Hexail BUKOHYIOTbCS yMOBH Teopemu 1.ToJli MaTUMYThb MicCIie TBEPKEHHS.

1. Bunanenus noBinbHOro pedpa e rpada H =G \v He 3MiHIOBaTUME YHCIIO JTOCSKHOCTI t
MHOXHHHA M TOUYOK mpHeqHaHHS 70 rpada H \ e BUCSYINX TOYOK 3ipKH St,(g,), ae M ={a},,
t,o(M,Z,)=t, m>t, t=2;

2. Sxmo rpad G € rpad-oOcTpykiieto HeopieHTOBaHOTO pony 7(G), ne y(G)<k+1, =1, 10
BUJIAJICHHS JJOBUIBHOTO pedpa e, e=(a,b), miarpadga H =G \v, abo 3meHmrye Ha 1 oOuaBi
XapaKTepUCTHKU t, (M,Z;) 1 6,(M,X,), a0 icHy€e BKJIaJileHHs yacTUHU H' miarpaga H 13 OJIHI€I0
3 KIHIIEBUX BEpILIUH pedpa e = (a,b), Hexaiia , 10 cepeuHu KIITKU S', s'e S, (M,X,), (Hanpukiasm,
1€ CHMETPUYHE B1JOOpaKeHHS BITHOCHO MPOCTOTO JIAHIIOTA HA TPAHMIII 3 THIIIOK0 KIIITKO S', 0 €
CYMDXKHOIO 4epe3 CIJIbHY BEpUIMHY b ), 1e MHOKUHH KIIITOK S, (M,X,) peani3ye XapaKTepUCTUKY
t,(M,Z;).

CrpykTypa momuHHuX rpadis H i3 KIITKOBUMHE BificTaHsMU 2 Ta 3 MPOLUTIOCTPOBaHA Ha pucC 4.
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Puc. 4. TIlpuknan mnonmaHOTO Tpada H 13 KITiTKOBUMH BiCTaHAMHU 2 Ta 3 JJIsI MHOKWHU TOYOK M,
PO3MIIIEHOT Ha TPAaHUIISAX YOTUPHOX CIPUX KIIITOK, BIIOBITHO 3J1iBa-HAIIPABO

Teepooicenns 4. Hexaii rpad G Mae momuuuui miarpag H Ta d, (M) =k, 1e MHOXUHA M
MiHiMabHa CTOCOBHO d,, (M), M ={a;};, t,(M,Z,) =t, miarpap H MiHIMaNIbHUI CTOCOBHO

d, (M) npu onepalisix BUAAJICHHS YU CTUCKAHHS Y TOUKY JOBLIBHOIO pedpa i rpad G MoJaHO SK
m * .

@-00pa3 ¢o(H + St (9,), 2 (8, +9,;)) = (G,{a; }I",) . SIK110 MaroTh Miciie yMOBH TeopeMu 1, t =2, k> 2,
i=s M

TO MAaTHMEMO HACTYITHI CITiBBiIHOIIICHHS.

1. Icnye BkiaseHHs miuomHHOro rpaga H B N, mpu sskoMy AOBUIbHUN HAMKOPOTILUI KIIITKOBHIM

JIAHITIOT, 110 3’ €IHY€E KIIITKH, HAa TPAHUIISIX SKUX PO3TANIOBAaHA 33/[aHAa MHOXXHHA TOYOK, 3aMIHIMO Ha
IHIIMH HEKJIITKOBUH JIAHIIIOT Y SIKOTO OJIHA 3 KJIITOK € 2-PYYKOI0, IPUKIICEHOO JI0 TOYATKOBOI Ta
NePeI0OCTAHHBOT KIIITOK JIAHITIOTa; TAKOX € MCEBOKIIITKA YTBOPEHA 3 KiHIIEBOT KIIITKH Ta
npukieeHoi 1o Hei sentu Mebiyca.

2. [MnoumnnaMii rpad H cknagaerbes 3 K KOHIIEHTPUYHUX KiJI€Ib, YTBOPEHHUX 13 3aMKHYTHUX
KIIITKOBUX JIAHITIOTIB (JIe TOYaTKOBA Ta KiHIIEBa KJIITKH MalOTh TPAHUIII 13 MiHIMATbHO OJHUM
CIJILHUM PeOpPOM), 13 TPAHUIISIMU KITITOK JOCSKHOCTI MHOKHUHU M SIK IEHTpaIbHUM Ta 30BHINTHIN
UKIU K KOHIEHTPUYHUX KiJIeIb.

Teepooicennsn 5. Hexaii rpad G momanuii sik ¢-odpa3 ¢(H + St (go),i(ai +9;)) = (G.{a/},) mae

MPOEKTHUBHO IUIOMMHHUYN miarpag H , H = G \v — MiHIMaJIbHUM BITHOCHO d,, (M) IpH omepanisix
BU/IQJIEHHS YK CTHCKAHHs Y TOYKY JOBiIBHOTO pedpa e, ec H*, e d,, (M) =k, M MHOXHHA TOYOK

MiHiManbHa BigHOCHO d, (M), M ={a,};, t,(M,Z,)=t, m>t>2.
Sk t=2, k > 2 Ta BUKOHYIOTbCS YMOBU T€OPEMH 1, TO MATUMEMO CIT1BB1IHOIICHHS.

1. He icHyBaTuMe BKJIaZIeHHS IPOSKTUBHO IIOMIMHHOTO rpada H B N, mpu skomMy AOBIIBHUNA

HAaWKOPOTIINK KIIITKOBUH JIAHLIOT, (110 3’ €HY€ KJIITKH, Ha TPAHUIAX SIKUX PO3TAlllOBaHa 3a/1aHa
MHOXHHA TOYOK), 3aMIHEHO Ha 1HIIUI HEKJIITKOBUHN JIAHITIOT, Y SIKOTO OHA 3 KJITOK € 2-pyyKOIo,
MIPUKJIEEHOIO /10 OYATKOBOI Ta MEepeA0CTaHHbBOI KIIITOK HAKOPOTILIOTO KIITKOBOTO JIAHI[IOTa, Ta €
NICEBJIOKIIITKA, YTBOPEHA 3 KIHIIEBOT KJIITKH HAHKOPOTIIOTO KJIITKOBOTO JIAHIIOTA Ta MPHUKJIEEHOI 10
Hei 1eHTn Mebiyca.

2. lIpoexktuBHO MIOMMHHMN Ipad H Mae miarpadpu — KITKOBI 31pKHU, SKI CKJIQAAI0THCS 3 BEPIIUH Ta
pebep Ha rPaHUIAX KIITOK 13 MIHIMAJIBHO OJHIEIO CIIUTFHO0 TOYKOIO Ta MAIOTh MOMAPHO
IIOHAMMEHIIIe O[HE CITbHE peOpo Ha TPAHMIII IIUX KIIITOK, cepel] IKUX Mae OyTH OJIHA 3 IBOX
KJITOK, 1110 peasli3yloTh Ha MPOEKTHUBHIN TUIOMIUHI YMCIIO JOCSHKHOCTI 2 MHOKMHH TOYOK M.



3. Bunanenns nosimsHOTO pedpa u rpada G, abo smenmryBarume pif y(H) mTpoeKTUBHO
IUIOUIMHHOTO miArpaga H , abo 3MeHIIyBaTuMe Ha 1 4uCIIO AOCSKHOCTI t, t, (M,N,) =t , BIZHOCHO

IPOEKTHBHOI IJIOIIMHN, MHOKMHU M ={a,}", TO4oK mpueaHanus jo rpada H BUCSYMX TOYOK 3ipKU

St.(9,), abo onHOYacHO 3MeHIIUTH Ha | pix y(H) Ta maTtume Micue piBHicTb t,, (M, 2,) =t+1.

Ha puc. 5 HaBeneHo npukiIaan MPOSKTUBHUX MMiArpadiB H MiHOPIB TPOSKTUBHOI TUIOMIMHY 13
3aJJaHMHU JBOMA HEITyCTUMH IIIMHOXHHAMHU MHOKUHH BHIUICHUX TOYOK LUX IpadiB.

Puc. 5. IIpoextuBHi niarpadu MiHOpPIB MPOEKTUBHOI IUIONIMHH 13 33/IaHUMHU ABOMAa HEMYCTUMU
i IMHOKHHAMHM MHOKUHU M, CKJ1a/IeHO1 3 YepBOHUX BEPILUH 1 PO3TAIIOBAHOI Ha MPAHUIISIX
3a¢apOOBaHUX KIIITOK, 3 UACIOM JIOCSKHOCTI 2 Ta KJIITKOBOO BICTAaHHIO 1 (MK IBOMa
niaMHOKHHAMH M).

Teepoowcennsn 6. Hexaii rpad G HEOpIEHTOBAHOTO POy 2 Ma€ MPOEKTUBHO IUIONIMHHMM miarpad H
, H=St (H')UH", MiHIMaJIbHUI BITHOCHO d, (M) TpHU Oomepauisix BUJAJICHHs YU CTUCKAHHS Y

TOYKY JOBLILHOTO pedpa, ae d, (M) = k , MHOKHHA M - MiHiMansHa BigHOCHO d, (M), M ={a,};,
m *

t,(M,N,)=t, mpuuomy rpad G momaHo sk @-o0opa3 ¢: (K + St (H'),> (a;+9;)) > (G.{a; }I\,) , ae
i=s ¢

m=>1, H',H" —HeBUpOpKeHi miarpadu un yactuuu rpada H , arpadp K romeomopduuii K, um

K; ;. MatumeMo HaCTyITH1 CIiBBIJHOIICHHS.

1. Bunanenss 10BiIbHOTO pedpa e, e € H', MPU3BOJUTH JI0 OJJHOTO 3 TPHOX HACTYITHUX BUMA/IKIB!

a) 3MeHye pig rpada H BimHOCcHO K



0) mopopkye BkiaaeHHs rpada G\e B N, Ta pedep St, (H')\e 10 OCHOBHOI 2-KJITKH S, Ta
NICeBJIOKIITKH s, , {S,,5,}< N, \ f(K), rpada K , (moxiOue po3magannio St,(H')\e Ha aABi HEMyCTi

YaCTHHHM, BKJIAJICH] JI0 TICEBAOKIITKY S, Ta 10 2-KJITKU S,, TOOTO B pi3HI KIITKH BiTHOCHO rpada K ;
B) 3MeHunye Ha | pin y(G) irpad G\e He MaTuMe miarpada izomopduoro K .

2. Ilinrpad H Mae HACTYITHI BIIACTUBOCTI:

a) € mapa pedep (e,,€,) , IO HAJIEKATh IPOCTUM peOepHUM JlaHIoraM (L, L), BIANOBIAHO,
BKJIQ/ICH] 3 IEPETHHOM JI0 €BKJI1I0BO1 IUIOIIMHU OCHOBHOI KIIITKHU S, , @ TIapa KiHIIEBUX TOYOK Mapu
JaHLIOTIB (L,,L,), Kl HaNeXuTh niArpady H , po3TalioBaHi Ha FpaHUL dS,, PO3ALIATH OJIHA IPYTy
Ta HE PO3JUIAIOTH KIHIEBI TOUYKH TPETHOTO PeOSPHOro JaHIora L, , SKHid , MOKIIMBO, MICTUTh TaKe
pebpo rpada K , 1o BXOAUTH J0 YUCIIA MMEpEeXpelleHrnX Ha TUIONMHI ap pedep rpada K .

Ha puc. 6 mpoiatocTpoBaHO CTPYKTYPY IPOEKTUBHUX MiArpadiB H MiHOPIB MPOEKTUBHOI IJIOLUIMHH
13 ciiBBigHOMeHHs 1. [Ipukinany npoekTuBHUX miarpadis H MiHOPIB IPOSKTHBHOI IUIOLIMHH i3
MHOXXHHAMHU MHOXMHHU BHJIIJICHUX TOYOK IUX rpadiB HaBEIEHO HA puc.7.
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Puc. 7. I'padu Dy, D3, Fs imtocTpytoTs ciBBiHOmEHHs 1 Ta 2 TBepaxkeHHs 6, rpad Dg matume
niarpad K romeomopdnuii K33 na muoxuni sepus {1,2,3,4,5,6, 8,10} ta miarpadu H’, H”
Ha KIHIIEBUX BepIIMHAX HacTymHuX peodep {(7,5), (9,5), (9,6), (9,10), (7,10), (7,6)}, {(8.5),
(4,5), (8,6), (8,10), (4,10)}, BiamoBigHO.

Teopema 2. Koxen rpad-o6ctpykiis G 13 N BeplIMHAMH, h>10, HEOPIEHTOBAHOTO poay k , k>0,
MO>KJIMBO MOAATH OJHUM 13 BapiaHTIB:

1) 06’eqnanns k xomii rpadis romeoMoppHUX K4, K, K, 91 Ky \e;
2) ¢ - 00pa3 1BoX rpadiB-o0CTPyKINi G; HEOPIEHTOBAHOTO POIY k; 3a/JaHOT0 HACTYITHUM YHHOM

2 2 m . i .
P (X6, 22 (L +L,;)) > (GAL ), me L, L,, — IpOCTi JAHIIOTH YH ITiUTAaHIIOTH JOBXHHA
i=1 i=1 j=1 .



l; >0 rpadie G,, npu4IOMy MOXKIJIMBUM € OTOTOKHEHHS Iapy, Hexai e Ly, L;;. rpada G, i3

ij =
2
maporo sz-, szn SIK1 HaJIEKaTh OJJHOMY IIPOCTOMY LUKITY r‘pa(ba G2 , A€ k < Z ki ) ki >1.

i=1

Jloseoenns Bapianty 1. Hexait G -goBinbHUE Tpad-00CTpyKIlis i3 N BepmimHaMu, n >10,

HEOpieHTOBaHOTO poay k . st k =2 B [4] KOHCTPYKTUBHO JIOBEJICHA CIPABEIIUBICT TIMOTE3H PO
nonanHs rpada G sk 00’ enHaHHS qBOX TpadiB romeoMophHUX ogHOMY 3 TpadiB KypaTtoBcskoro

Uit 35-TU MiHOPIB IpadiB-00CTPYKIii MPOSKTUBHOL MIOMUHU N, .

Matume Miciie 1onoMikHa JieMa: Ko rpad G \u € 6JI0KOM, TO iCHyBaTUME MTPOCTUM ITHKJT
Ha SIKOMY pO3TanioBaHi BepimHu {a,b}, skuit HanexxaTuMe MiHIMaIbHOMY O BKITFOYCHHIO

niarpady uu yactuni romeomoppHOMy K, uu K \u. JloBeaemo 1e gonoMixHy Jemy. Koxne
TOBUIBHE peOpo e = (a,b) rpada-oo0cTpykiii G HEOpIEHTOBAHOTO poAy k , k >1, MOKIHBO
po3MicTUTH Ha JIeHTI Mebiyca pa3oM i3, moHalMeHTIIIe, OTHUM pedpoM e'=(a',b'), mo

CXpENIYIOThCS HA TIOBEPXHI MEHIIIOTO HEOPIEHTOBAHOTO PO, Ta KiHIIEBI BEPIIMHU SKUX PO3MIIICHI
Ha MPOCTOMY IMKJII MiHIMaJbHOI TOoBXHHU 4. Bunanenns noButbHOTO pedpa e =(a,b) rpada-

o0cTpykiii G HEOpPIEHTOBAHOTO POAY K TPU3BOIUTH JIO TOTO, IO AOBLIBHUI miarpad G \e
HEOPIEHTOBAHOTO PoAy k —1 MICTUTh MHOKMHY M ={a,b} 13 4uCIOM JOCSIKHOCTI 2 Ta PO3MIILIEHY

Ha IPAaHUIIX ABOX KIITOK i3, IK MiHIMYM, OZHOIO CITUTLHOIO TOYKOKO. 3T1HO BU3HAUCHHS KJIITKOBOT
BiAcTaHi Dg,, (M) MatumeMo, o Dg, (M) =0. I[lo3Haunmo yepe3 M' HailMeHIIUI 10 BKIIOUEHHIO

JOKaJbHUN IUIOIMHHMN TiArpad uu yacTuHy rpada G 3 BepmmHamu a,b . [ HbOro MOKIMBUMHU
€ YOTUPH BUNAJIKH, 13 KX TUTBKH JIBA BUIIAJKHU € PI3HUMHU 3 TOYHICTIO 0 ToMeoMopdizmy,
HaBesieH1 Ha puc. 8. Y Bunanaky 1 € criibpHe peOdpo Ui TpaHHIb KIITOK 3 TOYKaMH a,b , TO iCHye
JOKaJIbHUH TUIOIIMHHUMN niArpad M' i3oMoppHUil K, 13 JBOMA BUALJIEHUMH TOUKaMH a,b sK
KIHLEBUMH BepIIMHAMM BuAajieHoro pedpa. Jlogane pedpo e = (a,b) mopomxye miarpadg M'u(a,b)
romeoMopduuii rpady K;; . Y BUNaaKy 2 € KIITKOBHH KyT B CIILIbHIN TOYIl FPaHHUIL 000X KIIITOK
3 Toukamu a,b . ToOTO € oKanbHUM momuHHUHN niarpadg M' 13oMopduui K, \u 13 ABOMA
BUJUIEHUMH TOYKaMH a,b sIK KIHIEBUMM BeplIMHaMuU pedpa e = (a,b). [lonaBanns pebpa (a,b) no
M' mopoJpKyBaTHMeE Tpad, 0 CTATYBaTUMEThCS 10 K, . TakuM 4nHOM, KOKHE peOpo Halle)kaTume

niarpagy romeomopdHomy ogHOMY 13 rpadiB KypaToBCbKOro un TOMY, 110 CTUCKAETHCS 10 OAHOTO
3 HUX.

3 iH1oro 00Ky, AKio pif Onsiie 1, To okpiM pebep niarpada KyparoBcbkoro € npuHaimHi
JeKinbka pedep rpada-odcTpykuii poay 2, siKi He HaJlexaTh 0 BUALIEHOro miarpaga M'u(a,b), ane
MalOTh HAJIEKATH JI0 1HIIOr0, NIOHAalMeHIe, oaHoro miarpada, romeomopdroro K;,um K,
BIZIMIHHOTO BiJl BUAIEHOro miarpaga, To0To cepes rpadiB HOKPUTTS pedep pi3sHUMH €, TPUHANMHI,
nBa. JloBeIeHHS TOTTOMDKHOT JIeMH 3aKiHUeHe. AHAJIOTIYHUM Oy/ie TOBEACHHS JJI BUMAAKY, KOJIH
rpad G \u He € OJI0KOM.

Bukopucraemo metos iHAyKIii 0 y(G) - HeopieHTOBaHOMY poay rpada G 13 n BepIMHAMH, €

k =y(G) . baza ingykuii: s k =2 B [4] KOHCTPYKTUBHO JIOBEJIEHA CIIPABEJIUBICTh TIIOTE3U PO
nojgaHHs rpaga G , sk 00’eHaHHSA ABOX rpadiB romeoMopPpHUX ogHOMY 3 rpadiB KypaToBchkoro

JUist 35-TU MiHOPIB IpadiB-00CTPYKIIi MPOEKTUBHOI MIOMUHU N, .
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Puc.8. Ha 1-# Ta 2-ii kaptax Bapiantu | ta 2 aus miarpadga M', BiZnoBigHo, Ha 3-#, 4-i1 1 5-
it kaprax miarpad M', MOXKJIMBO MPUBECTH J0 OJHOTO 3 MEPIINX JBOX BapiaHTIB.

Buxonaemo iHayKIiHui Kpok: k —1=k, ne k = »(G) . ns1 nosineHOTO pedpa u, u=(a,b), rpada
G icHye mapa (u,u') pebep po3mimieHuX Ha JieHTi Mebiyca. Muoxkuna pebdep rpada G \u , akuit
maTtume pifg y(G\u), ne k = y(G\u)+1, Ta MicTuTh miarpad H - rpad-obcTpykirito sika, 3a
NPUIYIIEHHSM, TOKPUBAaTUMETHCSI MHOXKHHOIO miarpadiB G;, ae i =1(1)k —1, rpada G um #foro
4acTUH roMeoMopbHUX K5, K, K, , K, \ e . PosrisiHemo ninrpad na Muosxusi pedep G\ H*. 3
yMoBH, 10 G - rpad-06cTpyKIlis BUIUITMBATUME HASBHICTh 1HIIOTO pedpa u', sike pa3oM 3 u = (a,b),

HAJIEXKUTh MiArpady 4u HOro YacTUHI po3TanioBaHi Ha JieHTi Mebiyca. Ockinbku rpad G \u' €
0JIOKOM, TO 3T1IHO TOMIOMIXKHOT JIEMH ICHYBaTUME MPOCTHUM LIUKJI 7 HA SKOMY PO3TAIllOBaHi KiHIIEBI
BEpILKHU pedep u,u', K1 Ha TUIOHIMHI PO3AUIAIOTH O/HA APYTY, YTBOPIOKOYH MiArpad 4 YacTUHY
romeoMoppHy K, ab0 K, \e. MHOXUHY pebep LUKy z 00’€qHaeMO 13 MHOKUHOIO W U{u,u'}, 1e

W - MHOXHHA BCiX THX pebep 3 G'\ H', 1110 MatOTh, OHANMEHIIIE OJIHY CIIbHY KiHIIEBY BEPLUINHY
i3 nukiom z . [osnaynmo miarpad rpadga G 3 MEHOKHMHOK pebep z' UW U{u,u'’} yepe3 G, . Toxi
MaeMo BKJIaJIeHHs rpada G B HEOpi€eHTOBaHY MOBepXHIO N, sk cyMy BkiaaeHs miarpagis G B N,
a came miarpada G, B N, Ta miarpadga H mo N, ; 31 CHUIBHOIO MHOKHHOIO TOYOK MTPUETHAHHS LIUX
niarpadis. [Ipumyctumo, 1o € Hemokpure pedpo u'=(a",b"), ake He HaNeKUThb 10 G, . OCKUIbKH
rpad G\u'' mictutume niarpag G, w H ,TO 3aCTOCOBYIOUYM HaBE/IE€HI1 BUIIE MIpKYyBaHb Ui pedpa

u'' MaTUMEMO HepiBHICTH y(G\u") >k, sika cynepeunTh BU3HaUeHHIO rpada G sxrpada—

oOctpykuii. [IpunymeHHs HeBipHe. Takum UnHOM, KOXKHE HENTOKpUTE pedpo B rpadi G \u
HOKpUBAaTUMEThCA B G miarpagom G, romeoMoppuuMH K, 5, K, K, a00 K \e. JloBenenns

BapiaHTy | 3aKiHUEHE.

HoBenenns BapianTy 2. BukopucraeMo HaBe/ieH1 BUIIIE apTyMEHTH Ta BBAXKaTUMEMO, II0 KUTbKa
31pok no/i0HUX St (a') Moke OyTu. [lozHaunmo yepe3 G, miarpad rpada G HOpPOHKEHH Maporo
HEMOKPUTHUX pedep Ta pedep rpada G , M0 MarOTh KIHIIEBUMH BEPITMHAMH TTAPH TOYOK
NpU€eIHaHH, a uepe3 G, -miarpad rpada G mopoKeHU MHOXKHHOIO BCIX TIOKPUTUX pedep Ta TUX
pebep rpada G , 0 MarOTh KIHIIEBUMH BEPITMHAMH MAapH TOUYOK MpHETHAHHS. TOA1 CIIITBHUME IS
uX € Ly, L, — IPOCTI JIAHIIOTY YM IiJIaHIIOTH JOBXHHM |; > 0 rpadiB G, , IpHIOMY MOXKIUBUM €
OTOTOKHEHHS Mapy, Hexah ue Ly, L., 13 maporo L,;., L, . Ki HanexkaTh OTHOMY IPOCTOMY LUKy
rpada G, .JloBeneHHs TeopemMu 2 3aKiHUEHE.

Yacruna 2. PosrisgaemMo 3aauy noOy1oBH rpagiB-o0CTpyKIliii HEOPIEHTOBAHOT'O POy Ha OCHOBI
MHO’KHMHHU BIJOMUX TpadiB-00CTpyKIIiif, ane He O11bII HixK Ha 10 BepuIMHax AJisi HEOPIEHTOBAHOTO



poxny k , a came, MOBHO{ JJIsl MPOEKTHBHOI IUTOIIMHN YU HEMOBHOI JJIsl IHIINX TTOBEPXOHb, 30KpEMa,
nosepxHi Kneiina. Monemnto yu npoToTunoM rpad-oocTpykiii G HEOpi€HTOBAHOTO POy 2
Oyzaemo HazuBaTu rpad OUIBIIOr0 HEOPIEHTOBAHOTO POy, OTPUMAHUI UIIXOM MPUKIICIOBAHHS Y
JOCTYIIHUX YaCTUHAX YaCTHHM uM miarpada, romeomopproro Ky um Kj s, moHaliMeHe oaHiei

Komii monmHHOoro miarpadga H rpad-obctpykuii G, uu modya0BaHMIA, 10 IEBHOT MipH, Ha 3pa30K
1poro marpada H .

Icaye iHIMIA criocid o0y moBu rpadiB 0O0CTPYKIIIH 3a1aHOTO HEOPIEHTOBAHOTO POy MUISIXOM
PO3IIUICHHS KIHIIEBHX TOYOK IPUETHAHHS JI0 TPAHKII OCHOBHOI KJIITKH rpada-0CHOBH CXPEIICHUX
nap rpadiB MEHIIIOTO POy SIK aHAJIOTa CXPEIIEHUX pedep, M0 PO3AUIATUMYTh MapH KIHIIEBUX
BEPIIMH Ha KOJIi €BKIIIJOBOI IUIOMIMHHM. J1JI [OTO BUKOPUCTAEMO METO]] P-TIEPETBOPEHD Ta METO]]
PEKYPCUBHHUX aHAJIOTiH, abo X komOiHalito. [Ipyukiaagm BUKOpUCTaHHS METOa aHAJIOT1H Ta METOTy
(-TiepeTBOpeHb HaBeaeHo Ha puc. 9, 10 1 11 BignosigHO.

Puc. 9. Ha mepmmx Tpbox kaprax rpad-ooctpykiist Gaz MiHIMaIbHO BKJIaJeHa Ha N3, J1e KITITKH 3
rpanunsamu (1, 7,9 ,2) Ta (4, 6, 8) MaroTh KIITKOBY BiJCTaHb 1, a ioro anasnorii Ha 4-ii Ta 5-i
KapTax

Puc. 10. I'pachu HEeopieHTOBaHOTO pOAY HE OuIbLIE 6, OTPUMaHI HIIAXOM ckieiku rpadis Gz Ta Gss
no miarpady Ks

9
GISH

Puc. 11. I'padu HeopienTOBaHOTO POy HE Olnblie 6, OTpUMaHI HUIAXOM ckieiiku rpadis Gi ta Gis
no miarpady Ks (nepa kapta), rpadi Gz ta Gsz no niarpagy Ks (apyra kapta), ABOX Kormiii
rpada Gze o miarpady Ks, (Tpers kapra) 371iBa HaIrpaBo



Busnauenss 6. bynemo nasuBaru L,(H,, H,) npoctum nanumrorom nosxunu 2 i3 18ox rpagis Hi ,

H,, TomeomopdHuX K, , Take 06 emmanns H, U H,, xomt H, N H; eabo K;, a6o K.
n
HasuBatumemo 06’ ennanns U H, rpadis H,, H,,..H  ,,.H,, romeomopduux K,, mpocrum
i=1
naumorom L, (H,,H,) — noBxunu n, n> 2, axmo neperunn H' M H:, xoxuoi mapu (H,,H )
,ne i=34,.,n-1,taneperuan H; "H;, H; " H;,..., H:, " H; map (H,,H,), (H,,H,),
(H,,,H,) BimmoBinHo, MaTuMyTh MHOKHHY criibHEX pebep K;, abo K;.
Jlema 3. Hexaii € npoctuii manmror L, (H,,H,) i3 n rpadis H,,H,,..H ,,.H,, romeomopduux K,
npuegHanuii 10 rpada H , romeomopdroro Ks un K33 Ta BKIaACHOTO 10 IPOSKTUBHOT IUIOIINHH,
2
Hactynuum @-niepetBopentsam: o(H +L,(H,, H,), > (h +e)) — (G,{n/}>,), 1e napa HecymixHuUX
i=s -

. Do .
pebep e, e,, € € H;, OTOTOXHIOETCS 3 aporo pedep N, , Mo HANeKUTh 10 TPaHHIl HAWOLIBIIOT

KiiTka s rpada H 3 pedpamu h,, i =1,2 . MaroTe Micie TBEpLKSHHS:

1 1 1 1 1 1
1. SIxkmo nepernan H; " H,;, H, " H;, ..., H, , A H; map (H,,H;), (H,,H;), (H,,,H,)
. . . 1 . .
BI/IIIOBITHO, MATUMYTh MHOKHHY CITIUTBHUX pedep K, To MaTMMeMO HaCTYIHI CIIiBBiJHOLICHHS:

a) sIKIo n =2 Ta pedpa h, HecymikHi, To rpad G — rpad-oOcTpyKilis poay 2 Ta Mpu BUAAICHHI

crinbHOTO pebdpa rpadis Hi , H2 oqHa 3 1BOX 3ipoK 31 CXpeneHnMU pedpaMu BKIAIAETHCS 10
MICEBAOKIIITKH S' 13 COUIBHUM peOpoM 3 S ;

0) sikmio n =2 Ta pebpa N, cymixHi, To Ipy BUIANICHHI crinbHOrO pedpa rpadis Hi , H2 oana 3

JIBOX 31POK 31 CXpELCHUMHU peOpaMu BKJIAJA€THCS 10 MCEBAOKIITKY §' 13 CHUIBHUM pebpoM 3 2-
KIITKOI0 S Tarpad G — rpad-o6cTpyKuis poay 2;

B) sikmo sanmtor L, (H,, H,) mae, monaiimenmie, Tpu rpadu, To HeCcyTTeBHUMH pedpamu rpada G
BiZIHOCHO POJIy TIpU BUANEHH] OymyTh pebpa iz Hj.

2. Sxmo nepetunn H; "H;, H; "H;, ....H  ~H;map (H,H,), (H,,H,), (H,,,H,),
Bi/ITIOBiTHO, MATMMYTh MHOHHY CIJILHUX pebep K, , ToO MAaTMMEMO HACTYIIHi CIIiBBiTHOIIEHHS:
a) skwo a0 rpada H npukneitu no npoctuM pedepHuM nanmroram L,, L, 1Ba pi3HI JaHIIOIH
L,(H,,H,), L,(H,",H,"), ne L, L, 6e3 cininpaux pedep rpacda H, abo L, =L,, T0 Tpadh G —
rpag-o6cTpyKuis poxay 3.

[Tpuxnanu rpagis, noOyn0BaHUX 3a TBEPKEHHSAMU JIeMU 3, HaBeJieH]1 Ha puc 12

D3

Gy Gss
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Puc. 12. I'padu Ta rpad-oOcTpyKIlii HEOpiEHTOBAHOTO poay 3 Ta 4, OTpUMaHI MUISIXOM CKJICHKH T10

N =

10.

niarpady Kss nsox rpa¢is Gz ta ckneiiku rpadis G2 no niarpady Kss
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4.3. IlIpo cmpyxkmypy 9-mu eepuiunnux zpaghie-o6cmpyxuyiit 01 nogepxui nosepxui Kneiina.

Po3risiHeMO 3a0auy BUBUCHHS METOIOM (-TIePETBOPEHHS TPadiB CTPYKTYPHUX
BJiacTUBOCTEH 9-TH BepIIMHHUX rpadiB-00CTPYKIiH /U1 HEOpieHTOBAaHOI MOBepxHi N, poxy k ,
k = 2. OCcHOBHI ITOHATTS Ta O3Ha4YeHHs y34Ti i3 [1]-[3], Bci rpadm HeopienToBaHi 6€3 KpaTHHX
pebep Ta nerens. B [4], [5] orpumano Bci HeizoMopdHi rpadu-o6cTpykuii a1 N, -IIOBEPXHI
Kneiina Ha He OinpmI HixK 9-TH BepiinHax, a B [6] HaBeAeHO niarpamu 1ux rpagis Ta 36-tu rpadis-
00CTpyKIIii Ha 9-TH, OKPIM IILOT'O HaBeACHO 27 HOBUX IpadiB-00CTPYKIII YTBOPEHUX MUISIXOM
PO3LIEIICHHS! BEPILUH §-MU BEPIIMHHUX rpadiB-o0CTPyKLiil U1 HEeOpieHTOBaHOI MOBepxHI N, .

Hexaii 2-mHoroBuj S 6e3 KpaiB HEOPIEHTOBAHOTO poz[y)j(S) MOJIAHO SIK MOBEPXHIO S'
opieHToBaHOrO poxy y(S'), ney(S')>0, ;_/(S) =2y (S"') + r, 10 JIKOi IPUKJIIEEHO I JIEHT
Mebiyca, r > 0; Hanpukiaa, nMoBepxHa S € ko Kneitna konmu (S') =01 r =2, 4n
noBepxHs S poxay 7(S) =3 matume S' - TOp 13 OJIHIEIO IPUKIICEHOIO JIeHTOI0 Mebiyca. J{ns

3amanoro Bkianenns f, f:G— S, rpaga G B S Ta 3amaHoi MHOXHMHHU TOUOK X ,X C G'UG!
BH3HA4YUMO tg (X, S, f ),t =15 (X, S, f ), YHCIIO TOCSHKHOCTI MHOXHHHM X BITHOCHO S , SIKIIO ICHYE

niaMuosKmHa S4(X), Sg(X)=S\ f(G), S.(X)={s}, mo sanosonsuse ymosi: (f(X)< Uds, A X) A
i=1

t
(f(X) z U 0s;,nX), j=12..,t. Bynemo roBopuTH, 10 MHO)KHHA X MA€ YHCIIO AOCSHKHOCTI t,

i=Li#]
t.(X,S)=t, BimmocHo S, sKmo cepen Beix Heizopmopduux Briagens f, f :G — S wncno t €

HallMeHIIMM cepen uucen tg (X, S, f). BBaxxaTumeMo Hajiasi, Mo y MO3HAYEHO Yepes3 .

Busnauenns 1. Hexaii 3agano kinagenns f, f:G—S rpapa G B S, sxe peanisye t,
ts(X,S)=t, me Sg(X)=S\f(G), Sg(X)={s; }i bynemo roBoputy, 0 BIAHOCHO 331aHO1
NOBEPXHI S MHOKMHA X MaTHMe XapakTepuctuky 6;(X,S, f), 6,(X,S,f)=0, 6 >1, axmo
icHye @ Tpiiiok KTiTOK {3 }f 3 MHOXKMHU Sg(X), Ha TPaHHMIAX AKUX TAMHOKHEY X, X, C X,
PO3MILIYIOTHCS JIOBLTEHAM YMHOM 1 3aI0BOJIBHSIOTH CliiBBinHOmEHHI0D: G° M ds, N ds, o {a,} A
G°nos, nos, o{a,} A G’ nas, nds, 2{a,}, Ta NOpomKye HAHMEHIIHI TI0 BKIIFOYEHHIO TTiArpad
G' rpada G ,( MOKIIMBO BUPOJIKEHHMI B TOUKY), KUl MiCTUTH TOUKH | }f IIONIAPHOTO IEPETUHY
TPaHUITh KITIITOK {Si }f, MHoxuHa X MaTHMe BIIHOCHO S XapaKTepUCTHKY 6. (X, S), saKmo
05 (X,S)=max 6;(X,S, f), ne makcumyM GepeThCs 10 BCIM HEI30MOPPHUM BKIaJeHHIM f |
f:G S, mo peamizyrots ts(X,S)=t.

Busnauenns 2. Hexaii 3agano Bknagensas f, f:G — S, rpada G B S, sixe peanizye t,
t5(X,S)=t, me Sg(X)={s; };, Sg(X)=S\ f(G), Ta BuKOHYeThCS piBHICTB O, (X ,S) = 0. Byaemo
TOBOPUTH, 110 BIIHOCHO S MHOXXHMHA X MaTHUME XapakTepuctuky o0g (X, f), 00 =005 (X, f),

00 21, Ko icHye migMHOKKHA {S;, S|, Sy}, MHOXHHH Sg (X), sixa 3an0BONBHSE

CITIBBITHOIIICHHSIM Gln osinosj o{(ag,by)} 1 Gln osy nosj o{(ap,bp)}, mmst Beix i# j=k,



i,J,k=123. Ha rpanunsx {0s;,0s j ,05¢ } MHOXXKMHA X PO3MIIIY€ETHCS TOBUIBHUM YMHOM, SIKIIIO HE
MICTUTB TOYOK pebep (a7,b), (ay,by) Ta ocobnmBuM unHOM (0€3 TOUOK MHOKMHH X Ha

0sj \ L(ag,ap) w{(ap,az),(a1,210)}), SIKIIO MICTUTH PUHANMHI TOUKY X pebep. Takox
iCHyBaTHMYTb KIITKa Sq Ta, MOKJIHBO, KIITKA Sqp . Kiitka s, s, € (S\ f(G))\S.(X), rpanuus sxoi
MICTUTB IIpocTuil naHIor L(a,ay) HEHyIbOBOI JOBKY HU 13 KIHIIEBUMHU BEpIINHAMU ay, dp
CIUIBHO i3 0S 1 1Ba IPOCTUX JAHLIIOTY, MOXKIIMBO BUPOJL XKCHUX B TOUKY, Ly(ag,81p), L1(ap,ap)
CIIIBHUMU 3 05; Ta 0, BIAMOBLAHO, Ta peOpo (819,8) . KmiTka Spq ,

Soo € (S\ F(G))\(Sg (X)u{so}) , Ma€ TPAHULIO KA MICTUTh IPOCTUI JaHIIOr L(8y9,ay)
HCHYJIbOBOI JIOBXHHH 13 KIHICBUMH BEPLIMHAMUA &,8p0 CIUIBHO i3 0Sj. MHOXHHA X MaTHMe
XapaKkTepucTuKy 06, (X,S), axmo 96, (X,S) =max 06, (X,S, f), Ae MakcuMyM 110 Hei30MOpHHUM

BKiajieHHsM f, f:6-$, mo peanizyors t;(X,S)=t Ta 65(X,S).

Puc. 1. B 1-my psny Ha nepumux TppoX KapTax LUKIIYHA KIITKOBA CTPYKTYpa, a IHII UIIOCTPYIOTh
31pKOBY Ha NMPOEKTUBHIM MIoLMHI Ta M Kielina, Ha 2-My psily NepLInx TphoX Kaprax
MPOLTIOCTPOBAHO JIAHIIOKKOBY KJIITKOBY CTPYKTYpPY Ha IPOEKTHUBHIN MIoUMHI Ta st Kneiina.

Busnauenns 3. Iloznaunmo vepe3 krt; (M), kr =krt; (M), Kr-kpatHicTh gocTyny a0

€JIEMEHTIB MIIMHOKUHU M MHOXHHM TOYOK rpada G, sIKk HallOUIbLITY KUIBKICTh BapiaHTIB BUOOPY
pi3HUX MIAMHOXKHHU S (M ,Sy) MHOXXHHH KIITHH S, \ f(G) Ha rpaHMIsIX SKUX PO3MIILITYIOTHCS BCi

TOYKH 3 MIZIMHOKUHY M, y3s1Ta 10 BCiX MiHiManbHuX BKinaaennsx f, f:G — S ,rpadpa G s

MOBEPXHIO Sy. [HITUMU clioBamHU, 1€ HAlO1IbIIa KUTHKICTh 31POK SIKi IPUEAHAHI KIHIIEBUMH
BEpIIMHAMU JI0 KO)KHOTO €JIeMEHTa MiIMHOXHHA M Ta BKJIaJieH1 A0 pi3HUX Kr 2-KIiToK i3

mHOoxuHA S\ f(G).

Busnauenns 4. Iloznaunmo uepe3 ms; (M, s, f), k=ms;(M,s, f), k - croporHicTs 1ocTYITYy

13 TOBUIBHOT BHYTPIIITHHOI TOUYKH 3aMKHYTOT 33JaHOT KIIITKM S JI0 KOXKHOI TOUKH 3a/1aHOT
MiIMHOXUHU M MHOKHHU TOUYOK Tpada G, e |M | > 2, 10 TOJIATATUME Y HasIBHOCTI TaKO1 KIITKH
S, Se Sf(G)(M ,Sy,s) , e f - 3ama”e MiHiManbHe BKiIageHHs f :G — S, rpada G B moBepxHIO SY ,

sIka Ha CBOTH rpaHuIll 0S MICTHTh K Komiit miaMHoxuHA M. HallOimbIry KiTBKICTh KOITIH



MiIMHOKUHU M Ha 0S cepeq BCIX KIIITUH S 33JaHOr0 MiHiManbHOTO BKianeHHs f, f:G — S,
rpada G B moBepxHio S, , Mo3Ha4NMO 4yepe3 ms, (M, f) . [Hummu cinoamy, 1e HaiOLIbIIA

KUIBKICTB 31pok rpada G ski mpueHaHi KIHIEBUMH BEpITUHAMHU JI0 KOJKHOTO 13 IPUHAWNMHI TPhOX
€JIEMEHTIB MHOXUHU M Ta BKJIaJeH] A0 OIHIET KIITKU 13 MHOKHUHU S, \ f(G) 3amanoro

MiHiMansHOTO BKIageHus f, f:G - SY ,pada G B Sy .

Busnauenns 5. Bynemo HazuBatu (msg (M, f,),ms; (M, f,),...ms; (M, f)) BekTopom | -
CTOPOHHBOT'O JIOCTYITY 10 MHOKUHU M TOuOK rpada G i3 1OBUIBHOI BHYTPIIIHBOT TOUKH
3aMKHYTOI 3a1aH0i KIiTku S, s€ S \ f, (G), | =1(s), 10 KOXKHOI TOUKHM 3a71aHOT MAMHOKUHY M, 1€
>0, |M | > 2, {f .}, - MHOXHHA BCiX HEI30MOPQHUX MiHIMaNTbHKX BKIagenb f,, f, G - S, rpada
G B S, . HaiiGinbwe I,1 =1(s) cepen uncen ms, (M, f,) y3are no Bcim s ta Beim f,, seS \ f,(G),

HA3MBATHMEMO XapaKTEPUCTUKOIO | - CTOPOHHBOTO IOCTYITY 10 MHOKHHM M To4ok rpada G Ta
IO3HAYUMO 4epe3 ms; (M) .

Busnauenns 6. Bynemo nasusatu MHOXkuHY miarpadis M ,M ={H, }, rpada-
obctpykuii H anst N, , BKIageHOT 10 €BKIIJOBOI IUIONIMHH, TAKOI0, [0 MiHIMaIbHO OKPHBAE

MHOXHHY pebep rpada, K0 MaTUME Miclle€ CITiBBiIHOIICHHS
(H' < {H L) & (Vi =12, K)(H! 2 {H L \HD))

Busnauenns 7. Bynemo nasuBatu niarpag K rpada-odctpykuii H ams N, JOKaabHO
NpoeKTUBHO-TIOMmUHENM, ko f | (K)c D, ne f:H — N,- miHiManbHe BkiageHHs rpagaH B
N, , D —enemeHTapHuii AUCK MOBEPXHI N, .

Iloznauenns 1. bynemo nozHavaru yepes St (K) rpad K i3 i -Toi BepIIMHH SIKOTO

Nn1,N2,N3,,Npm

BUXOZAATH N, N, > 0, Bucsuux pedep, 110 NpUeIHAH] 0 PI3HUX BepIluH, 1e i=12,3,..m.

Yacrtuna 1.
Teepoorcenns 1.1. MaroTb Miclie HACTYITHI CIIIBB1THOILIEHHS:

1. I'pad, G = K, Mae Ha N, YUCIIO JOCSKHOCTI MHOKMHH BEPILUH tg (Kg N2)= 2 1 He Ma€ BEPILIUHU

3 MOJIBINHUM JIOCTYTIOM Ta KOKHE BHJIAJIEHE peOpO 3MEHIIY€E YHUCTIO tg (Ké’ N, );

2.T'pad G,G =K;, Mae Ha N, YHCIIO AOCSHKHOCTI MHOXXHHU BEPIIUH tg (GO, N2)= 1Ta J1BI BEPUIMHHU 3
JIBOCTOPOHHIM J10cTynoM, arpad G ,G =K, \e, Mae Ha N, TpH BEPIIUHH 3 IBOCTOPOHHIM
JOCTYIIOM;

3.Tpadp G,G =K,, mae pixg y(G)=3;
4.Tpad G,G =Ky \K,,, maepig y(G)=3;
5.Tpadp G,G =K, \2K,, Mae Ha N, YUCIIO JOCSKHOCTI MHOKMHH BEPILUH tg (Go, N2)= 2 Ta Mae

BEpIINHY 3 NOABIIHUM goctynoM, a G = K, \ 3K, Mae Ha N, tg (GO N, ): 2 Ta Mae TIIbKU OJTHY

BEpILIMHY 0€3 MOJBIHHOIO AOCTYIY;



6. MuOx1Ha BepiinH KJ,rpada K,, Mae KpaTHHI JOCTYII i € JOCSIKHOO BITHOCHO N, ;

7. Tpu rpadu K, , 1110 yTBOPIOIOTH /1Bl IapH 13 OJJHUM CIIUIBHUM peOpoM, JUIsl KOXKHOT CBOIM, MAlOTh
Tpu napu pedep, 3XpeleHNX Ha IUIOIIMHI, BKJIAAAa0ThCs Ha JBi JieHTH Mebiyca.

JloBeieHHs IIMX TBEPKEHb HaBeAeHe Ha puc 1.2, 1e Ha mepuux ABOX KapTax 300paKeHo
BKJIaJleHHs rpada K, B N, , BIANOBIIHO, TOOY10BaHi K IPOJOBXKEHHS BKIaJeHHs f, rpada K, B
N, Ta BKinageHHs f, rpadga K, B N,, IpUUOMY CHHIM KOJHOPOM IMO3HAYUMO KIIITKY 3 MHOKUHH
N, \ f;(Ky) Ha siKiii MaeMo moBiitHUIA gocTyn 10 BepuinH 3 mig MuoxuH {4},{1}. Ha yerBepriii
KapTi 300pakeHo MiHiMallbHe BKJIajeHHs rpada Ky \ K , B N,. Ha n’sTiii kapTi 300paskeH0
BKJIaieHHS rpada K, B N, sKe peanizye 4nucio tg (GO, N, )= 2 Ta BUAHO 3MEHIIEHHS I[OT'0 YUCiIa

npu BUaaieHH1 peopa (3,9).

Puc. 1.2. Ha apyriii xapTi Bepmunu 1,4 rpada K, marore Ha N, ABOCTOpPOHHIN 1OCTYM, a Ha 3-i1,5-11,6-1,8-
11,9-1t kapTax pebpa Mo3Ha4eHi JyraMu Ta BipiskaMu TOBCTHX JiHiH. Tpu niarpadu rpada G,, izomopdHi
K, yTBOPIOIOT Tapy i3 OAHUM CIIUIBHUM pedpoM (6,8) Ta mapy i3 ogHUM crinsHUM pebpoM (7,9),

BKIanaoThed Ha N, i3 1Boma nenTamu Mebiyca

Jlema 1.1. Hexaii rpad G € @-oOpa3om rpadis-ooctpykuii G, Ta G, npu @-nepeTBOpeHH1
2
BH3HAYCHOMY HacTymHuM duHOM: ¢(G, +G,,> (e, +¢,)) > (G,e), ne e=(a,b), ee G'.e=(a,bh) e
i=1 3

pebpom, abo yacTuHOIO pedpa rpada G,, i =1,2. [lnsa opientoBa”oro poxay y(G) MawoTh Micie
HACTYIIHI TBEP>KEHHS:
1). Sxmo npuHaliMHI OJJHA KiHII€BA BEPIIMHA KOKHOTO 3 pedep €, He MaTUMe JBOCTOPOHHBOTO

J0oCTyIy, To MaeMo piBHICTE Y(G) =v(G)) +v(G,) ;

2). SIk1o Ko’kHa KiHIIeBa BEPIIMHA OJTHOTO 3 pedep €, Mae JBOCTOPOHHIHN 0CTYII, TO MAaTUMEMO
piBuicTh 7(G) =v(G) +v(G,) -1,



Hosenenns. JloBenenns nemu 1.1 g noBuibHUX rpagis-ooctpykiiit G, Ta G, aHamoriuHe
JIOBE/IeHH!O Juis 1BOoX rpadiB K, , BukoHaHomy Ha puc. 1.3. HaBenemo Ha puc. 1.4. noBeneH Hi
TBEpAKeHb jiemu 1.1. ays 1Box BkianeHux (pedbpa K, cuni) B Top rpadis, 3:11Ba—HaIpaso,
oTpuMaHux 3 ABox map rpadis (K,,K;,), (K,, K;) IIsSX0M @-1IepeTBOPEHHAMH 3alaHUM Ha Iapi
pebep nux nap. BigmiTumo, 0 HassBHICTH ABOCTOPOHHBOTO JIOCTYITY 10 OTOTO/KCHUX KiHIIEBUX
BEpIIMH peOpa 03HaYaTHMeE BiICYTHICTB 101aTKOBOI 2-pyuku. Tak s rpada K, BiageHoro 1o
2., - simku KieitHa i3 7BOCTOPOHHIM JJOCTYIIOM JI0 IBOX BEPIIUH (3aBASKH HassBHOCTI KOJIbOPOBOT
KJIITHHU B SIKY MO>KJIMBO BKJIACTH JIBI 31pKH 13 CYMIKHUMU IIEHTPAaMH Ha 5-TU Ta 6-TH pedpax-
IIPOMEHSX) Ta OTPUMaTH MiHIMalbHe BKJIaJeHHs rpada K, \e 1o 2, .

Puc. 1.3. Jlo TBepmkens iemu 1.1. HaBeneHo aBa nepiii rpadu (371iBa-HAIMPaBo), o0 OTPUMaHi 3
aBox rpadiB K, 1BoMa HACTYHHUMH Q-TIepeTBOpeHHsIMU: 1) 10 mapi pebep, 2) mo pedpy e=(a,bh) Ta

4acTHHI peOpa U, BIAMOBIIHO, Jie KOJIbOPOBOIO € KIIITKA BKJIaJAE€HHS B TOp rpada K, , 10 Kol
BKJIaJieHO iHIMHA K, Ta BUKOHaHO ckieliky; 3) HaBeaeno ckiueiiky o pedpy ¢, e=(a,h), rpagis K,

K,,; 4) HaBeneHo minimManbHe BkiIageHHs rpada K, \e mo X, - mmku Kieiina.

l l

Puc. 1.4. HaBenemo 10 TBepkeHb JieMu 1.1. 1Ba BKiajieHi B Top rpadu (31iBa-HaIpaBo) OTpUMaHi
3 meox map rpadis (K,,K,,), (K,,K;) @-nepersopennsamu Ha napax pebep.

Jlema 1.2. Hexaii rpad G € ¢-o06pa3zom rpadis G, ta G, - o0CTpyKIiil 11 IPOEKTUBHOT

2
IUTOIIMHY TIPH (-TIEPETBOPEHHI BU3HAYEHOMY HacTynmHuUM unHOM: ¢(G,; +G,, Y (e, +¢,)) » (G,e), ne
i=1 e

e=(ab), eeG', ¢ =(a,h) € pebpom, abo yacTunor pedpa rpada G,, i =1,2. Toxi as
HeopieHTOBAaHOTO poay y(G) He BUKOHYIOTbCS TBEp/KeHHS jieMu 1.1.

HoBenenns. [lificHo i3 HaBeeHUX HA pUc. 1.5. BKIaJeHb JO IPOSKTUBHOI IJIOLUIMHU TpadiB
Ks Ta K,, BUIHO BiICYTHICTh IBOCTOPOHHBOTO JOCTYILY JIO JIOBLIBHOI IiIMHOKHMHHM IXHIX BEPIIKH.
Ane nnsa K, /(4,7) € 1BOCTOpPOHHIN AOCTYH 10 apU CyMIXXHHMX BepIIMH 3, 4, 7, sIKUil HE BIUIMBAE Ha

pin rpada A, 31 cnucky rpadiB-o0CTpyKIiH sl TPOSKTUBHOI IUIOIUHH.



Puc.1.5. Minimanbni Bknanenns rpadis K, /(4,7), A, /(14), K, K;; 10 IPOEKTHBHOI IIIOIIMHH.

YacTuna 2.
Teepoorcennsn 2.1. MaroTb MicIie HACTYITHI CITiBBITHOIIICHHS:

1. I'pad G, € ¢-o0pasom rpaa K, Ta xBasizipku St, , 4(K_3) MIPU HACTYITHOMY (-TIEPETBOPEH Hi
T, 4 4 * . . o .
P(Kg + St ,,(Ky), X X (8 +X,)) = (Gl,{{aij}‘}zl}?zl) , A€ X;; - KIHI[CBI BEPIINHU KBA3i31pKH
i=1j=1

OTOTOXHIOKTh 3 BEpUIMHAMY &; TPhoX miarpadis K, rpada K, ski HomapHo MarTh OJIHE CHLUIbHE

pebpo, a MHOXkMHA pebep rpada G, MiHIMAIBHO MOKpHUTa TphoMa rpadamu K, .
2.I'pad G, e @-obpasom rpaa K, Ta kBasisipku St,, (K, \ K,) npu nactynHomy ¢@-meper
T, 1, 4 4 * . .
BopenHi p(Kg +3t,, ,(K;\K,), X X (a; +x;,)) — (Gl,{{aij}‘}zl}le) , ¢ OTOTOXHIOIOTBCS X;; - KIHICBI
i=1 j=1 .

BEPIIMHY KBa3131pKH 3 BeplMHaMu a; Tpbox miarpadis K, rpada K; , Tpu 3 KX yTBOPIOIOTH
HOCHII0BHICTh, 060 MalOTh M0 OJJHOMY CHUIBHOMY pedpy, IpuuoMy MHOXHHa pedep rpada G,
MiHiMalbHO oKkpuTa TpboMa rpadamu K, 1 ogaum Ke . JloBeieHHs IMX TBEpAKEHb HaBEIeHE Ha
puc 2.1.

Puc. 2.1. I'pa¢ G, Bri1azieHut 10 MPOEKTUBHOI INIOIMHU N, 13 IPUKIEEHUMH IBOMA JIGHTAMU
Meb0iyca, rpad G, Bkmageno Ha N, , yrBopenoi 3 misiiuku Kieiina ta onniei nentu MeGiyca.
Teepooicenns 2.2. MaroTb Miclie HACTYITHI CITiBB1THOILIEHHS:
1.I'pad G, € p-obpasom rpada K, Ta xBa3izipku St, . (K,) Ipu HACTYIIHOMY Q-IIEPETBOPE HHI
P(Kg + Sty 66(K,), il(ai +%;)) = (G, {a; },) , e X, - KiHIIEBi BEPIIMHY KBa3i3ipKu
SV

OTOTOXHIOIOTHCA 13 BepumHamu a; rpada Ky, ne degg, (X)) =4, degg . (X)=2,i=123.,

Ka)

pU4oOMy MHOXHHA pedep rpada G, MiHIMaNbHO MOKpUTa ABOMa rpadamu K, i3 CiIbHOO



BEpIINHOIO, TpboMa rpadamu Ks (oauH 3 sikux MicTuTh Ka, SKuii yHEMOKITUBITIOE TBOCTOPOHHIN
JIOCTYTI 710 TOYOK 3 {a, }, - MHOKMHH NPUETHAHHSL.

2.I'pad G, € ¢-obpasom rpada K, Ta kBasisipku St . (K, \ 2K,) npu nacTrynHoMy @-1iepe
tBOpeHHi (K, + Sty (K, \2K,), il(ai +X)) = (G,.{a;},) , oe X, - KiHUEBi BEPIIMHU KBa3i 3ipKu
OTOTOKHIOIOTHCS 13 BEPIIMHAMHU @, 7rpa(1)a K, , ne deg g 5.5 5(Ke 2Ko) (x.)=2,i=1234, npuuomy
MHOXHHa pebep rpada G, MiHIMaIBHO NMOKpUTa OAHUM IrpadoM K, , yotupma rpadamu Ka.
3.I'pad G, € @-oOpasom rpada K, \e Ta kBasisipku St .(K, \ K,) npu nacrynaomy ¢-
neperBoperti ¢(Kg \e+ Sty, (K, \K,), iil(ai +X)) > (Gs.{a'},), e X, - KiHueBi Bepumnu

KBa313IPKU OTOTOXKHIOIOTECS 13 BepimHamu a; rpada Ky\e, ne deg, o, (X)=3,1=1234,

IpU4oOMy MHOXHHA pedep rpada G, miHiManbHO nokputa ogHuM rpadom K \ (4,5) , oqaum

konecoMm Wy 3 yotupma criunsimu (uactuaHuM Ko 3 Ha BepmmHax 4,5,6,7,8,9 13 pedpamu (6,7), (6,9))
Ta aBoMa rpadamu Ka.

4.Tpap G4 € @-obpasom rpada K, Ta xBasizipku St,, . ,(K, \ K,) npu nactynnomy ¢-nepe
4 * . . . .
tBOpenHi @(Kg+St,,,,(K,\K,), X (a;+X)) = (Gs.{a/}.,) , e X; - KiHIeBi BepIIMHH KBa3i 3ipKu
i=1 .
OTOTOXHIOIOTHCA 13 BepiunHamu a; rpada Ky, ne degg, ,  ,,) (X)) =3,i=1234, npuiomy

MHOXHHa pebep rpada G, MiHiManbHO mokpurta oxauM rpadom K, , onaum Ks\(7,5) i ppoma

rpadamu Ks. JloBeneHHs X TBEpIKEHb HaBeleHe Ha puc 2.2.

Puc. 2.2. T'padu G,, G,,G,,G, BknaneHi miHiMaibHO Ha N, 3 npukieeHoro JeHTor Mebiyca.

Teepoowcenns 2.3. MaroTh Miclle HACTYIHI CITiBBITHOIIECHHS:



1. I'pad G, € ¢-o6paszom rpada K, ta kBasizipku St, , ,,,(K, \ K;) mpu HacTymHOMY (-
neperBoperHi (K + St, , 55, (K, \K3), i(ai +x)) = (G,.{a ¥,), ne X, - Kinuesi BepmmHu
i=1 .

KBa3131pKH OTOTOXHIOKOThCA 13 BeplinHaMu a, rpada K;, X,, X, MarTh CTEHiHb 2, X,, X, MAIOTh

creminb 3, deg (x,) =4, npuyomy MHOXHHA pebep rpada G, MiHIMAIBHO MOKPUTA OJHUM

1
Sty 2,3,3,4(K4\K3)

rpadom K, omanm Kz 3, omanm Ks\(4,5) 1 1Boma rpadamu Ka.

2.I'pad G, € p-obpasom rpada K \e, ne e =(a,,a,), Ta kBasisipku St,,,,(C, \e) mpu

HacTynHOMY ¢-neperopenni (K, \e+St,,,,(C,\e), i(ai +%;)) = (Gg.{a; },), oe X; -KiHIeBi
i=1 M

BEPIIMHY KBa3131pKU OTOTOXKHIOIOTHCS 13 BepuiMHaMu a; rpaga K \e, X;, X, MaloTh CTEMiHb 3, X,,
X, MaroThb cTeminb 4, ne C, \ e - mpocTHii IaHIIOT JOBXHUHY 3, IPUIOMY MHOXHHA pedep rpada G

MiHIMaJlbHO NOKpHTa oAHUM rpadomK;\e 1 m’arema rpadamu Ka.

JloBeeHHS 1IMX TBEPKEHb HaBeIeHe Ha puc 2.3.

Puc. 2.3. T'padu G,, G, BKiIageHo 10 NpoeKTHBHOI momuHu N, i3 1BoMa neHtamu Mebiyca.

Teepoowcenns 2.3. MaroTh Miclle HACTYIIHI CIT1iBBITHOLIICHHS:
1. I'pad G, € @-oOpa3zom rpada K, ta kBasisipku St, , ,,,(K,) IpH HACTYIIHOMY @-NIEPETBOPEHHI
5 * . . . .
p(Kg +St,,,,,(K,), X (@ +%)) = (Gy,{q ¥..), e X, - KiHIIeBi BEPUIMHY KBa3i3ipKu
i=1 M

OTOTOKHIOIOTHCS i3 BepiinHaMu @, rpada K., X, MaroTe creminb 2, i=1,2,3, 4,5, npudyomy

MHOXHHA pedep rpada Gg miHiManpHO okpuTa ogHuM Ks i wotupma K.
2.T'pad G,, € g-oGpasom rpada K, rta kBasisipku St,,,,,(K, \ K;) npu Hactynzomy ¢-
5 * . .
nepersoperti o(Kg + St 1, ,, (K, \K;), X (8 + X)) = (Gy.{a; },,), Ae X, - KiHLeBi BepirHu
i=1 M

KBa3131pKH OTOTOXHIOIOThCA 13 BepiinHaMu a, rpada K;, X,, X, MaloTh cTemiHb 1, X,, X, MalTh

cremninb 4, deg (X5) =2, mpuuomy MHOXKHHA pedep rpada Gio MiHIMATIBHO TOKPUTA

1
Sty 1.2,4,4(Kg\K3)

MHOkHHaMu pebep rpadis Ks 1 Tppox rpadis Ka.



Puc. 2.4. I'papu G,, G,, BKiIaaeH1 B IpOeKTUBHY MiouuHy N, 13 ABoMa jeHTamMu Mebiyca.
Teepoorcennsn 2.4. MaroTb MicIie HACTYITHI CITIBBITHOIICHHS:
1. I'pad G,, € p-o6pasom rpada K, Ta kBasizipku Sty (K, \ 2K;) npu Hactynxomy ¢-
neperBoperHi (K + Sty o5 5(K, \ 2K3), il(ai +X)) > (Gyy.{a/},) , ne x; - KiHuesi Bepumnn

KBa3131pKH OTOTOXKHIOIOThCS 13 BepiminHaMu a; rpada K, X, X, MaroTh CTEMiHb 2, X,, X, MAIOTh

51
CTemiHb 4, , Mpu4oMy MHOKHHA pedep rpada Gi1 MiHIMAIBHO MOKpUTA MHOKHHAMH pedep rpadis

Ks, nBox rpadis Ks ta ognoro K, \ 2K, .

2.T'pad G,, € p-oGpasom rpada K, rta kBasisipkn St,,, (K, \ K,) npu Hactynxomy ¢-
5 * . .
neperBopenHi (K + St,, , (K, \ K3), > (a, +x,)) = (G.{a ¥,), e X, - KiHuesi Bepmuunu
i=1 °

KBa3131pKH OTOTOXKHIOIOThCS 13 BepmnHaMu a; rpada K, X, X, MaroTh CTEMHiHb 2, X,, X, MAIOTh

51

CTEIHb = 3, npruyoMy MHOXHHA pedep rpada Gi2 MIHIMAIBHO ITIOKPUTA
1, de 3, y 0 G

X
St3.4.4,5(Kg\K3) 2

MHOXHHaMu pedep rpadis Ks ta yotupbox rpadis Ka.

Puc. 2.5.I'padu G,,, G,, BkiajeHi B IpoeKkTuBHY miomuHy N, i3 1Boma eHTamu MeOiyca.
Teepoowcenns 2.5. MaroTb Miclle HACTYIIHI CITiBBiTHOLIICHHS:
1. I'pad G,, € 9-o6pasom rpada K, Ta kBasizipkn St, s (K, \ K;) npn nHacrynuomy ¢-
neperBoperHi (K + St, 556(K, \ K3), iil(ai +%)) = (G, {a'},), ne X, - KiHueBi BepumHu

KBa3131pKH OTOTOXHIOIOThCA 13 BepiinHaMu a, rpada K, X,, X, MalOTh CTEHiHb 2, X,, X, MAIOTh



cremninb 3, deg s = 3 , IpU4OMy MHOXkHHa pedep rpada Gi13 MiHIMATIBHO TOKPUTA

1 X
Sty 55,6 (K4\K3)

MHOkHHamMU pebdep rpadiB Ks, m’stox rpadis Ka.

2.I'pad G,, € p-obpa3zom rpada K, Ta kBasizipku St, ;o (K, \ K3) mpu HacTymHOMY ¢-

neperBoperHi (K + St, 55, (K, \ K3), i(ai +x,)) = (G, {a;},) , me X, - KiHIEeBi BepumnHu
i=1 .

KBa3131pKU OTOTOKHIOIOThCS 13 BepmnHaMu a; rpada K., X, X,, X, MalOTh CTEHiHb 2, , X, MalOTh

51
CTeniHb 4, mpuuoMy MHOXHHA pedep rpada Gi4 MiHIMAIBHO TTOKPUTAa MHOKMHAMH pebep rpadis
Ks, omHoro rpaga Ks\(7,8) ta nBox rpadis Ka.

Puc. 2.6. I'padu G,;, G,, BKJIaZieH] MiHIMAJIbHO B IPOEKTUBHY IUIOLIMHY N, 13 IBOMa NPUKICEHUMU

neHtamu Mebiyca.

Tsepooicennsn 2.6. MaroTh Miclie HACTYITHI CITiBB1THOIIICHHS:
1.T'pa G,, € p-oGpaszom rpada K, \e ta kBasisipku Sty (K, \ K;) npu nactynmomy ¢-
4 * . .
neperBoperHi (K, \e+ Sty. ., (K, \K3), X (8 +x)) > (G,,.{a;},) , &e X, - KiHIeBi BeprunHu
i=1 *

KBa3131pKH OTOTOXHIOKOThCA 13 BeplIMHaMHu @, rpada K, X;, X, MarThb CTENIHb 2, X;, X, MAaIOTh

51
CTemiHb 4, MpUUOMY MHOXKHHA pedep rpada Gi4 MiHIMAIBHO OKPUTAa MHOXKHHAMU pedep Tphox

rpadiB K, \e ta nBox rpagis Ka.

2.I'pad G,; € @-obOpasom rpada K, Ta xBasizipku St, ;.. (K, \ K3) mpu HacCTymHOMY @-

neperBoperHi (K + St, 5 (K, \K3), %(ai +X%,)) = (G5, {a; }.,) , Ie X, - KiHIeBi BepIIMHU
i=1 M

KBa3131pKH OTOTOXHIOKOThCA 13 BepIIMHaMHU @, rpada K, X;, X, MaroTh CTENiHb 4, X, MAIOTh

51
CTEeMiHb 3, Mpu4oMy MHOXHHa pedep rpada Gi4 MiHIMaIbHO MOKpUTa MHOKUHaMHU pebep rpadis Ks,
nsox rpadis Ks\(9,8) ta ogroro rpaga Ka.




Puc. 2.7. I'padu G,,, G,; BKIaJieHI B €BKJIIJIOBY IUIOLIUHY 13 TPbOMa NPUKJICEHUMHU JIEHTAMU

MebGiyca Ta B mpoeKTUBHY IutomuHy N, i3 ABOMa NpHUKJIeEHNMH JeHTaMu Mebiyca, BiIIOBIIHO.

1. YacTtuna 3.
Teepoowcennsn 3.1. MaroTh MiCIle HACTYITHI CITIBBITHOIIICHHS:

1. I'pad G,, € ¢p-oGpasom rpada K, \e Ta kBasisipku St, s, (K, \ K{,) npu Hacrymuomy ¢-

. 5 * . .
neperoperHi (K \e+St, (K, \K;,), >(a +%;)) > (G, .{a;}2,) , e X, - KiHuesi BepinHu

i=1 M

KBa3131pKU OTOTOKHIOIOThCS 13 BepmnHaMu a; rpada K, X,, X, MaloTh CTeliHb 3, X, Ma€ CTENiHb
6, X, Mae cremisb 1, X, Mae cTemiHp 2, IpUIOMY MHOXKUHA pedep rpada Gi7 MiHI MaJIbHO TOKpUTA
MHOXXHHaMHU pedep nBox rpadis Ks\(1,2) ta m’sateox rpadis Ka.
2. I'pad G,; € ¢p-o6paszom rpacda K, ta kBasisipku St,,, (K, + K_Z) IpU HACTYTTHOMY (-

. T, 5 * . .
nepersopenni ¢(K, +St,, , (K, +K,), > (a +x,)) = (G,5.{a; },) , e X, - KiHIEBi BepIuvHu

T =1 e

KBa3131pKU OTOTOXKHIOIOThCS 13 BepminHaMu a; rpada K, X, X, , X, MaloTh CTeMiHb 4, X, Mae€

CTEMiHb 2, X, Ma€ CTeMiHb 1, mpuuoMy MHOXKHHA pebep rpada Gig MiHIMAIBHO OKpPHUTA

MHOXuHamu pebep rpadis K, \ K, ta nBox rpadis Ka.

Puc. 3.1. I'padu G,,, G,, BkIajeHi MiHiMansHO B N, 13 1BOMa IIPUKIIEEHUMU JieHTamMu Mebiyca.
Teepoowcenns 3.2. MaroTh MicCIle HACTYIIHI CITiBBITHOLIICHHS:
1. I'pad G,, € ¢p-oGpasom rpada K, Ta kBasisipku Sty (K, \ 2K;) npu HactynHomy ¢-miepe
TBOperHi (K, + Sty 54 5(K, \ 2K5), il(ai +%,)) = (G, {a },), e X, - KiHIEBI BEpIIMHM KBa3i3ipKu
UM
OTOTOKHIOIOTBCS 13 BeplIMHamu a, rpada K, X, X, , X;, X, MaroTb CTEHiHb 4, IPUUOMY MHOXKHMHA
pebep rpada Gy MiHIMATBLHO MOKpPUTa MHOKHHAaMK pebep oauoro rpada Ks a 2-x rpadis K, \ K.
2.I'pad G,, € @-obpasom rpada K, Ta xBasizipkn St, ;. (Z, \ K3) Ipu HaCTyHHOMY (-Tepe
TBOperH] (K + St, 555(2, \ K)), il(ai +%,)) > (G, {a'},), e 7, - pOCTHiA UK JOBKUHK 4, X, -

KIHIIEBl BEPIIMHU KBa3131pKH OTOTOXHIOIOThCA 13 BeplIMHaMu @, Tpada K, X, X, MalOTh CTEIiHb
1, x;, X, , X; MatoTh CTeNiHb 4, MpHuOMy MHOKHHA pebep rpada Gzo MiHIMAIbHO MOKPHUTA

MHOXHHaMu pedep rpadis Ks ta mrictbma rpagamu K, .



Puc. 3.2. I'padu G4, G,, BKiIajeH] MiHIManbHO B N, 13 IBOMa NpUKJIEEHUMU JIeHTaMu Mebiyca Ta

B €BKJIIZIOBY IIOIIMHY 13 TPhOMA MPHUKJICEHUMU JICHTaMH Mebiyca, BiZIIOBITHO.

Teepoowcenns 3.3. MaroTph MicIie HACTYIHI CITiBBiTHOIICHHS:
1.I'pad G,, € p-obpazom rpada K;\e Ta kBasizipku Sty ,(K,) npu HacTymHOMY @-TIepe
5 * . . . .
tBopeHHi (K, \e+ Sty ., (K,), 2 (a;+X)) = (G,.{a }i,) . A€ X; - KiHIEBI BepIIMHY KBa3i3ipKu
i=1 M

OTOTOXKHIOIOThC 13 BepIuMHaMu a; rpada K, \e, X, Mae cTemisb 1, X, , X, MalTh CTEMiHb 2, X, , X

MaloTh CTEMiHb 3, MPUYOMYy MHOXHHA pedep rpada Go1 MiHIMaIBLHO MOKPUTA MHOKUHAMU pebep
rpada K \e ,gotupsox rpadis K, .

2.I'pad G,, € ¢-obpasom rpada K, Ta xBasizipku St (K, \2K}) mpu HacTymHOMY (-TIepe
TBOperHi (K, + Sty 5. 5(K, \ 2K3), i(ai +x)) = (G,,.{a },), e X, - KiHIEeBi BepuIMHY KBa3i3ipku
i=1 .

OTOTOKHIOIOTHCS 13 BepmMHamu a; rpada K., X, , X, MarTh CTEMiHb 1, , X, MaloTh CTEMiHb 2, X, ,
X; Mae CTemiHb 4, MpruuoMy MHOXKHHA pebep rpada G2z MiHIMaTbHO MOKPUTAa MHOKHHAMH pedep

rpaga Ks ta yorupsox rpagis K, .

Puc. 3.4. I'padu G,,, G,, BKiaJeH1 B €BKJIIJIOBY IIJIOUIMHY 13 TPhOMA NPUKIEEHUMHU JIEHTaMU

MeOGiyca Ta B N, 13 1BOMa pUKIIEEHUMU JIeHTaMu Mebiyca, BIIIIOBITHO.

Teepooicenns 3.4. MaroTb Miclie HaCTYITH1 CITiBB1THOILIEHHS:



1.I'pad G,, € p-obpazom rpada K, ta kBasizipku St, .. (K,) Ipu HaCTyIHOMY @-Iepe TBOPEHHI
P(Kg + St 555 (K,), il(ai %)) > (G, {a}.,), e X, - KiHIEBI BEPIIMHHU KBa3i3iPKH OTOTOKHIOKOTHCS
13 BepLIMHAMU @, rl;aq)a Ks, X;, X, , X;Mal0Th CTEMIHb 2, X, MA€ CTEMiHb 3, IPUYOMY MHOKHHA
pebep rpada Gz3 MiHIMaNbHO OKPUTA MHOXKHHAMU pebep rpada K, Ta yotupsox rpadis K, .
2.I'pad G,, € p-obpazom rpada K, ta kBasizipku St, .. (K,) Ipu HaCTynmHOMY @-IIepe TBOPEHHI
P(Kg + Sty 566 (K,), il(ai %)) > (G,,.{a;},), ne X, - KiHUEBI BepIIMHU KBa3i3iPKKM OTOTOKHIOOTHCS

13 BepmmHaMu a; rpada K, X, mae creminb 1, X, Mae cremisb 2, X, , X, , MAlOTh CTEMIHb 3,

npudoMy MHOKUHA pedep rpada Gz4 MiHIMAIBHO MOKpUTAa MHOKHHAMU pebep rpada Ks ta
4oTUpbOX Ipadi K, .

Puc. 3.5. I'papu G,,, G,, BkiazeHi MiHiMaiabHO B N, 13 IBOMa IPUKIIEEHUMHU JIeHTaMu Mebiyca.

Tsepooicennsn 3.5. MaroTb Miclie HACTYITHI CITiBBITHOIIICHHS:
1. I'pad G,; € p-obpazom rpada K, \e Ta xBasisipku St; . (K, \ €) mpu HacTynHOMY @-TIepe
5 * . . . .
TBOpeHH] o(Kg\e+Sty.., (K, \€), 3 (a; +X;)) > (Gy.{a; }1,), e X;- KiHIeBi BeplrHM KBa3i3ipku
i=1 M

OTOTOKHIOIOTHCS 13 BepiIHamu a; rpada K \e, X, X, , X; MalOTh CTEMiHb 2, X, Ma€ CTEMiHb 4, X,

Mae CTemiHb |, npudomy MHOXHHA pedep rpada Gzs MiHIMAIBHO MOKPUTA MHOKHHAMH pedep ABOX
rpagiB K, \e ta yotupsox rpadis K, .

2.I'pad G,; € p-obpazom rpada K, \e Ta kBasisipku St (K, \ €) mpu HacTynHOMY @-TIepe
tBOpeHH] p(K, \e+ Styqq, (K, \e), i(ai +%,)) = (G, {a ¥,), me X, - KiHueBi BepuMHM KBa3i3ipKku
i=1 M

OTOTOKHIOIOTHCS 13 BepmnHamu a; rpada K, \e, X , X, MatoTh cTemisb 1, X, Mae CTEMiHb 2, X,, X,

MaroTh CTEMiHb 4, MpruuOMy MHOKHHA pebep rpada Gz MiHIMATIBHO TIOKPUTAa MHOKHHAMU pedep
Tpbox rpadiB K, \e ta nBox rpadis K, .
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Puc. 3.6. I'padu G,;, G, BKIIa/ieH]1 B €BKJIIIOBY IUIOLIMHY 13 TphOMa JieHTaMu MeOiyca.
Teepoowcenns 3.6. MaroTh Miclie HACTYIHI CITiBBITHOIICHHS:

1.I'pad G,, € p-obpaszom rpada K, ta kBasizipku St ,(K,) Ipu HACTyITHOMY (-TI€pEe TBOPEHHI

P(Kg + Stys5 (K,), il(ai +%)) = (Gy.{a},) , Ae X; - KiHUEBi BePLIMHU KBA3i3ipKH OTOTOKHIOIOTCA

13 BEepIIMHAMU &, r£)a(ba Ks, X;, X, , X;MarOTh CTEMiHb 3, IpUIOMYy MHOXHHA pebep rpada Gaz

MiHIMaJIbHO IOKpHUTa MHOXHHaMH pebep rpada K, Ta Tppox rpadis K, .

2.I'pad G,, € g-oGpasom rpada K, \e Ta ksasisipku St, ., (K, \ K{,) npu nactynnomy ¢-nepe

TBOpenHi o(Ky\e+St, o, (K, \K{,), _il(ai +%,)) = (G {a},) , e X, - KiHUEBi BepIIMHK KBa3i3ipku

SV

OTOTOXKHIOIOThCS 13 BepluMHaMu a, rpada K, \e, X, X, , X, MalOThb CTEMiHb 2, X, X;MalTh CTEIIHb
2, mpuuoMy MHOHHaA pebep rpada Gzg MiHIMaIBbHO HOKPUTAa MHOXKHHAMHU pedep rpada K, \e ta

4oTUpboX rpadis K, .

Puc. 3.7. I'padu G,, BxiageHo B N, 13 1BOMa NpUKICEHUMH JIeHTaMu Mebiyca, G,, BKIaJEeHO B

€BKJI1JIOBY IUIOIIMHY 13 TpboMa JieHTaMu MeOiyca.

2. Yacruna 4.
Teepoowcenns 4.1. MaroTh Miclie HACTYIHI CITiBBITHOIICHHS:

1 I'pa G,, € p-oOpaszom rpada K;\e Ta kBasizipku St .(K,) Ipu HACTyNHOMY @-nIepe TBOPEHHI
4 * . . . .
P(Ks\e+Stys5(K,)), (3 +X)) = (G {a; 1) » A€ X, - KiHIIECBI BEpIIMHHU KBA3i3i pKu
i=1 ¢

OTOTOKHIOIOTHCS 13 BeplIHamu @, rpaga K, \e, X, X, , X;MatOTb CTEMIHb 2, X, Ma€ CTEHIHb 3,



npu4oMy MHOXxHHA pedep rpada Gog MiHIMAIIBHO TOKPUTAa MHOXKHHAMU pedep aABox rpadis K, \e
Ta TpboX rpadis K, .
2.T'pad G,, € p-oGpasom rpada K, Ta kBazisipku St,, (K, \ K;) npu Hacrynmnomy ¢-nepe
4 * . . . .
TBOperH] (Kg + St , (K, \K), (@, +X;)) > (Gyo.{a; },) , e X; - KiHIeBi BepinHy KBa3i3ipku
i=1 *

OTOTOXKHIOIOThCA 13 BeplIMHaMu a, rpadakK;, X,, X, MatoThb CTEMiHb 1, X, Ma€ CTEeMiHb 2, X, , X;

MaroTh CTEMiHb 3, IpHuOMy MHOXKHHA pedep rpada Gzo MiHIMAIbHO OKPUTA MHOKHHAMU pedep
rpada K, Ta Tppox rpadis K, .

Puc. 4.1. I'padu G, G,, Bknazeni B N, i3 iBoMa IpukieeHUMH JieHTaMu Mebiyca.

Teepoowcenns 4.2. MaroTp MicIie HACTYIHI CITiBBiTHOIICHHS:
1.I'pad G,, € p-obpaszom rpada K, ta kBasizipku St,, ;,(K,) Ipu HACTYIIHOMY Q-IIEPE TBOPEHHI
P(Ks + Sty 65(K,), il(ai +%;)) = (G, {a/},) , Ie X, - KiHIIEBI BEPIIMHY KBA3i3iPKH OTOTOKHIOIOTHCS
SV
13 BepmmHaMu @; rpadakK;, X, X, , X, X, MaloTb CTEMiHb 2, IPUUOMY MHOXKHHA pedep rpada Gsi
MIHIMaJIbHO OKpUTAa MHOKUHAMHU pebep rpada K, ta yotupbox rpadis K, .
2.I'pa G,, € p-obpazom rpada K;\e Ta kBasizipku St,...(z, \ &) Ipu HACTyIHOMY @-TIEpE
TBopeHHi (K, \e+St,. (2, \¢e)), _%l(ai +%)) = (G,,.{a'},), ne z, \ e mpocTuii TaHIFOT HOBKKUHK 3, X, -
NN
KIHIIEB] BEPUIMHU KBa3131pKKM OTOTOXKHIOIOThCH 13 BepimMHamu @, rpada K, \e, X, mae crenins 1, X,,
X, X,MaroTb CTEMIHb 3, X, Ma€ CTEMiHb 2, IPUUOMY MHOKUHA pebep rpada Gsz MiHIMAIBHO

NOKpUTa MHOKMHaMHU pedep rpada K, \e Ta yorupbox rpadis K, .

4

Puc. 4.2. I'padu G,,, G,, BriageHi miniMansHo B N, i3 1BoMa npukiieeHnMu neHtamu Mebiyca.
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Teepoorcennsn 4.3. MaroTh MicIle HACTYITHI CITIBBITHOIIICHHS:
1.I'pad G,, € p-obpaszom rpada K, ta kBasizipku St, . .(K,) Ipu HaCTynHOMY (Q-IIEpETBOP-CHHI
(Kg + St 55 (K,), il(ai +%;)) = (Gys.{ar },) , e X, - KIHLEBI BEPLIMHU KBa3i3iPKU OTOTO-KHIOIOTHCS

A

i3 BepmmHaMu a; rpada kK, X, X, , X, , X, MAlOTh CTEIiHb 2, IPUUOMY MHOXHHA pebep rpada Gss
MiHIMaJIbHO OKpHUTa MHOXHHaMH pebep rpada K, Ta Tppox rpadis K, .
2.I'pad G,, € p-obpazom rpada K, Ta kBasizipku St, ;. (K,) Ipu HaCTyTHOMY @-TIEPETBOP-EHHI
P(Ks + Sty 55 (K,), il(ai +%)) = (s, {ar}k,) , e X, - KiHIeBi BepIIMHI KBa3i3iPKI OTOTO-KHIOKOThCS

13 BepmnHaMu a; rpadakK,, X, X, , X,, X, MaloTh CTEMiHb 2, X;Ma€ CTEHiHb 1, MPUYOMy MHOKHHA

pebep rpacda Gzs MiHIMaIBHO MOKPUTA MHOKHUHAMU pebep rpada K, ta Tppox rpadis K, .

[}

Puc. 4.3. I'padu G,,, G,, BkiazeH1 MiHIMaiIbHO B N, 13 IBOMa IPUKJICEHUMHU JieHTaMu MeGiyca.
Teepoowcenns 4.4. MaroTpb Miclie HACTYIHI CITiBBITHOLIECHHS:
1. I'pad G4 € @-obpasom rpada K, Ta xBasizipku St,, ; (K,) Ipu HACTyITHOMY (-IIEPET BOPEHHI
o(Kg + St ,66(K,), _Zsjl(ai +%,)) = (Gy.{a/},) , e X; - KiHUEBi BepIIMHH KBa3i3ipKK OTOTOKHIOKOTBCS
M

13 BepmmHaMu a; rpadak;, X,, X, MaroTh CTEMiHb 2, X, Ma€ CTEMiHb 4, IPUUOMY MHOXKHHA pedep

rpada Gss MiHIMaJIBHO TIOKpUTa MHOXKHHAMHU pedep aBox rpadis K, ta rpada K, .

2. I'pad G4 € @-obpasom rpada K, Ta kBasizipku St .(K,) Ipu HACTYIHOMY (-IIEPETBOP-EHHI
4 * . . . .

P(Ks + Styss5(K,), 2 (a; +%)) = (Gye.{a; },) , e X, - KiHIEBI BEPIIMHH KBa3i3ipKH OTOTO-KHIOIOTHCS
i=1 °

13 BepmmHaMu a; rpadak;, X, X, , X;,Mar0Th CTEMiHb 2, X, MA€ CTEMIHb 3, IPUIOMY MHOXKHHA

pebep rpada Gszs MiHIManbHO MOKpHUTa MHOXKHHaMH pedep rpadis K, , K, \(8,5) ta rpaga K, .
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Puc.4.4. I'padpuG,;, G,y BriageHo B N, 13 ABOMa NpUKIEEHUMHU JIeHTamMu Mebiyca.

Yacrtuna S.
Teepoorcenns 5.1. JIjis OBIILHOTO MiHIMaJIbHOTO BKIageHHs f mpocroro rpadga G o
HEOPIEHTOBAHOI MOBepXHI N MAarOTh MiCII€ HACTYITHI CITiBB1THOIICHHS:

1. Hemae pebep e,e',e =(a,b),e'=(b,a) Ha rpanuii 1oBiIbHOI KIITKH S, S€S,(N, f), ane
MOKYTh MaTH MiCIIe TIOBTOPEHHS JESKUX BEPIIUH,
2. Hemae moBTOpEeHHSI JBOX Tap BEPIIMH YU ABOX Iap 4acTHH pebep e,e = (a,b), e',e'=(c,d),
K1 TOMAPHO PO3JUISIOTH OJJHA OJHY Ta JIeXKaTh HAa TPAHUIll JOBUILHOI KIIITKH S ,
seS.(N, f);
3. Hemae nBox 2-KJiTOK S,,S,, A€S;,S, €S;(N, f), Ha rpaHUIAX SKUX PO3TAIIOBaHI
MOBTOPEHHS TPHOX BUAUIEHUX pedpa 13 pi3HUM MOPSAKOM CIIiTyBaHHS.
Hosenenns. Jlopenemo criBBigHomenHs 1. [IpumycTuMo, METOA0M B MPOTHIICKHOTO, LIO /IS
Jestkoro MiHiManeHOTO BKIaneHHs f rpada G 1o HeopieHTOBaHOI moBepxHi N TpaHUI KIITKH S ,
seS,(N, f) e nBapebpa e,e',e=(a,b),e'=(b,a), gk NpoTUIEKHO HaNpaBJIEeH] Komii pedpa
#(e) = (¢4(a), ¢(b)), po3ramoBani Ha TpaHulll 0S, T. TO, Ha MoBepxHI N oaHa neHTa Mebiyca
MICTUTh OJJHE pedpo ¢(e), e omnepallist ¢ - OTOTOJKEHHS TOUOK Ha TPAHUIISX KIIITOK € 00EpHEHOI0
70 omepallii po30UTTA Ha KIITKU oBepxHI N . OCKUIBKHM KOXKHE 3 IIUX pedep HaJCKUTh MEePEeTUHY
OJIHi€l 3 1BOX map KIIToK (S,S;),(S,S,) TO, BUAATUBIIN peOpo €, MU, TUM CaMHM, BUJAISIEMO i
pebpo €', yTBOPIOIOYH MPOCTHIA UK Z , SIKUA MICTHTB Bci Ti pedpa mpoctoro rpada G\ e, mo
HaJIe)KaJIM TPaHUISIM KIIITOK S,S;,S, , Ta CTaHEe TPAHUIICIO0 HOBOT  KIIITKHU S;, S, €S¢ (N, ).

[ToOynyemo Bkiagenus f', f:G—> N, ne f'l;.= fls., f'(€) s, , npuuoMy BepuMHaAMU HOBOTO
pebpa craHe KiHIleBa BepirHa pedpa (a,b) Ta mouarkosa BepmuHa pedpa (b,a) . Otpumaemo
PO3OUTTS KIIITKH S, Ha JIB1 KJIITKH, IPUUOMY OJHA 3 IKUX OyJie yTBOPEHA IIJISIXOM OTOTOKEHHS

JIBOX Map JiaMeTpaIbHO MPOTUIIEKHUX BEPIIMH , T.TO JIeHTO0 Mebiyca 6e3 pedpa, Ky 3aMIHUMO 2-
KJIITKO0 3MeHIMBIIH pig y(N)Ha 1. TUM caMuM OTpUMaeMO CyTepeyHiCTh YMOBI PO pia rpada

G , npunymieHHs HeBipHe. JoBeIeHHS CIiBBITHOIICHHS | 3aKiHYeHe.

Puc. 5.1. Psin 3 TppoX KapT U1tocTpye criBBiAHOLIEHHS | TBep/pKkeHHs 5.1.



Hoseaemo cmiBBigHOMIEeHHS 2. [IpUIycTHMO, METOIOM BiJl TPOTHUIICKHOTO, IO ISTKUM
MiHIMaJIBHUM BKJIaJeHHss f rpada G mo HeopieHTOBaHOI moBepxHi N 13, mMpUHANMHI, ABOMA 2-

pydKaMHM Ta OZHI€I0 JeHTo0 Mebiyca, po3TalioBaHi Ha TpaHuLl Jeskoi KiITku S,S €S, (N, f),
MOBTOPEHHS a00 JIBOX MMap BEepIIHH, a00 ABOX Map 4acTUH pedep e,e', 1e e = (a,b),e'=(c,d), ski
PO3MIlIIeHI Ha TpaHUIli OS sK Kotii pedep ¢(e),d(e'), neg(e) = (4(a), 4(b)), #(e') = (4(c), #(d)), T.
TO, Ha MOBepXHi N IBi pyYKH MICTATH IO OJHOMY peOpy #(e)uu ¢(e') , ae oneparis ¢ -

OTOTO/PKCHHS BEPIIIMH Ta pedep Ha TPAHUIIX KIIITOK € 0OCPHEHOIO JI0 orepallii po30UTTs Ha KIITKH
noBepxHi N MiHiManbHUM BKJIaneHHsM f rpada G . PosrmsHemMo nmpoctuit muisix L, o JIeKHUTh B

CepequHi KIITKH S 13’ €IHy€E Cepe/lHI TOUKH KOIIii pedpa € uu oro 4acTWHU, Ta KU CTaHe
HErOMOTOITHUM HYJIIO IPOCTUM IUKIOM ¢(L) Ha moBepxHi N miciis oneparii ¢ - OTOTOIKEHHS

Komii pebep (wactun) Ta BepiuH rpada G . Bumamumo ki ¢(L) 1 pedpo ¢(e) Tum camum
BIAPIKEMO 3BUIbHEHY PYUKY IIOBEpXHI Ta po3risiHeMo BKiageHHs f', f'= f |, sk 3ByxKeHHS
BkianenHs f wa minrpag G\e mo meopientoBanoi moBepxHi N'poxy y(N'), y(N')=y(N)-2,
npuuomy pedpo ¢(e') = (4(c), #(d)) Oyae BkiageHe Ha pydli h', Tak, 110 3 OAHOTO OOKY SKOTO
PO3TAIIOBAHO KIIITKY S' 3 BEPUIMHOIO ¢(a)Ha TpaHuIll OS', a 3 APYyroro 60Ky po3TanioBaHO KIITKY
s" 3 BepuinHOO ¢(b) Ha 0", e @(e') < 8s'mos" . [IpukneiMo A0 UX KIIITOK sus" JIEHTY
Meobiyca Ta BriageMo pedpo f'(4(a), #(b)) no s'US" He neperunaroun f'(g(e')) . Tum camum
otpuMmaemo BkiageHHs rpadga G mo mosepxui N" poxy y(N"), 7(N")=(y(N)-2)+1, sike cynepedutb
YMOBI CIIBBIAHOIIEHHS 2, T. TO MPHUITYIICHHS HeBipHE. JloBeIeHHS CIIIBBIIHOMIECHHS 2 3aKiHUEHE.

a b a T - b
c c c | c c c c
L L! g a b =
| a b
d d d ! d d d 4
b b
a a, _!. Puc. 5.2.

ImrocTpye cniBBigHOMIEHHS 2 TBepAKEeHHS 20,

Hosenemo tBepkeHHs 3. [IpurycTuMo, METOI0OM Bij MPOTUIICKHOTO, IO IEIKUM MIHIMAJIb HUM
BKiazeHHs f rpada G no HeopieHTOBaHOI MoBepxHiI N 13, MpUHANMHI, 2-pyUyKoi0 R Ta JeHTOI0

Mebiyca M , po3raiioBaHi Ha IPaHULAX AEIKUX 2-KIITOK S,,S,, A€S;,S, €S, (N, ), Tpu pedbpa
e,e',e", ne e=(a,b),e'=(c,d), e"=(g,h), skl po3MileHi Ha rpaHuLll OS, B HOPAAKY ¢(e),p(e'),
¢(e") , a Ha rpanui 0s, B NOpsAKY ¢(e), (") , f(e') , ned(e) = (4(a), #(b)), 4(e') = (4(c), #(d)),
#(e") = (4(9),¢(h)), ne ¢ - onepaiist OTOTOAKEHHS BEPILINH Ta pedep Ha IPaHULIAX KIITOK, sKa €
00epHEHOI0 710 onepallii po30UTTS Ha KJIITKH oBepxHI N MiHIManbHUM BKiajgeHHsAM f rpaga G .
Toni pebpa ¢(e),p(e') 3 G' N (ds,Uds,) MaroTh po3MinTyBaTics Ha 2-pydki R, Ta Ha M JeHTi
Mebiyca, Ha AKili IepecTaBUMO MiCLISIMU KIHIIEB1 BEpIITNHH (TIepeBepHEMO pedpo) ¢(e) .
Posrnsinemo npocrti nanioru L, L, , sKi 3’€AHyI0Th cepeauHu pedep e, €' Ha KIIiTKax S;,S,,
BIJIMOBIAHO, Ta YTBOPIOIOTH MPOCTUM LMK Z B pe3yJIbTaTi orepallii OTOTOKEHHS BEPILIUH Ta pedep
Ha rPaHUIIX KIITOK S,,S,. Bunanmumo pedpa ¢(e) Ta ¢(e') Ta oTpuMaeMo BiIbHY BiJ pedep 2-pyuKy
R . Buganumo npoctuii Huka Z , T. TO pO3pLKeMOo 2-pydKky R, MpudoMy He pO3AUISEMO MOBEPXHIO
N Ha aBi vactuan. Otpumaemo Bkiagenus f', f'=f loveren » rpada G \{e,e'} 10 HEOpPiIEHTOBAHOT
noBepxHi N', yrBopenoi 3 N nuisixom BuaaieHss pydkuR , ne y(N') < y(N) — 2. Ockinbku Take
BKJIQJIEHHS 2-KJIITKOBUM ,TO PO3MICTUMO Ha JieHTi M pebpo f'(e") , sike, pa3oM 3 Beplll HHAMHU



BUJIAJICHOTO pedpa €' HaJe)KaTuMe JBOM ICEBIOKIIITKAM Ha TPAHHLSAX SKUX PO3ALIS THMYTh OJTHA
OJIHY TTapH KiHIIEBUX BepIInH pedep e,e'. [Ipogosxkumo BrinanenHs f'Ha pebpa e,e', ki
nepexpelieHi Ha IJIOMWHHOMY JUCKY , YHUKAI0UH TIEPETUHY [UITXOM PO3TallyBaH HS iX Ha JICHTI
M, ne Bxe BKJIaJIeHO BepIIMHU pedpa e". TuM caMuM OTpUMAa€EMO CyNepedHi CTh yMOBI ITPo
MiHIManbHICTh BKIaaeHHs f rpada G 1o HeopienToBaHOI MOBepxHi N , T. TO IPUIYIICHHS

HeBipHe. JloBeieHHs criBBiAHOMIEHH 3 3akiHueHe. [loBeieHHS TBEpKeHHS 5.1 3aKiHUCHE.

Puc. 5.3. Imoctpye criBBigHOMEHHS 3 TBEpDKECHHS 5. 1.

Teepoowcenns 5.2. JIns noBipHOTO MiHIMabHOTO BKIaaeHHs f mpocroro rpadga G no
opieHTOBaHOI TOBepXHI N HE MarOTh MiCIs CITIBBIIHOIICHHS TBEP/KEHHS 5. 1.

JoBenenns . B kosxHOMY 13 CITiBBiAHOIIEHb TBepKEHHS 5.1 € nenra Mebiyca, ToMy Juist
opieHTOBaHOI MOBepXHI N KOXKHE 3 IIUX CITIBBIAHOIIICHh HE MATHME MiCIISL.

Teopema 5.1. Koxen rpag-o6ctpykuis H s N, - HeopieHTOBaHOI MOBEpXHi poza 2
3aJI0BOJIbHSIE HACTYITHUM CITiBBiTHOIIICHHSIM:

1. dosinsHe pebpo u,u = (a,b), po3mintyerbes Ha eHTi Mebiyca AeIKUM MiHIMalIbHUM
BKJIageHHsAM rpada H B N, Ta icHye MiHIMaIbHUIA IO BKIIOYESHHIO IPOSKTHBHO-TUIOIMHHUI

niarpad K rpada H\u uum fioro yacTuHa, 1110 3a/10BOJIbHSE YMOBI:
(t ({a.b}, N3) =1) A (t,, ({3 N,) = 2);

2. IcHye HaiiMeHIIa IO BKIIIOYEHHIO MHOXKHMHA Pi3HUX miarpadis K, ska MOKpHUBaE MHOXUHY pebep

2-38’s13H010 rpada H , e, K - nokanbHU MPOEKTUBHO -TUIOIMHHUNA TiArpad 4u YacTUHHUN
niarpad rpagaH \e , romeomoppuuit K \e un K,,\e

HoBenenns. Jlopenemo criBBigHomenHs 1. Hexaii u,u = (a,b), noBigsHe pedpo rpada-
oOcTpykKwii H J1s HEOpieHTOBaHOI MoBepXHi N, poja 2 Ta MiHIMaJbHE BKJIaJeHHs f ,
f:H —u— N,, sxe po3TamoBye KiHIIeBI BepIInHE pedpa U = (a,b) Ha rpaHUISIX JBOX KIIITOK
S;,S,, S; €S, (N,, f), S,(N,, f)=N,\ f(H), ne aeds,,beds,. Toni nue pedbpo He MOKe
3’€eHyBaTu ABa niarpadu rpada-odcTpykuii H Tta icHyBatuMe niarpad K, rpaga-odctpyxkuii H
romeomopduuii a6o K, abo K, ;, axkuii BKnageHHsaM f posminnyeThbes Ha IPOEKTHBHIN IJIOIMHI 13

OJIHI€I0 MTPUKIIEEHOIO JIEHTO0 MeOiyca Tak, 0 BCl HOro BEpIIMHHU BUXOJIUTUMYTh Ha TPAHUIIIO
OJIHI€T KITITKU, IPUYOMY JIesIKi 3 IOJBIHHUM AocTynoM. Toai pebpo u = (a,b) Oyne po3mimieHo Ha
neHti Mebiyca pa3om 3, IpuHaMHI OAHUM peOpoM, sSIKe Ha MPOEKTHUBHIN TUIONIMHI 3XpelleHe 13 U .
Bigmitumo, mo s, # S,, T00T0 MatumeMo piBHsaHHSA t,,, ({a,b},N,) =2, 60 y pa3i ofHi€l KiTKH

S, =S, 0yJ710 6 MOKJIMBO MPOJIOBKUTH BKJIAZICHHS LUIIXOM po3MimieHHs pedpa f (u) B cepenuny
KJITKH S, , 0 CyepeunTUME BUSHAYCHHIO Ipad-00CTPYKIIii I HEOPIEHTOBAHOT MOBEPXHI N,
pona 2. Toxi icHyBaTuMe HaWMEHIIINN TT0 BKJIFOUEHHIO JIOKAJILHO TUTONITUHHUN Ha HEOPIEHTOBAHO1



noBepxHi N, miarpag K rpada H \u, skuif MiCTUTH BCl BEPIUIMHH, 1110 BUXOSATH HA TPAHUII
KJITOK 0S, U 0S,, TOOTO 3a710BOJIbHAE piBHOCTI t,,, ({a,b}, N,) =2 . J/loBu3HauuBImy BiianeHHs f
HUIIXOM JI0JlaBaHHs Biapiska[a,b] g0 2-38’s3u0ro miarpada f(K), MaTuMeMo repeTuH npuHaiMHi
onHoro pedpa f (u') 3 [a,b]. [Ipuxieimo no N, nenty Mebiyca B mici nepetuny pebep f(u'), ta
nepeBu3HauuMo BiiageHHs f :H —u — N, msixom po3seneHHs Ha jieHTI Mebiyca pebpa f (u') 3
pebpom f'(u). Tum camum oTpumaeMo MiHiManbHe BkiageHHs f', f':H — N,, ske po3TamoBye
KIHLIEBl BEpUIMHU pebpa u = (a,b) Ha rpaHuui ojHiel KIITKH, Ta piBHICTS t, ({a,b},N;) =1.

JloBeicHHS CITIBBIHOIICHHS 1. 3aKiHYCHE.

JloBeieMo CITiBBiTHOICHHS 2 BUKOPUCTOBYIOYH HABE/ICH] BUINE TIO3HAYCHHS JIJISl BUITIICHHS
JOKaJabHO mIomHHKX niarpadis K, rpada H \u, sxuii 3a10BONbHSAE YMOBI:

(t;{a, b} N;) =2) A (te\, ({a, b}, N,) = 2) . PosrisiHemo Bei MOjKiIMBI BUnaaku uist rpaga H \u
1). Icaye npoctuii mukn f (z) rpada H \u, u = (a,b), skuii MicTuTh BepmHH a € 05,,b € 5, ;
2). He icnye npocroro mukiny f(z) rpada H \u, sxuif MmictiuB Ou BepiuHu a € 0S;,b € 05, ;

Bumamok 1). Hukmnom f (z) Oyme mpocTuil UK, IKWA MICTUTh TIPUHANMHI pedpa 3
KIHIIEBUMH BEPIIMHAMH a € 05,,b € 05, Ta BXOAUTH A0 00’ €THAHHS IPAaHUIb TUX KIITOK UM
nceBIOKITOK S;, S; € N, \ f(H), i=12..,n, 10 yTBOPIOIOTH JIAHIIFO’KOK 3 OYATKOM B S, Ta KiHIIEM
BS,, S, =S,,aKO0XHa HACTYITHA KJIITKA JIAHI[I0’KKA MaTHUMe IPHHANMHI OJJHE CIIi JIbHE pedpo 13
MOTEPEAHBOIO KIIITKOIO I[HOTO JIAHIIOKKA. Y BHPOKEHOMY BUIAAKY LI JIAHIFOKOK KIITOK
CKJIaJaTUMEThCS TIJIBKY 3 IBOX TPUKYTHHX KIIITOK UM ICEBAOKIITOK S;,S,. B rpada H \u mae
ICHYBaTH HaMEHIIIUN 110 BKJIFOUEHHIO JIOKAJILHO TUIOMMHHUHN miiarpad K, axuii 3a10BOJIbHSIE
ymoBi: (t, ({a,b},N;) =1) A(t,,({a,b},N,) =2), 60 iHak1Ie NOpyILy BATUMETHCS yMOBa Ipo H sk
rpag-o6cTpykuiro. To6To MaroTh 6yTH, a00 TPH JIAHILIOTH HEHYJILOBOI JIOBXHUHH, 1110 HAJIE)KATh
TPaHULSAM KJIITOK JIAHIFO’KKA 1 MAIOTh CIUIbHY KIHLIEBY BEPILIMHY, a00 /JBa 3XpEIICHUX Ha MJIOLUHI
JlaroHanab HUX BifHOCHO f(z)manmtoru L, L, HEHynbOBOI JOBXKUHM, (OAHMH 3 HUX HAJEKATUME 10
TPaHUIb KITITOK JIAHIIOXKKA, a IHIIUN He MaTUME CIUIBHUX pedep 13 TPaHUIEI0 KOTHOT KIIITKH
JIAHITI0KKA), K1 [TapaMU CBOIX KIHIIE€ BUX BEPIINH PO3AUIATUMYTh OJMH OJHOTO Ta Mapy BEPILIUHU
a,b Ha f(z).Toai nokansHo muonHHKK miarpag K matume Burasaa f(z)u L UL, ToGTo
f(K)zK,, Ta 3anoBonbHATUME YMOBI: t,, ({8,b},N,) =2 m1s nosineHOTrO pedbpa u = (a,b) . Y Bunaaky
KOJIM BEpUIMHU a,Db € BHYTpIIIHIMU TOUKaMH HeCyMKHHUX pebep rpada K, To rpad
K+(a,b)=K,;.

Bunanoxk 2). Hexaii He icHye npoctoro uukiny f(z) rpada H \u, skuit mictuB 61
BepIIMHY a € 05,,h € 05, . Lle o3nauatnme mo, BunaneHe pedpo u = (a,b) posipBano Toi mpocTii
nuki z'rpada H , o 3a ymoBH 2- 38’ s3HOCTI Tpada H nmpoxoaus uepes BepunHu a,b . Toail mae
OyTH 2-3B’s13HMit miarpad H' rpada H \u skuii Mae BepinHy a Ta NpOCTUH JIaHIIOT L', skuii
3a10BOJIbHATUME YMOBI H'UL'wu o z'. Jlns 2-38’a3Horo niarpada H' BUKOHyBaTUME -ThCA
HaBeJleHU BUIIe BUNAA0K 1). JloBenenHs myis BUnaaky 2) 3akiHueHe. TakuM 4uHOM JJIsE KOSKHOTO
pebpa u rpada 2-38’s300r0 rpadpa H e miarpad K, K, = K(u) + u, ae 1okanbHO MIOUIMHHUN

nigrpad K (u) 13 nodasnenum pebpom U (mpunaii MHIK +e= K, un K +e =K, ). Toni 06’ eananns



w N

No ok

BCiX Takux K, moxpuBae MHOuHY pedep rpada H . JloBeeHHS CIiBBITHOIIEHHS 2 3aKIHYEHE.
JoBeneHHs TeopeMu 5.1 3aKiHUCHE.

Hacninok 1. I'pad-oOG¢cTpykitiss H 1711 HEOpIEHTOBAHOI IMTOBEPXHI poaa 2 € ¢ - 00pazoM

ABOX KBa3i3ipok St,, ., . (H,),St (H,) 3 uentpamu - niarpadamu H,, k. =[H, |,i#jij=12,

mi,m2,..mk,
Jie KBa3i3ipKa MOKE HE MaTH BUCSYMX pedep, a y BUNIAJKY HasIBHOCTI BUCSYUX pedep, KokHa | -Ta
BUCSYa BEPUIMHA iHIIMIEHTHA Nl BUCSYUM BepIIMHAM TUX pelep, 0 MPHETHYIOTHCS KiHIIEBUMHU
BepmrHamu 10 Ml' Bepumn miarpada H |, xe 1=12,.k;, I'=12,..k,, i#],1,j=12, came ui KiHLEBI
BEPIIMHY YTBOPIOIOTH MHOXXHHY TOYOK MPHEIHAHHS 3 YHCIOM JOCSKHOCTI 2 BIiTHOCHO N, Ta
MaIOTh HACTYITHI BIACTHBOCTI JJis 2-3B’SI3HOTO H !

a). JUIA KOXKHA BEpIIMHA UEHTPY H,; 3 MiIMHOXXHHH TOUOK NMPHEIHAHHS NPUETHAHA, A00 BUCSINM
pebpom 1o oxuiel BepiumHu miarpada H ;, abo 1BoMa BUCSYMMH peOpaMu JI0 KOXKHOT 3 KIHIEBHX
BEPILMH JiesKoro pedpa miarpada H ;, abo TppoMa BUCAYMMH peOpamu JI0 KOKHOI BEPIIUHH

niarpada K, rpada H;, e i#jij=12;

0). koxHe pebpo miarpada H; um H ; € CyTTeBMM MpH onepauii Horo BuaaaeHHs, abo BIIHOCHO

i
HEOPIEHTOBAHOIO poxy y(H;) uu y(H;), ne i # j,i, j =12, abo BITHOCHO 4YMCIa JOCSKHOCTI
ty, (Xi;,N,) , MHOXHMHM TOYOK NpUEAHAHHS X;;, X;; = X(H; H;), kBa3isipku St,, ., . (H,) 1o
rpada H;, ne i = j,i,j=12, abo , sx 0oxoBe pedpo miarpada Ks, BignocHo uucna

6araToCTOPOHHOCTI ms,;, (X;;,N,), MHOXKHHHI TOYOK NPHETHAHHA X;;, X;; = X(H;,H;), KBa3131pKH

ij?
Stnl,nz,..,nkl(Hl) norpada H;, e i= j,i,j=12.

Puc. 5.3. Ha kaprax HaBegeno npukian niarpada K rpada H 3 Teopemu 5.1, BKIIa€HOT0 10 €JIEMEHTAPHOTO
JINCKA MPOEKTUBHOI TUIOLIMHA
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PO3JIU1 5. CTPYKTYPHU HA ITIOBEPXHI KJIEMHA

5.1. ITIPO AJI'OPUTM ITIOBY IOBHU 2-3B°513HUX MIHOPIB IIOBEPXHI
KJIEMHA

Beryn. OcHOBHI BU3HAYEHHS Ta Mo3Ha4eHHs y34Ti i3 [1,2,3]. ITix Toukoro rpada po3ymitTuMeMo abo Horo
BEpIIMHY, a00 BHYTPIIIHIO TOYKY HWOro peOpa. PosrmsiHemo 3amauy moOymoBHM BCix 2-3B’s3HHX rpadis-
oOcTtpykuii s N,- moBepxHi KineliHa i3 MHOXHHamMu pebep, KOKHE 3 SKMX € CYTTEBHUM BIIIHOCHO
HEOPIEHTOBAHOTO POy 3 TpHW OMepallisix BHIAICHHS pedpa 9u CTHCKaHHA HOrO0 B TOYKY, TOOTO MiHOpIB
HeopieHToBaHOTO poay 3. B [4] HaBemeHo umcioM 668, K MOTYXHICTh MHOXKMHH BCiX HEI30MOpGHHX 2-
3B’SI3HUX MIHOPiB HEOPIEHTOBAHOTO PoAY 3, aje HeMae IXHiX faiarpam. Bukopucraemo i moOyAoBH miarpam
2-3B’SI3HUX MIHOPiB HEOPIEHTOBAHOTO POJIY 3 CTPYKTYPHI BIACTUBOCTI TaKUX rpadis, Burucadi B [5,8]. Criucok
BCIX Hei30MOp(hHUX MIHOPIB HEOPIEHTOBAHOTO poay 2 MicTUTh 35 rpadis. B [6] HaBenmeno 12 6a3ucHuX rpadis
MPOEKTHBHOI IUIOLINHH, yTBOPEHHUX MEPETBOPCHHSIMH METOIy PEISATUBHIX KOMIIOHEHT,Ta HABEACHO MHOKUHY
3 63-x Oasucuux rpadiB s mnoepxHi Kueiina. [lomiOHa 3amada mnoOyaoBu TpadiB-oOCTpyKIii
HEOPIEHTOBAHOTO POAY Ha OCHOBI MHOXKHHH BiTOMUX TpadiB-00CTPYKITiH 151 HEOPIEHTOBAHOTO poay k , Mae
PO3B’s130K [uIst He Oibin HiX Ha 10 BepmmHax [7], a came, MOBHOI MHOXHHH JIJIsS IPOSKTUBHOI TUTONIMHH Ta
HETOBHOI IS 1HITNX ITOBEPXOHB, 30KpeMa, moBepxHi Kieitna.. Bukopucraemo MeTon (p-miepeTBopeHb rpadis
Ta Teopemy 2 [8].

Teepmkennst 1. Hexait G,- miHop HeopieHTOoBaHOro pony 2, a rpadp G momaHuii sk @-00pa3s

2 *
p(G \e+St (H), X(@;+9;1)) (G,{aj}izzl) ,ae i=1(1)35, G, \e € G,- miHOp i3 BHIaJICHUM peOpPOM e Ta
ER

3alaHMMK TouKamu 3 MHOXuMHMM;, M;={a; a;,}, mocsmxuoro nHa mosepxni Kneitna. 3amano St (H)-
KBa3i3ipKy 3 LeHTpoMm rpadom H Ta MHOKHMHOI BUCAUMX pebep Ak cymoro miamuoxunH{(a;,g; )}, Ta
{(b,92) me1»> l& N>M>1, ki BUCAYMMM BeplIMHAMH &;, D, TPUKICEHO JOBUTLHAM YHHOM 0 JBOX
To4oK 3 MHOXMHH X, X ={g;;,0;,), npuiomy MHoxmHa Towok Y , Y ={a;,b,},;, Ha eBKijoBiii

onuHi Mae uncio gocsokaocri ty (Y,S,) , ne t, (Y,S,) =2, amuoxuna X Ha moBepxHi KieitHa mae uncno
HOCSKHOCTI tgy 1y (X, N,) et 4y (X, N,) =1.

Sxwmo rpad H romeomopduuii onnomy 3 rpadis {K,, K, 5, Kg \ €} ta mae 3anany MHOXHHY TOHOK X LY,
aeX NY =<, NOCSHKHY HAa MPOSKTUBHIN IUIOIIMHH, Ta 3 YHMCIOM JOCSDKHOCTI tg (X WY,S;) BiZHOCHO
eBKJIIZIOBOI IUIOMKHY S, , Ae to (X UY,S,)=2, To rpad G - MiHOp uu rpad-oOCTPYKIIisi HEOPIEHTOBAHOTO
pony 3.

Hoseoenns. I'pap G,G =D,;, MOXINBO mojgaTu sK IpU3My, B OCHOBax fKOI JexaTh 1Ba miarpadu
isomopdrux K, , BepIMHM SKUX TONApHO 3’€iHaHi pedpamu. Muoxkuny G' pebep rpada G po3i6’emo Ha

KJIACH €KBiBAJICHTHOCTI BiTHOCHO IpyI# aBTOMOP]i3MiB I[bOT0 rpada, ToOTO MiAMHOKUHE pedep rpadiB 060x
OCHOB Ta MHOXHHA 3 YOTUPHOX pebep rpaneid. J[iist KOXKHOTo npeICTABHUKA KIIacy €KBIBAJIEHTHOCTI IPOBEIEMO
CTHCKaHHS B TOUKy. Pe3ynbpTrar HaBeneHo Ha puc.l. s pebep kiacy 3 npeacTaBHUKOM (4.6), Ha Apyriid KapTi
qutst (7,8). 3riiHO KX KapT KOXHA IMapa BePIUIMH [UX CTUCHYTHUX TpadiB JIeKUTh a00 Ha IPaHuULll 2-KITITKH YU
TICEBJIOKITITKH, TOOTO € JIOCSHIKHOIO Ha MPOEKTUBHIN TuIomuHi. ToMy MOXIIMBO MPHUKIEITH J0 YEPBOHUX Tap
KBa3i3ipKH, 3 YMCIIa HaBEJIEHMX Ha PUC.2, OTOTOXHUBIIM 3 TAPOI0 HEIHIWJICHTHUX BepmuH rpada G .
BapianTtu ckneenux ¢-o0pa3i rpadis HaBeneHi Ha puc.3.




Puc.1. Bknanenns D;; B N, na 1-ii kapri, na 2-ii Ta Ha 3-# rpadu G(4‘6) , G(7’8) Bknmaneni B N, .

A\ W 28 (]

Puc.2. Kpasisipku St, (H) 3i ckneenumu B mapy TOYOK MiIMHOXKHHAMH BUCSYMX BEPIIHH.

Jns noGynoBu 2-3B°S3HMX MiHOpIB it N, BHKOPUCTAEMO MHOXKHHY BCIX HEI30MOp-(HUX MIHOpIB
npoektuBHOI monuHu. Hexait G := D, ;. Ilepebupaemo Bci pi3Hi BapiaHTH CKICHKH 110 MHOXMHI 3 IBOX TOYOK
rpada G Ta mapu TOYOK KBa3i3ipKH i3 IeHTpoM H, MOKITUBHM € OTOTOIKECHHS KiJTbKOX BUCSIYUX BEPITHHAME
B OJIHY YH JIpYTY TOUYKY HapH CKICHKH. MoXIUBUME OyIyTh HACTYIIHI BapiaHTH (-00pa3y 300pakeHi Ha pucC
2, Je BUIAUIEHO Mapy CKIEEHHX BHCSAYMX BEPIUUH, SIKI INPUKICIOBATHMEMO 10 Iapu BepiuuH rpada D, .
Bigmitimo, mo geski Bucsai pebpa kBasisipkm St (H) crarmyti B TOYKy sIK HeCyTTeBi BiTHOCHO
HeopieHTOBaHOI noBepxHi N, . Bubepemo Touku ckiieiku poOMMO cepe]] TUX Map BEpILIUH, SIKi € eIeMEHTaMU
JocskHOT MHOXKMHM Ha N, . Bunanumo onxe 3 pebep (a,b) Ta npuxiieiMo monapHo A0 KiHIEBUX BEPIIMH

BUIAJICHOTO pedpa Ti BEepIIMHH KBa3i3ipKu i3 HeHTpoM H Ta MHOKHMHOIO BHCSYHMX BEPIIMH, pO30UTOIO0 HA JBi
MiZIMHOXXWHH, IO YTBOPHIUCH MPH OTOTOXHEHHI IUX ABOX MiJJMHOXWH. MOJIMBUMH € BHUIAJKH CKIIEHOK
300paxxeHi Ha puc.2. JloBeleHHS TBEpKeHHS | 3aKiHYEHE.




Puc. 3. diarpamu 2-38’s13HUX MiHOPiB [Uis moBepxHi KiteitHa..

Teepoacennsn 2. IlpubnuzHe yncno 2-38°s13HUX MiHOpiB moBepxHi Kieiina - 700.
Hosenenns. KinbkicTs 3B’S13HUX MiHOPIB AJIsl HPOCKTUBHOI MJIOMIMHY J0piBHIOE 32. [l BHOpaHOTO HAOCIHII

cepen 1ux rpadis Minopy D;; maemo MHOXHHY 3 21-T0 rpada, HaBeaeHy Ha puc. 3. BBaxxatumemo, 1110 11

KOXHOTO 3 TpadiB-MiHOPIB IPOEKTUBHOI IIIOMUHI KiJIbKiCTh MIHOPIB MPUOIN3HO ogHaKoBa . OTKE MAaTHMEMO
yncino 2-3B’s3HUX MiHOpiB moBepxHi Kielina npubnmsno 700. CxemaTuuHe JOBEIEHHS 3aKiHUCHE.
TeepmxerHs 1 € oCHOBOIO TiHIITHOTO anropuTMy 1 SIKUM MOITHBO ITOOYI0BATH BCi 2-3B’s13H1 MiHOpPH MTOBEPXHI
Kneitna.

. 35 . . . . . .
Anzopumm 1. Bxin: Muoxuna{G;};"; i3 35-Tu MiHOpiB IPOEKTUBHOI IUIONMHH, MHOKMHA BCIX HEI30MOPHHUX

. o 7 ..
BKJIaJIeHb 1UX rpadis B nosepxuio Kieiina, {St, j (H;)}j2 MHOXMHA KBa3i3ipoK I CKIICIOBAHHS IO JBOM

. . . . R :
napaM BUUIEHUX BepinuH. Buxin: Muoxuna 2-3Bs3Hux rpadis-oocrpykiii {¢(G, )}, HeopieHTo-BaHoro

pony 3.
Janst nukity 3 mapametpow i Bix 1 1o 35 BUKOHATH HACTYTHI [Iil:

9. G=Gj;

10. Tlobynyemo muoxuny B ={(a,,b, )}|kB=|1 BCix map BepmmH rpada G, sfKi po3TamoBaHi Ha
paHUIll 2-KJIITKYA MOBEPXHI KJIeHHA 4M i1 MICEBIOKIIITKY Ta 30epiraroTh JOCSHKHICTh B rpadax,
OTPUMaHHX IUIIXOM BHJAJICHHS JOBUIBHOTO pedpa 4u CTUCKaHHS pedpa B TOUKY.

11. Jlns umkony 3 napameTpoM K Big 1 1o |B| Bukonatu HactymHi 1ii:

12. (a,b) ={a,,b,);

13.  Jlnst mukity 3 mapameTpom j Bix 1 10 7 BUKOHATH HACTYITHI JIii:

a. St ,(H)= Stnj(H i)
b. Cxneimo nomnapso (G , (a,b)) ra (St,(H),(a',b"));
€. Orpumaemo napy ¢(G), (a*,b*);
d. Busogumo ¢(G);
e. Kinenp nukiy 1o j.
14. Kineup nukiny mo K



15. Kiners nukiy 1o |.
16. Kinens anroputmy 1
BucnoBku. Takum 4vHOM B poOOTI HaBeleHa MOOYJOBa JIiHIHHOrO MOOYMOBU aiarpaM 2-3B’SI3HUX
MiHOpiB moBepxHi Kieiina.
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5.2. MOJIEJII TPA®IB-OBCTYKLIIM [TOBEPXHI KJIEMHA.

Beryn. OcHOBHI MOHATTA Ta mo3HaueHHs B3Ti 3 [1],[2],[3]. PosrisuyTo 3amauy 10CiiHKEHHS
CTPYKTypH rpadiB-o0cTpyKuii s moBepxHi Kieitna ta modymoBani ixHi rpad-mo/eni Sk OCHOBY 3
SKO1, IIIXOM BUJIAJICHHS UM CTUCKAHHS JIESKOT MHOXKUHU pedep, YTBOPIOIOTHCS Ipadu-00CTpyKIIiii
JUIS 337JaHOT TIOBEPXHI HEOPIEHTOBAHOTO poy. 3aja4ua JOCIiIKEHHS CTPYKTYpH rpadis
HEOPIEHTOBAHOTO poay posrisaanacs [4,5,6]. B [7] MeTogoM peissTHBHUX KOMIIOHEHT OyJia
CTHCHYTa MHOXXHHA MIHOPIB JUIsl TPOEKTUBHOI TUIOMUHY 10 12-T Ga3uCHUX MIHOpIB Ta
moOy10BaHO MHOKHHY 3 62-X MiHOpiB oBepxHi Kieiina. [{yist iboro posrisiganu Bei HeizoMopdHi
MiHIMaJTbHI BKJIQJICHHS KOXKHOTO 3 0a3MCHUX MIHOPIB Ta 3HAXOUIN MHOXHUHY BCIX Pi3HI Mapu
BEPILUH, SIKI € JTOCSKHUMH Ha IPOEKTUBHIN MJIOUIMHI P OIepallisiX BUJAIEHHS Y1 CTUCKAHHS B
TOYKY JOBUILHOTO pedpa 1iporo rpada, motiM 10 00paHoi Mapu TOYOK MPUETHYBAIN APy
necymixkuux Bepuint rpada K, \e. B [8] o6unciena kinbkicts 2-38° 301X rpadis-o0CcTpyKLiit ais

noBepxHi Kieiina, yactuna aiarpam mux rpadis HaBeaeHa B [10].

Haur miaxiz, sk npogoskenus [9], mosisratime B 3HaXOKEHHI peOEpPHOTO MOKPUTTS rpada-
oOcTpykuii G 3am1aHoro poay MiHIMaTBbHUM YHCIIOM MiArpadiB MOKPHUTTS 3 YHCIIA KBa3i3ipOK 3
[EHTpaMH - rpad)aMu 3 CyTTEBUMHU pedpamMu BiTHOCHO YHCIIa JOCSKHOCTI Y HEOPIEHTOBAHOTO POIY
IPY OTEpaLliAX CTUCKAHHS B TOUKY UM BUJAJIIEHHS peOpa BiTHOCHO 33JJaHOi MHOKMHHU TOYOK 3
YHUCIIOM JIOCSDKHOCTI 2 BITHOCHO €BKJIII0BO1 TUTOIIMHHU Ta TOCSHKHUMH Ha TIPOCKTUBHI TUTOIIMHI Y1
noBepxHi KieliHa, HanpukiaI, e miIMHOKUHUA MHOKUHHU Touok rpadis Ka, Ko 3, Ks\e, K_r , 22,
yi rpad-o0CcTpyKIiii MPOEKTUBHOI MIOMMHHU. TakoxX 3HailIeHO HEOOXiTHI YMOBH AJisi TOOYI0BU
rpadiB-o0CTpyKIii Aist moBepxHi KiieiiHa NuIIXoM OTOTOKEHHS Tap TOYOK IIEHTPIB Ta BUCSIUUX
BEpIIMH TPbOX KBa3131pOK, TUM CAMUM Ma€eMO OCHOBY aJIrOpuTMa oOyI0BH OUIBLIOIO YKCIa
rpadiB-o0cTpykiit 1yt noBepxHi Kielina. ['imotetnyno rpad-o0cTpyKiis 3axanoro
HEOPIEHTOBAHOTO poay N,N = 2, Mae BUTIIS ITIHPUYHOT TOBEPXHI 3 N TUCKAMH-OCHOBAMH Ta
O14HOIO YaCTUHOIO, SIKI MOXKYTh MaTH CHIbHI MHOKMHU TOYOK Ha TPAHUIIAX Ta HA SKUX BKJIJICHI,
IpUHAWMHI YaCTUHOIO, Tpau-IIEHTPHU KBa3131pOK, 10 MAIOTh 33JJaHy MHOXKUHY TOYOK JIOCSDKHOCTI 2
Ha €BKJIIJIOBIN IUIOIMHI, a Ha O14H1M MOBEPXHI PO3MILIYIOTHCS BUCSIUI pedpa, 1110 NEPEeTUHAIOTHCS Ha
IUTOLIMHI Ta BKJIAJAIOTHCS 0€3 MEePeTHHY 3a JOMOMOI00 MPUKIIEEHUX /10 O1YHOT MOBEPXHI JIEHT
MeOGiyca. [Ipu nbomy pebpa MaTuMyTh, IpUHAMMHI, 1Ba BapiaHTH BKJIAJICHHS B O1YHY YaCTHHY
LWTIHIPUYHOT TOBEPXHI, ajie He OUIbIIe KUIBKOCTI PUKJIEEHUX JIEHT MeOiyca, 3aBAsSKU [IbOMY
KO>KHE BUCsiUe peOpo BKIIalaTUMEThCs Ha JJeHTI Mebiyca, abo TUIbKM 3 0IHUM pedpoM, abo 3 JBoMa
CYMDKHMMH peOpamu. BimMiTHMO, 1110 HaBeIeHe HIKYE BU3HAUEHHS 3 Mae aHajoriune B [11].
Yacruna 1.

Hexaii 3a1ano minimasnbhe BrnageHns f rpaga G 1o HeopienroBanoi nosepxui N , ske peaiizye uncio

. . . t
nocsokHocti T, tg (M, N) =t, To6T0 11e HaiiMeHIIIa 10 BKIIOYCHHIO MiAMHOKUHA {S; }{_; MHOXHHH S _(N, f)
, So(N, f) = N\ f(G), CKIIaJIeHa 3 KIITOK Ha IPAHUILIX SKUX PO3TAIIOBAHO TOYKH 3 MHOKHHE M. KoxeH

rpad G mneopienrosanoro poxy k, k 21, Moxe OyTh nmojaHuM HACTYITHUM [EPETBOPEHHSIM:
o(H +St, (9,).2(a, +9,)) = (G.{a; }",) , six ¢-0o0pas rpada H Ta sipku St (g,), npuenHanoi
BUCAYMMH BEPUIMHAMH g; JI0 TOUOK @;, JI€ 3a/1aHa MHOkuHa Todok rpada H , M ={a},,, M € (ds; U

0s,) N H® sxa po3milnyeThes Ha TPAHUIAX KINTOK Sp; Sy, MHOKMHM N\ f'(H) ,1e t > 2, m>2,
i=12,..,m, miHiManbHuM BKIageHHsm f', f':H — N'.
AHAJIOT{9HO XapaKTepuCTHKaM BKyiajeHHs rpada G o opienroBanoi moBepxHi Ha migMHOKuHi {S;,S;,5}

muoxuHi Sg(N, f), BusHaunmo xapakrepuctuky 0, 0 =1, mHOXHHH M KOITM BUKOHYETHCSI yMOBa



0s; N 0s iN 0s, # <, 10010 €, X04a 6 0JHa, CIIbHA TOYKA Ha IXHIX TPAHMIIAX, KA € IIEHTPOM KJIITKOBOI

3ipKH, yTBOPEeHO i3 TpboX KitiTok {S;,S;,5,}, abo BusHaueHo xapakTepuctuky 06, 00 =1, sxmo foBinbHI

Mapy UX KIITOK MalOTh Ha TPAHALISAX, MIHIMAIBHO, OAHY CIIITEHY TOYKY, TOOTO YTBOPIOIOTH KIITKOBHMA ITAKI
JIOBXKHUHHU 3, yTBOPEHHUX 13 TPHOX KIITOK {S;, Sj, Sk }.

Iosnauenns 1. Tlo3nadatumemo uepes £ (Si ) Sj) Ta HA3UBATUMEMO KyTOM MK KIIITKaMH YU

TceBOKIITKaMH $,8; MHOXHHK S; (N, ) HaliMeHITy 1o BKITIOYEHHIO 3ipKy rpada G 3 meHTpoM B @,

aeG’n (0s; M 3s;) , i3 MHOXHMHOIO pebep - MPOMEHIB, PO3TALIOBAHUX 3 OJHOTO GOKY BiTHOCHO TOUKH
TIEPETUHY TPAHMIIbL KIITOK S;, Sj. Came 1i peOpa uM iXHi YaCTUHM BKJIAIATUMEMO 110 JIEHTH Mebiyca,
MIPHUKJICEHOI [0 TUTOIIHHHY, TSI YyTBOPEHHS MICEBIOKIITKH, Ha TPAHUII] SIKOi PO3MINTYIOThCA 00’ € THAHHS
TPaHHULb S, S;.

Iosnauenns 2. Hexaii 3anane miniManbhe Bknagenns f rpapa H 1o meopientoBanoi mosepxmi N .
Bynemo nosnauaru uepes a(Z(s;,S,)) oneparito nepersopenns pebep €;,e,, f(e,) = ds,, f(e,)cds,,si
CITIBHOIO BEPUIMHOK & KITOK S1,S15,S,, ne f(e)u f(e,) c 05,,, npuuomy Brnanenns f rpapa H B N
po3MmilLye Ha rpaHuusx KiIiTok Si,S; muoxuny f(M), f(M)=f({a}",). [pukneimo no kiitku Sy, nenty
Mebiyca HacTynHuM unHOM. Po31enumo foBiibHY BHYTpilHio Touky f(X,) pebpa €, € =(a;,0,) Ha Touxn
X;', X", me i =1,2. BUpiKMMO B cepequHi S;, €TEMEHTAPHHIT IUCK 3 LIEHTPOM B X; Ta PO3TALLYEMO Ha HOro
TPaHMII AiaMeTpaibHO MpoTHIeskHi mapu Touok (X', X,™), (X", X, ") sx kiHiesi Touku yacTuH
CXpelieHHX pedep Ha IUIOLIHMHI eJIeMEHTapHOro Aucka. OTPUMAaEMO TaKMM YHHOM TICEBIOKIITKY $
neopienrosanoi mosepxui N', e ¥(N') =y (N)+1, 0s = s, U OS,,, B Ky MOKIHNBO BKJIACTH Ty
vactuny 3ipku f'(St,(0,)) , sxa npukneena 1o Touok Muoxkuru f (M) M OS i Takum yuHOM OTpUMATH
Biuaenns rpada G B mosepxuio N'.

Iosnauenns 3. Tin kpasizipkoro Sty (H) 3 nenrpom H 6ynemo posymitu niarpad um wactuny H rpaga
G 3 MHOXHHOIO BUCSYMX peOep MPHUKPIIUICHUX OJIHI€I0 KiHIIEBOK TOYKOO JI0 BEPIIMHH YU TOYKH pedpa
niarpa¢ H , a i kinuesi Touku Hanexkats MHOXuUHI npueananns M, M ={a}, .

Busnauenns 1 . Hexaii 3anano miniMansse Bkiagenus f rpada G mo neopienroBanoi moBepxui N |

sike peattizye uucio gocsokrocti U, to(M,N) =t, Bynemo nasusaru kiitkosoro nosxunoro dg (S, S s f) mix
TPaHUIAMH KJITOK $j,5; i3 33/laHMMH Ha HUX MiJIMHOKUHAMH L, L j BepumH 3B’s3H0r0 rpada G , ne

0 0 . o .
L, cG Nds;, LicG nos;, {Si,Sj}CSG(N, f) , TOTYKHICTB | J | HalMeHIIO] 110 BKJIFOYEHHIO

BIOPSIZIKOBAHOT MHOKHUHH J , ] :{Si,SM,..., Sigr S j}, J gSG(N, f), ne mocmizoBHi Mapy KIINTOK MalTh Ha CBOIX

IPaHUILIX, IPUHAWMHI OJIHE, CITiTbHE peOpo. [IprudoMy i IMHOKHHY MHOXHHH | , CKIIAJICHY i3 HE MEHIIIE HiX
JIBOX TTOCITIJIOBHHX KIIITOK 31 CIIUTFHOIO BEPIIMHOIO HAa TPAHHMIIAX, OyIEMO paxyBaTy SIK OJHY KIIITKY. Takox

OyeMOo TOBOPHUTH, 1[0 Ha MHOXHHI J 3a7aH0 0COOIMBHIA IIPOCTHI KIITKOBHH JTAHITIOT Lij , Lij = L(Si 'S j) ,

SAKUH 3’€enHye KIiTKH Siy S KiiTkoBoro rpada as rpada G .V Bunajaky Hess’s3Horo rpada G onna 3

KJTITOK MHOKHHH | OyJie He 2-KJTITKOIO 1 HE MCEBIOKIITKOO.
Busnauenns 2. ByeMo Ha3uBaTH JIEPEBOM T JIOCSIKHOCTI MHOKHMHK Todok M | Ta mosnausaTn uepes
T=T5(M,N),, 3B’s3uoro rpada G , nmpu 3ananomy miniMansHoMy BKIanenHi f rpaga G 1o

neopientosanoi nosepxui N , M Z{ai}im:l, sike peanizye aucio gocsxuocti T, t5(M,N) =t napy muoxun



t o . . .
({sih ALy} , ze {L;} - naiimenma no BriIIOUCHHIO MHOXHHA OCOGIMBHX KIITKOBHUX JIAHLIOTIB L(s;,s j) SIKi,
abo Oe3rmocepenHpo, abo K 00’ € THAHHS KITBKOX ITOCTITIOBHUX KITITKOBHX JIAHIFOTIB 31 CIIUTFHUM KiHIIEM

OJTHOTO Ta MOYATKOM iHIIOTO, 10 3’€AHYIOTh BCi MapH KJIiTOK S;,S; Ta MarloTh HAMEHNTY CyMy TOBKHH BCiX
Lij 13 MHOXUHHA {Lij}.
Busnauenns 3. J{nst mHoxunu Touok M, M = {a;}1%, 38’s3H0r0 rpada G pony y = y(G) 3 unciom

nocsokrocti to (M, N ), ze tg (M, N )=t, t>2, 6ynemo nasusari knitkosoro nosxunow0 dg (M, t), ne

de(M,t)= min 2 dg(s;,s;, f), Mk migMHOKHMHAMM Li,LjMHO)I(I/IHI/I M, M-=LUL;, LinL;=9,
viefGN vs;,s;€T

PO3TAIIOBAHUMH Ha TPAHHILIX JOBUIBHUX KIITOK S;, Sj ,{Si S j}CS G(Ny, f), mo peatizytoTh YHCI0 AOCSKHOCTI

ts(M,N y ), ne fGN - MHOXMHa BCix HeizoMopdHUX BKIageHbs rpada G 10 N y » 10 PEATI3YIOTh YUCIIO

nocsuknocti tg (M, N) muosxuun tosox M

Busnauenns 4. Bynemo nasusati MHOkuny M , M :{ai}i”ll , Touok rpaa G 3 umciom gocsxuocTi [,
e tg (M, 2,) =t , kpurnunoro BinsocHO KiiTKOBOI MOBXKHEK O (M) npu onepanii BuxaTeHHs
JOBLIBHOTO elleMeHTa &, , SIKIIo Mae micte HepiBHicTh (g (M \a;) <dg (M), un BinHOCHO Omeparii cTHCKaHHS
peopa U = (ab) Brouky a' (axmo {a,b} = M , 1o 3amicts M posrnsgatumemo MHOKHHY
M'=(M \(a,b)) u{a’}), sxkmo mae micue nepinicts dg, (M')<dg(M).

Busnauenns 5. Bynemo nasusatu rpad G minimansaum BinHocHo dg(M) npu onepauii Bunanenus abo
CTHCKaHHS B TOUKY JOBUIbHOTO pebpa U, sxmio , a6o dg, (M)+1=dg (M), a6o dg, (M) <dg (M), ne Gu -
rpad 3 cTUCHYTUM B Touky a' peGpom U = (a,b) ta M'=(M \{a,b}) ua'.

Busnauenns 6. ByneMo roBOpHTH, 110 2-3B’s13Huit rpad-o6ctpykuis G HeopienToBanoro poay y(G),

7(G) > 1, nokpupaetbcs muoxkuHow0 3 K, K = 2 xBasizipox St (H;) 3 uenrpom H; ( xomm nentp e

Ti
0 I .
BUPOKEHUM rpadoM 3 MHOxkuHOI Bepma H, ={v j} j-1 MaTHMEMO MHOKUHY 2. St (v j) 3ipOK), SIKIIO Ma€e
j=l

k
ice G = Y St (H ) N . .
Micre 6\ ), (To6TO KO’KHE Pedpo rpada HANEKUTh, IPUHANMHI, OJIHIH 3 IBOX KBa3131poK), A€
j=1

H | - INIOMHHMI rpad 13 331aHOX0 MHOXKHMHOIO TOUOK M | 3 YMCIIOM JAOCSKHOCTI 2 BIJTHOCHO €BKJIITOBOI
nnomuny, rpad H, pony 7(H,) 20 i3 3ananoro MaoxuHO0 Towok M, 3 unciom aocsukHocTi t, t=1,

(saxmo 7(H,)=0, 10 t=2) BinHOocHO moBepxHi poxy ¥(H,), mpudomy Bci BucsAUi peGpa-TIpoMeHi MaroTh
OyTH CYyTTEBHMH BiZIHOCHO YHCIIa JOCSKHOCTI IIPH orepawil BugaaeHHs pedpa, a esiki BUCSUi peOpa-npoMeHi

MOXYTh HAJIE)KATH Pi3HUM KBa3i3ipkam, abo OyTH BincyTHiMu B3arami, ie M; ={m; }'J.":l , Ta N; BucsuuMu
pebpamu (mij,bij.,),ne i=12..n, j#j', J,j'=10|G] .

Jlema 1. MaioTh Miclie HaCTYTIHI TBEPAKECHHS:

1. KiiTkoBa BiAcTaHb MK 33JaHOI0 MApOI0 KIITOK MiHIMAJIBHOTO HEOPI€EHTOBAaHOTO BKIJIAACHHS 3a/1aHOTO
3B’s13HOTO Tpada € 301IbIICHOr0 Ha | HAHMEHIIIOI METPUYHOKO BiJICTAHHIO MiXK JOBUIEHUMH NTApaMH TOYOK Ha
TPaHULAX IUX KIITOK.

2. Slxkmo MHOkMHAa M Mae OLIbII HiXK AB1 KIITKH MiHIMaJIbHOTO HEOPI€EHTOBAHOTO BKJIaIeHHs 3B’ I3HOTO rpada
Ta BU3HaueHo aepeBo T(M) (B sskoMy BepIIMHAMH OyyTh €IEMEHTH MHOXKUHH M, a peOpoM Oyjie HasBHICTh
CHIJIBHOI TOYKM JUIS TPAaHUIb KIITOK MHOXHHA M), TO KJIITKOBAa BIiJICTaHb MiX 1i €JIEMEHTAMH € CYMOIO
3011bLIeHNX Ha 1 TOBKMH HAMKOPOTILMX JIAHIIOTIB MK IIapaMHy IOBUILHUX BepiiuH nepesa T(M).



3. Pe6po u rpada G cyTTeBe BiTHOCHO YMCIIA TOCSHKHOCTI 3a1aHOi MHOKHHU TOY0K M, M = {a, b}, rpacda
G npu oneparii fioro BugaIeHHs, KO HaNex)UTh KBasizipii Stg (K, \(a,b)).

4. Tpap K, \(a,b) isomoppuuit St(K,) 3 gorupma Bucsunmu pe6pamu, 3 SKUX TPU MaIOTh BUCSAYI BEPLIMHH
OTOTOKHEHI B TOYKY @, a yeTBEpTE pedpPO CTATHYTE B TOUKY b .

5. 3ipka St(K,) 2-38’s3n0r0 rpada-o6¢Tpykiii G 3a1aHOTO HEOPIEHTOBAHOTO POy 3 Ma€, IOHAMEHIITE,

10 OJTHOMY BHCAYOMY peGpy-TIpoMeHIo 3 KoxkHoi Bepmmnu rpada K, un, npunaiivui, votnprox
BHYTPIIIHIX TOYOK HOTo pedep, MPUIOMy AedKi 3 HIX MOXYTh OyTH CTATHYTHMH B TOUKY.
6. Jlns koxkHOro Tpada-o6CTpyKIii € pebepHe TOKPUTT TiArpadamu 4u yacTuramu romeomopduuvu K, .

Hosenenns. Teepmkerns 1,2,3 nemu 1 BUTDIMBATUME 3 TIOHITTSI METPUKH rpada Ta HaBeICHUX BUIIC
BU3HA4YCHb 3, 4, 5. TBepmkeHHs 4 € oueBUIHUM. [|OBECTH TBEPKEHHS 5 MOMXIJIMBO METOOM BiJl POTHIICIK

HOT0, IIPUITyCTUBIIH, 1110 € BEpIIMHA v rpa(ba K4 , AK ICHTpa KB33i3ipKI/I, 10 Mae CTEIHb 3 Ta HE HAJICKUTD

pebpy-nipomento kpazizipku St(K,). Moxmusi 18a Bumanku ais napu BHyTpinmix pedep rpada K, :
Bumasmox 1. Pebpa po3mimeni Ha penti Mebiyca;
Bunanok 2. PeOpa po3mimieHi Ha pi3HuX JeHTax Mebiyca.
Posrmsaemo Bumaok 1. Tomi MOKIIMBO 3BUTEHUTH BiJl OJJHOTO 3i CXpemnieHnux pedep neHty Mebiyca,
PO3TalIOBaHy B CEPEAUHI 2-KIITKU S 3 TPAHUIIE0 OS— IUKIOM Z JOBKMHHM 4 EHTpa KBa3i3ipKu, IUISXOM
PO3MiIIIEHHs HA30BHI LMKITY OJHOTO 3i CXpeleHnXx pedep, ke He MaTuMe KiHesoi Bepiuan V. Tum camum
3MeHIMMO pif rpada-obctpykiii G 3a1aHOr0 HEOPIEHTOBAHOTO POLY, IO CYIIEPEUNTh BU3HAYCHHIO rpada-
obcrpykii. [lpumymenHs HeMOXITUBE, TBEPKEHHS S5 s Bumaaky 1 mosexene. PosrisHemo BUNamox 2.
Sxmo obuaBa BHyTpimHI pebpa rpada K, He po3mimieHi Ha TeHTi Mebiyca, To OfHE 3 HUX CXPEIIyEThCA Ha
TUIOIIUHI 13 peOpoM—TIpoMeHeM KBa3izipku St(K,) Ta po3mimryerbes Ha eHTi Mebiyca, sika MpUKIIeeHa 10
30BHIITHBOT, BITHOCHO UKy Z , KIITKH. BUKOHAaEMO CUMETpUYHE BiOOpaXXeHHs IT0 BEPTUKANBHIN OCi
rpada Ky. [Jimst mporo nmepectaBUMO MiCISIMU TUTBKH MAPY MPOTHIICKHUX BEPIIVH B UKL Z OJHA 3 SKUX Ma€
cTeniHb 3 Ta cyMixkHI peOpa. Toi Ha 30BHIIIHIN KITITKI, BIIHOCHO MIOBEPHYTOIO UKy Z , BKIIaZeMo 0e3
MEPETHUHY Ti BUCSAYI peOpa-poMeHi KBa3i3ipkH, 10 BKJagaiucs Ha JieHTi Mebiyca. MatumemMo B pe3yJibTati
TAKOTO BKJIAJICHHS KBa3i31pKH, 1110, IPUHAWMHI, JieHTa Mebiyca h 3BiIbBHUTBCS BiJl OJTHOTO 3 JBOX CXPEIICHUX
pebep. CxeMaTHYHO MOKa3aHo 1ie Ha KapTax 6 ta 7 puc.l. Tum camum 3meHmmmo pig rpada-ooerpykuii G
3a71aHOTO HEOPIEHTOBAHOTO POJLY, IO CYNEPEYHTh MOHATTIO rpada-o0cTpykii. [IpumyrieHHs HeMOXIIHBE,
TBEP/DKCHHS 5 ISl BUNIAJKY 2. TOBE/ICHE

Hosenenns tBeppkeHHs 6. OcKiIbKH KOKHE pedpo rpada-o0cTpyKIlii HeopieHTOBaHOTO poy Tpada
G Ha eBKJIIIOBI# IUIONIHMHI TEPETHHAETHCS y BHYTPIIIIHIM TOYII 3 , TPUHANMHI 3 OJTHHUM peGpoMm,
PO3MIIIYETHCS IEBHUM MiHIMaTbHAM BKJIaJICHHSIM Ha JIeHT1 Mebiyca HeopieHTOBaHOI TOBEPXHi pa3oM i3,
npuHaiMHi, oHUM pebpom. Toxi noBinbHE pedpo € pedpom miarpada romeomopdpHoro Ka, sikuii B cBOIO
yepry € miarpadom uu yacTuHOIO miarpada romeomopduoro rpady Kyparoscbkoro. 3 iHmoro 60Ky, oouasa
rpadu KypaToBchkoro MaroTh pedepHe MOKPUTTS apOko UM Tpikikoto miarpadiB romeomophHux Ka. Takum
yuHOM Tpad-o6cTpykitiss G Marnme peGepHe MOKPUTTS CKIHIEHOK MHOXKHMHOKO 3 TpadiB 4u YaCTUH
romeomopdHuux Ks. Ha 8- kapri puc. 1 HaBeneHo pedbepre mokputts Kz 33 1BoMa yacTHHAMU
romeoMopdHuMH rpady Ka, onuH 6e3 HaBesieHOro pedpa, a Ipyra 4acTHHA OTPUMaHa BUIAICHHIM OJTHOTO 3
TPHOX HECYMIKHHX pedep, OkpiM HaBeaeHoro pedpa. Ha 9-if kapTi puc. 1 HaBeneno pedepne mokputts Ks
TpboMa romeomMopduumu rpady K, onun 6e3 4oTupbox pedep 3 CHiTbHOI0 BEPIIMHOIO V, 13 HUX J1Ba
BUJIUICHHX pebpa, a JBa iHIIUX yTBOpeHi 3 Kosteca O4 3 YOTHpMa peOpaMU-IIMUISIMEA TOYEPTOBUM
BUJIAJICHHSIM OJIHOTO 3 HaBeJleHHX pebep. JloBenenns nemu 1 3akiH4YeHe.

Teepmxenns 1. Hexaii 2-38°s130uii rpad G € rpadomM-00CTPyKIi€I0 HEOPIEHTOBAHOTO POAY 3, BCi
pelpa SIKOro € CyTTEBUMH BIIHOCHO POAY NPH OIepaLii BUIAJIEHHs pedpa 4u Horo CTUCKaHHS B TOUKY, Ma€

minrpag Sty (H,)- kBasizipka 3 menrpom H; ( komn neHTp € BUpOMIKEHNM Tpad)oM 3 MHOKHHOIO BEPIINH



i
0 - . .. .
Hi ={v j}:-':l MaTUMEMO 3aMICTh KBa3i3ipKH MHOXKHAHY 2. Ste (v j) 3ipOK), TOMEOMOP(HIM IDIOMIMHHOMY Tpady

j=1

i3 32,1aHO010 MHOKHHOIO TOHOK M 3 uMCIOM JocsvkiocTi 2, e M ={m; }], , Ta N; BuCAIMME peGpamu
(my,b;.), e =123, j# ', j, j'=1(1) | G |. Icrye moxpurtst MEOXHHE peGep rpada G TphoMa KBasisipkamu
Stg (H,;) , MOXIIHBO i3, OIHi€IO CIIIBHO0 BEPLIMHOK YH YaCTHHOK pebpa rpadis Hi, H ;.

Hoseoenns. Hexaii s 2-38°si300r0 rpada G BukoHyr0ThCs yMOBH TBepxkeHHs 1. Toai rpap G
Mae miarpad uu yactuay ® romeomopdHuid ogHOMY 13 104 TpadiB-00CTpyKIIil s MPOSKTHBHOT IUTOIIWHH,
SKHUH B CBOIO UE€PTy MOXKIIMBO ITOJIATH SIK 00’ € THAHHS ABOX miarpagiB roMeoMOp(hHUX OgHOMY 3 TpadiB
Kyparoscekoro [4]. To6To MHOKHHA pebep rpada ® mokpuBaeThCs ABOMa KBazisipkamu Bumay Stg (H;), 60

MICTHTh 11Ba pi3HuX miarpadwm uu uactuan | | koxkeH 3 sxux romeoMopdHuii KBasisipkam 3 nenrpom K,
K,3, Ky3\e, Kg\e,un K, K, ;. Binmitumo, wo y Bunazky ueHtpy K,, 4acTuHa BUCSTIMX pebep
KBa313ipKH MaTUMYTh KiHIIEBY BEPIIMHY, a caMa 3ipka MiCTUTHME Tiarpad 4u yacTuHy roMmeoMoppHy Ko .
I'pad G € rpadom-o6CTpyKIi€ErO poay 3, TO MHOKHHA pebep G'\ o' HemycTa i KoxHe pebpo U , U € G,
nanexxarume rpady Ky, un Kj; 10670, a60 110 pebep 3 MuoxuHn K i Ta JIOAaTKOBOTO pedpa , AKe 3 €IHYE
napy TOYOK HecyMiKHUX pebep 3 K, a00 10 pebep-TipoMeHiB MPOCTOI 3ipKH, SKi MOTIAPHO OTOTOJKEHI 3
KOXKHOO BepiunHoto rpada K, . Takum unnom rpad G mokpuBaeThes, pUHARMHI, TphOMA iarpadamMu au
yacTUHaMu romeoMopdHIMHU ogHOMY 3 TpadiB KypaToBcrkoro, siki € KBa3izipkaMu 3 HEHTpaMu roMeoMopd -
numu K, . JloBEIEMO IOCTaTHICTh TAKOTO MOKPHUTTA. Bumanumo pebpo U , U = (@,b), ta posrnsnemo
niarpad un vactuny K romeomopduy rpady K, \u . Toxi B rpadi G \U matumemo kBasizipky Stg,, (K),
sIKii Hanekath Bei pedpa 3 Muoxkuan G' \ @', mo inmmaenTHi BepmuHaM migrpada un vactuan K Ta e
CYTTEBHMHU BiTHOCHO tg,, ({a,b}) - uncna nocsoxkaoCTi MHOXMHHM {a,b} ipm omepanii BunaneHus pedep rpada
G \u. CrBepaxyemo, 1m0 iHmHKX pebep Hemae. [Tpumycrimo 38opothe, mo X € G\ ({u}u St'(K) v ).

Buganusim pedpo X OTpUMAaEMO HOro HECYTTEBICTH BiIHOCHO HEOPi€HTOBHOTrO poay rpada G \u , 6o
1 . .
X¢ 0", abo HecyTTeBicTh BiHOCHO uncna i, ({a,b}), 60 X & St(K) . Ipuexnaemo pebpo U no G\U Tta

orpumaemo rpad G \ X poxy 3, T06T0 3 pe6pom X HecyTTeBHM BigHOCHO HeopieHTOBHOTrO poxy rpada G
npwu orepariii BuganeHss. Lle cynepeuuts ymMoBi, o G - rpad-o0CcTpyKItisi HEOPIEHTOBAHOTO POy 3.
[pumymenns HeBipHe. JlocTaTHICTB oBeeHa. JloBeeHHS TBepUKEHHS | 3aKiHUYeHe.

Hacniooxk 1. Icuye minimasnbHe Briagendst f' rpada—o6crpykuii G s moBepxHi Kiteitna sik

NPOJIOBKEHHS MiHIMAJIBbHOTO BKJIaJeHH miarpada ® rpada—obcrpykiii G romeomopduoro rpady-
00CTPYKIIIi 151 IPOEKTHUBHOI TIOMINHH.

Josenenns. Hexaii MaioTh Miclie MO3HAYCHHS BUIIE MIO3HAYEHHS 1 3a/1aHe MiHIMAaJIbHE BKIIAICHHS fo ,
f, :® — N, . Ilponossxkumo iioro no sxnanenns f, f:G\u— N,, B sxkomy Bepmmnu a,b HanexuTs
IPAHULIAM PI3HHX 2-KIITOK 4 MCEBAOKIITOK S, , S, 3 MHOkHHH N, \ f(G\u) Ta MaroTh uncno gocskHOCTI
tow (@bl N,), me tg,({a,b},N,) =2, Lc G'n (0s, M 0s,) . Tenep npomosxkumo Bk1agenus f o ', me
f''G = N;, nusxom posminienns pebpa U Ha nenty Mebiyca, sIKy IPUKIIEEHO 0 30BHIIIHBOI IPaHi UKy
2, 2=G"' N (8s, U bs,)\ L na mosepxni Kieiina. Taxum BruageHssm f' MHOXuHHA peGep rpada-06CTpyKii

Jutst ioBepxHi KieiHa MoKpruBaTHMEThCS TPhOMA KBa3i3ipKaMH 3 IEHTPaMu TOMEOMOPHHUMH K,.

Hacniook 2. ]Tns 2-38’ 1310010 Tpada-ooctpykitii G HeopieHTOBaHOTO poay 3 Ta IIOMKHHOrO rpada Hp
MAalOTh MICIIC HACTYITHI CITIBBIJHOIICHHS:

1. 2<t<4;



2. (dy, (M)=3) A (ty, (M, 29)=2), abo (dy,(M)=2) A (ty,(M,20)=3), aGo (dy, (M)=D) A (t;,(M,2y)=4).
Hosenenns. Hexaii s 2-38’ 130010 rpada G BUKOHYHOTHCSI yMOBH TBEpKEHHS 1. OCKITbKH
7(G)=3, to rpada G mae miarpad H romeomopduuii omHoMmy 3 rpadis KypaToBchKoro, skuii B cBOIO

Yepry MiCTUTh MiATrpad 9u 4aCTHHY H, TOMeOMOpHY K, au K, ;. Posrmsimemo B H mpocty 3ipky

Sty (V), neve G’ \H1 , IPHEHAHY BUCSIMMH peGpaMu 0 KoxkHoi 3 Bepuis rpadga K, un Beprmmamu
creneni 2 rpada K3, Ta musixom 1-po30uTTs BCix BHCSYNX pedep 3ipKu StG (V) .Tum camum TIEPETBOPHMO
rpap G ma G'. Buaimumo takum unHOM KBasisipky Stg (H;) 3 nenrpom romeomopduum K, unr K 23 Ta
qactunamu pebep {(a,V)} mpocroi sipku St, (V) sk Bucstamvu pebpamu kBaszizipkn.. Toxi rpap H , | e

H, =G \St, (H,), matume neopientopanuii pin ¥ (/,) we Ginbime 2 Ta MiCTUTHME YaCTHHY BUCAIHX
pebep 3 KiHIEBUMH BEepIIMHAMH, MOXKITUBO OTOTO/DKEHUX B BEPIIMHY V . 32 YMOBH HEBUPOKEHOCTI rpada

H, (Bupomxenuii rpad H, i3 k Bepumnamu € nenTpom kBasizipkn Stg (H,) sixa € 06’ exnanmsm k MIPOCTHUX
3ipOK) MOXKJIMBI HACTYTIHI BapiaHTH:

1. y(H,)=0:2. y(H,)=1:3. y(H,)=2 . Posrusiaemo Bapiant 1. [Tosnaummo uepes M, M ={a.}",, muoxuny

TouoK mionmuHoro rpada H, 3 uncnom gocsxmocti U, ne ty (M,2,) =t, 1o skux npueaHyOTHCS

KiHIIEBHMH BEPIIHHAME BHCSIi pebpa KkBasizipkn Stg (H), rpap G @-o6pa3

m
@:(H, + 5t ( Z (a "‘9 - (G {a }u), me m>1. Jloeaemo HacTymHi criBBiHOWeH s | Ta 2;

1.2<t<4;2. ((dHZ(M): 3Lty (M, 2g) =2)) v ((dy, (M) =2 A ty, (M, 2g) =3) v ((dy, (M) =1) A ty, (M, 2g) = 4)).
JloBeneHHs criBBigHOmEHHs 1. JIIHCHO, SIKIIO MPHUITYCTHTH, 110 Ma€e Miclie HepiBHICTh t < 2, To Toi

muOknHa M Gyie 10CsKHOI0 Ha eBKITiIOBI# miommHi. B TakoMy pasi rpady G, sk pe3ysbTaT CKICHKH H,
ta Stg(H;) no mapam (&,b), Touox 1-mizposainenux Bucstanx pedep, matime pix (G ) =1. Marumemo

pisticts ¥(G ) = 7(G) =1, sika cynepeunicTs yMOBi, o rpad € rpad-o6eTpyKiieto u1s nosepxHi Kieiina.

[MpunymnieHHs HeBipHe, HepiBHICTH t > 2 mae miciie. Ha puc.1 HaBeenuii npukian s t = 4.

i PA

#

Puc.1. Ha nepmmx TpboX KapTax MpUETHAHHS 2-pydKH Ta JeHTH MeOiyca 10 eBKIIiI0BOT IUTONIMHY ITPHU3BE JIe 10
BKJIageHHs rpada H B noBepxHio KieiiHa 3 MHOKHMHOI0 M 3 4OTHPHOX HaBEJCHUX BEPILUH i3 YUCIOM JIOCSHKHOCTI 4 1

Tera xapakrepucrukowo 6, (M,X), €,, (M, X,) =1. Ha 4-ii Ta 5-if kapTax npueAHaHHS 2-PYUKH JI0 €BKJIiI0BOT

TUIOLIIMHY 3 MHOXKHHOIO 3 TPHOX 3a/laHuX (HaBEJICHHUX *KUPHO) BEPILHH 13 YUCIIOM JIOCSDKHOCTI 3 1 TeTa XapaKTepUCTHK
oro 1. Ha 6-i1 i 7-i kapTax IpoiItocTpoBaHO TBEPXKEHH 5, Ha 8-i Ta 9-1 puUKIIa¥ 10 TBEp/UKEHHS 6 JiemH 1.



JloBeneMo HEpiBHICTE t < 4 MeTOIOM BiJ poTHiexkHOTO. [IpumycTumo, mo t > 4. Toxai i JOCSKHOCTI
MHOXHHH M Mae OyTtu Bknanennst f rpadga H, B N, ne moBepxus N yTBOpeHa 3 BKJIIJOBOI ILTOLINHA

2 MISXOM IIPHKJICIOBAHHS JI0 Hel 1BOX JIeHT Mebiyca, ke po3MilTye MHOKHHY M Ha FPaHHISX KITOK S;

, IPMHAKMHI 11’ Th 3 AKMX MAKOTh CIIIEHY TOUKY , T00TO & H, (M,2,) > 2. Ha puc.1 na npyriii Ta Tperiit

KapTi HABEJICHO MPUKJIA IIEPETBOPEHHS TPHOX 2-KJIITOK Ha OJHY KIITKY S HLIIXOM PO3MILIEHHs [PAHMIIb
TPBOX 2-KIIITOK, IPUHAIIMHI, 3 OZHIE0 CIIIBHOI TOUKOI0, HA 2-PyUKy IPHKICEHY 10 Y. JOBU3HAYMMO

BKTazenHs keasizipkn Stg (M) B % \0s, - cepenuuy noOym0BaHOI 2- KIITKH i3 MPUKJIEEHOO JICHTOO
Mebiyca, To OTpUMaEMo poaoBKeHHs f BkianeHHs rpadga G B Heopienrosany nosepxuio N , 1e

7(N) >4, sxa e , mpuHaiiMHi, TOPOM 3 IBOMa MPUKJIECHUMH JeHTamu Mebiyca. Ockinbku rpadu G', G
romeoMop®Hi, To MatumeMo HepiBHicTs ¥(G) > 3, ska cynepeunts yMOBi, 10 rpad G € rpad-obeTpyKIiero
nuist moBepxHi Kuteitna. [punyimenss, mo t > 4 uesipue. JloBeJeHHs CIiBBiIHOIICHHS | 3aKiHYEHE.

Jlosenenns chipsinnomenns 2. I'pad H, micTuts xBasizipxy romeomopdry rpacdy Kypatoscskoro.
Sxmo muoskusa M, M ={a;};, Touok rpada H ,, € kpurnunoro BinsocHo knitkosoi gosxuun dyy (M) npu
omneparlii BUJaJCHHS JOBLIBHOIO €l1eMEHTa @, TO Ma€ MICIle HEPIBHICTb d H, (M\ ai) <d H, (M), un
BiHOCHO onepauii cruckanus pedpa U = (ab) B Touky a' (saxmo {a,b} = M , To 3amicts M
posrsmaTHMemo MEOXKHHY M'= (M \(a,b))u{a'}), skmo mae micue mepismicts g, (M') <dg (M) . 3rigmo
Bu3HaueHHs 5 rpad G € MiHIMaIBHUM BiTHOCHO dG (M) IIpH omeparlii BUIaJeHHs a00 CTUCKAHHS B TOUKY
JOBiTBHOrO pebpa U , To670, a6o g, (M)+1=d; (M), a6o dg,(M')<ds (M), ne GU - rpad 3i cTucHy
THM B TOuKy a' pebpom U=(a,b) Ta M'=(M \{a,b}) v a'. 3 ymosu 7(G)=3 pummmsarume, mo noBxKuHa

d maiikopoTIIHX 2-KITITKOBHX JIAHIIOTIB, sKi 3’€HyioTh [ Kiitok, t H, (M, Zo) =1, Mae 3a10BOTBHATH YMOBi:

akmo t=2, 10 d =3, imakme, axmo t =3, 1o d = 2, inakme, sxmo t =4, 1o d =1. i Bunaaxu
MIPOLTFOCTPOBAHO Ha pHC. 1, 2. JloBeIcHHS HACTIIKY 2 3aKiHUCHE.

Hacniooxk 3. JInst 2-38’ 131010 rpada-oberpykiii G HEOpieHTOBaHOTO po/y 3 Ta MPOSKTHBHO-
TUIOIIMHHOTO Tpada Hz MatoTh Miclie HACTYIIHI CITiBBiTHOIICHHS:

1. 2<t<3;

2. ((dy,M)=2) A (t;,(M,N;) =2)) v ((dy, (M) =D) A (t,;, (M, N;) =3)).
Jlosenenns. Braxarnumemo, o rpap F, mae HeopienToBanmii pix 1, T06TO MicTHTB MiArpad
romeomopdunii Kg un K33, KOJKEH 3 SIKHX MOXKJIMBO [OAATH 5K KBa3i3ipKy 3 LICHTPOM K, un Kas,
BinosizgHo. [osmaunmo sepes M, M ={a;}";, MHOuHY To40K mpoekTuBHOTro rpada H , 3 unciom

nocspkaocTi U, e t H, (M, Nl) =1, ne koxHa Touka &; OTOTOXKHIOETHCS 3 KiHUEBUMH BepiuHamu J;

BHCSUHX pebep kBasizipku Stg (H 1) ,arpadp G OTpUMaHO HACTYITHUM Q-TICPETBOPEHHSIM:

m
@:(H, + St (H,),> (g + g;)) = (G,{a; }y) , ;e m >1. MaroTh Miclie HACTYIIHi CITiBBiJHOLIEHHS:

1.2<t<3; 2. ((dHZ(M)ZZ)A(tHZ(M,Nl)=2))v((dH2(M)=1)A(tHz(M,N1)=3)).

JloBeaeHHs IIUX CITIBBIAHOIIECH aHAIOTIYHE JOBEIEHHIO IJIs HACTiaKa 2.
Hacnioox 4. [Tnst 2-38’ 30010 Tpada-odcrpykiii G HEOpieHTOBAHOTO POy 3 Ta HEMPOSKTUBHO-

nomuHHOro rpada H, MaroTs Micue HacTynHi cHiBBiAHOUIEHHS:

L (t=2) Ay, (M)=D A (¢, (M,N)=2)):



2. SIxmo t =1 i 3anan0 gocskHy Ha oBepxHi Kneitna muoxkuny M touok rpada H,, To kBasizipka
Ste (K,) marnwme, sk MIHIMYM, JIBI TOUKH T4, SIK MAKCUMYM, | M | TOUOK MpHeaHAHHS BUCSYUX BEPIIMH 10

H,, 3 sxux, npunaiimui, | M | —4 Touku MaroTh GyTH CyTTEBHMH BiJHOCHO POy MPH OTEpAIIii BUIATEHHS
[IUX TOYOK.

JoBenenns Haciiaka 4. JloBegemo criBBigHomenns 1. Beakarumemo, mo rpad /, Mae HeopieHTOBaHUIA
pix 2, To6to MicTuTh miarpad romeomopduuit ogaomy 3 104-x rpadiB-o0CcTpyKIii MPOSKTHBHOI IIOIINHH
[5]. Mosnauumo uepes M, M ={a;}",, MHOKHHY TOYOK HeNpoeKTuBHOTO rpada H , 3 unciaom nocskuocTi

me ty, (M,N,)=t, ne ko>xHa TOYKa &; OTOTOXKHIOETHCS 3 KIHI[EBOIO BEPLINHOKO ({; BUCSYNX pebep KBas3i3ipku

Stg(H,) . Hexaii rpap G OTpHUMAHO HACTYIIHHM (-TICPETBOPCHHSIM:

m
@:(Hy+St,(H). Y. (a+9;)) > (G{a}) , e m>1. JloBecTu piBHsHHA t = 2 Ta BigHOIEHHS

i=s

(de M)=Dn (tH2 (M, Nl) =2) MOXJIMBO TI0 AHAJIOTIT JOBEICHHS Haciiaky 2. Jloenemo criBBigHOmIEHHS 2. 3a

HAIIMMH TIo3HaueHHAMu Matumemo, mo H,; =K, . Sk B npoexTuBHy mnomuny, Bknagemo xsasisipky St (K,)
13 M NPOMEHAMH, 13 CXPELIEHHMH Ha IUIONIMHI HeCyMIKHUMU pebpamu K, , ToOTO po3micTuMo ii B cepenHy

2-KJIITKH $ i3 mpuKiIeeHo0 nenToro Mebiyca, ne SN, \ f(H,), na 65 sxoi posmimena mocsvxra MEO)HIHA M

CKJIaJICHA 3 TOUOK NPUEJHAHHS. SIKIIO MPUIYCTUTH, 10 OJHA 3 BepIunH K, He IHIMAEHTHA peOpy-TIPOMEHIO,
TO TOJII MOXKJIMBO 3BUILHUTH JIeHTY MeOiyca BiJ 0JJHOro 3 cxpelieHux pedep. TuM caMuM OTpUMaTH cyrneped
-HicTh yMOBI mom0 rpada G pomay 3. SKI0 HECyMKHHUX OIMH 3 OXHKM pebep-TpoMeHiB Oinbiie 4, TO TOIi
iXH1 KiHILIEBI TOYKH OTOTOKHIOIOTHCS IOMAPHO 3 TOUYKAMH, SIKi MAIOTh OYTH CYTTEBUMH BiIHOCHO POIY IIpH
omeparlii BunaneHHs. [nakire matumemo 1i Bei | M | -4 pebGep HeCyTTEBHMH BiJTHOCHO POJY TPH Omeparlii

BHIaeHHs pebpa rpada G , 1m0 cynepeunth BU3HAUCHHIO Tpada-00CcTpyKIii posa 3. JloBeeHHS 3aKiHUEHE.

Puc.2. Ilpu Buganenni pedpa (1,2) rpada, HaBeneHoro Ha 1-if KapTi, HE 3MIHIIIOCS YHCIIO JOCSHKHOCTI 2
MHOHHH 3 6-X BeplIMH (HaBeIeHI TOUKH), a MiHiMallbHa BiJICTaHb 1i€1 MHOKUHH 3MeHImIacs 3 3 jo 1.

Puc.3. Mogeni rpadis-o0cTpykiiit 1uis noBepxHi Kieitna.
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Puc.4. Mopeni rpadiB-o0cTpykuii: Ha 1-i Ta 2-if kapTi rpadu 3 KiibkoMa pedpamu, sIKi sIK HECYTT€EBI
MOKJIMBO CTSTHYTH B TOUKY JJIsl IOBEPXHI HEOPIEHTOBAHOTO poAy 3; Ha 3-H, 4-i, 5-i kapTax rpadu poay 2,
YTBOPEHI IUISIXOM JOJaBaHHs pedpa 3aMiCTh CIIIBHOI BEpIINHE y mapu rpadis romeomopaux Ks 'y
onHOMMeHHUX (0e3 mTpuxa) MiHOpiB poAdy 2.

Teeposicenna 2. Hexaii rpad G neopienrosanoro poxy 7(G) mae peGepHe MOKPUTTS MHOKHMHOKIO 3 N

KBa3i3ipok Stg(H,), , KoxHa napa (Stg (H;),Sts (H;)) 3 AKX mopoukye miarpagu H;; romeoMopdHi MiHOpam
Heopientopanoro poxy 2, ne H,, H;, i # j, 1<i<j<n-1, n>2, romeomopdui miouuHOMy rpady i3

3a/1aHOI0 MHOXKHMHOIO TOYOK 3 YHCIIOM JOCSDKHOCTI 2 Ta 3aJjaHe HAaCTyIHE Q-TIEPEeTBOPEHHS:

@:(H,+St (H.).X(a +9,) = (G{a},), ne xasizipka St (H,) 3 uentpom H, Ta peGpamMu-mpoMeHsIMHU
i=s *

3 IOCSDKHOIO Ha NMPOEKTHBHIN IUIONMHI MHOXKHMHOIO {g;}"; KIHIIEBHX BEpPIIMH BUCSYUX pedep
{{(b,,g;)}",}",, M> 2, a Ha eBKJIi/IOBi}i IUIOIMH] Ma€ YMCIIO TOCSKHOCTI 2, T MOMAPHO OTOTOKHIOETHCS 3
toukamu MHOkuHK {8}, rpada H,, sKa € 1ocsvKHOKO Ha noBepxHi Kieiina. SIkio rpap G mae k
HEepPEeTUHIB y BHYTPILIHIX TOUYKax BUCSUNX pedep 3 MHOXuHU {{(b, ,ai*i Y} Y, TO MalOTh MiCIle HACTYTIHI
CHiBBiAHOLIECHHS:

1. Sxmo N = 3 Tta [t KOXKHOI Tapu (Hl.,Hj) BHUKOHYETBCSl yMoBa H, N H ; = D,10 3<y(G)<k+3;

2. Slkmio N =3 Tta Juif KOXKHOI Iapu (H,.,Hj) BUKOHYeThCA ymoBa H, N H ; ={v}, T0 4<y(G) <k +3;

3. Sxmo N =2 ta s napu (H,, H J-) BUKOHYETBHCA yMOBa H |1 NH } ={(u,v)}, xe (u,v) - cri;IbHA YaCTHHA
JIBOX pebep uu pedpo, To ¥(G) =2, a Kouu 11ie criibHe pedpo, To ¥(G) =3;

4. Sxmio nBi mapy 3 TPhOX KBa3i3ipok 3 IeHTpamMu romeoMophHUMEU K4 MarOTh CIIiIIbHI YaCTHHU IBOX TIap
MPOCTHX JIAHITIOTIB, TO ¥(G) < 4.

5. I'padp G , moOymoBanuii 3rigHO CrHiBBigHOMICHS 1, 2, 3, 4, MOKE MaTH HECYTTEBI peOpa BiJHOCHO POy
IpH orepanii BUaJeHHs Y1 CTHCKAHHS B TOUYKY peOpa;
Hosenenns. Hexaii rpad G 3a10B0JIbHSIE YMOBI TBEpKEHHS 2, TOAI 3rigHO [4] Matumemo y(G) > 2.

3ayBa)XUMO, 1110 IPUEAHAHHS [0 3B’ A3HOTO rpadha H,, BucA4MX BepmmH pebep-TIpoMeHiB KBa3i3ipku

St; (H;), ne H, romeomopdrnii K,, K K, \e un K, , 22, 10 TOUYOK JOCSHKHOT Ha TIOBEPXHi

2,37
Kneiina niamMHoxkuHu Touok miarpadga H,, € romeomopdpuum Ky, um K.

Hosenemo criBBigHOIIEHHS 1. Po3riisHeMO MHOXHHY BCiX pi3HMX MiHIMaJIbHUX BKJIaJeHb rpada H,, B

noBepxHIO KieliHa Ta 171 KO)KHOTO MOOYyAyeEMO MHOXHHY 3 PI3HUX MIAMHOKHH TOYOK JOCSKHUX Ha
noBepxHi Kieitna . Bubepemo ojiHe 3 Takux BKIIaJIeHb Ta MPHUKIIEIMO JIeHTY Mebiyca 110 OfiHi€T 3 THX KIITOK

S, Ha rPaHuIl SKOi PO3TAIIOBAHO JOCSKHY i IMHOXKUHY TOUOK, Ta BKJIAIEMO Ha JIHTY LeHTp /1,
kBasisipku St (H,) , 106 OTpUMAaTH HAa OTPHMAHIi [CEBAOKIITII S' MPOSKTUBHOI IUTOIINHH JOCSKHY
MHOXMHY BepIIuH rpada ;. Bkinagemo Bucsadi pedpa B cepeinHy i€l ICEBIOKIITKY S' BUCSUI pedpa

KBa3i31pKH Ta OTOTOKHUMO Tapu TOYOK MpHeAHAHHA 10 miarpada H,, . MoXIMBUMH € TaKuil HOPSAIOK

CJIilyBaHHs KOIIii TOYOK HA 'PaHMIll OS' 3 YMCIIa rmap TOYOK NPUEHAHHS, KOJIM € K TepeTHHiB y BHYTpilIHIX



Toukax Bucsunx pedep 3 muoxkunn {{(b,,a; )}, }", , MOXKINBO po3TaNTyBaTH HA IPHKICEHHX K JIeHTaxX J0

noBepxHi Kieitna Bucsui pebpa kBa3izipku 06e3 nepeTuHy y BHYTpimHii To4mi. Toxi A7 HeopieHTOBaHOTO
pony 7(G) marumemo Hepisricts 3< ¥(G) <K + 3. Konu nepeTuny y BHYTpIIIHIX TOYKAX BUCSIUX pedep

{{(b,,a; )} 3", nemae, To ¥(G) = 3. Hailumkue 3naueHns pofy 10ocsrHyTe A rpadis Ha 3-i, 4-if, 5-if
Kaprtax puc. 7. JIoBeIeHHS CITiBBiTHOMIEHHS | 3aKiHUCHE.

JloBenieHHS CITiBBIIHOIIICHHS 2 aHAJIOTIYHE HABEJACHOMY JJIS CITIBBITHOIICHHS | TiIbKU OJTHE 3 pedep-
MIPOMEHIB, SIKE 3’ €JTHYE IICHTPH JIBOX 31pPOK € HECYTTEBHM BiJTHOCHO POJy Ta MiIsTaTUME CTUCKAHHIO B
TouKy. LleHTpamu kBa3i3ipok MaroTh OyTH rpadu 3 CyTTEBUMHU peOpaMu MPH OIEPAIlisiX CTHCKAHHS B TOUKY
91 BUJAICHHS peOpa BITHOCHO 3a1aHOI MHOYKHHH TOYOK 3 YHCIIOM JOCSIKHOCTI 2 BITHOCHO €BKJIIiAOBOT
oy, Hanpukiaan Ka, Ko 3, Ks\e un K|, 2 2.

JloBeneHHs CIiBBIAHOIICHD 3,4 aHAIOTIYHE HABEICHOMY JUISl CITiBBiIHOIICHHS |

Josenemo crisgignonienns 5. Hexaii rpad) G neopienrosanoro poay 7(G) moOynosanuii 3rigHo
criBBiHOMmICHD 1, 2, 3, 4. MaeMmo fiBa HacTynHi BUMaAKH. 1. SIkio pedbpo cyTTeBe BigHoCHO poay rpada G
TIpH OTlepallii BUIAIEHHS, TO BOHO Hajlex)aTuMe 10 uncna pebep rpada K, uu K, ; Ta MiHiMansHum

BKJIaJIcHHSM Tpada B nmoBepxHio KieiiHa Mae po3TamoByBaTHCs Ha jieHTi Mebiyca. JliiiCHO, SKIIO BUIAIUTH
IoBiIbHE BUCSYE peOpo kBasizipku St (A ;) , TO THM caMUM 3MEHITY€MO YHCIIO JOCS)KHOCTI MHOKHHH

To4OK npuenHanns uiei St (H,) mo inmmx. Toxi MmaTuMemo, mo pix rpaga G Mae 3meHmmTHCS Ha 1, IO
CYMEPEYUTh YMOBI IIIOJI0 POIY.

2. SIxuro pedpo cyTTeBe BimHOCHO poay rpada G mpwu omepallii CTHCKaHHS, TO BOHO HE HaJIEKaTHME JI0
neHTpy kBasizipku. Hexaii cytreBe pedpo e, e =(a,b), nanexurs 10 uncia Bucsunx pebep, sKe HaIEKHUTh
kBa3izipui. Toxi skoaHa mapa pedep CyMiXKHUX JaHOMY peOpy e, 0 HajeXaThb A0 HEHTPIB Pi3HUX KBa3i3ipoK
HE BKJIaJaTUMEThCS Ha pi3HUX JeHTax Mebiyca. [liificHo, Ko cTHCHYTH peOpo e B Touky ab , To mapu
CYMDKHHUX pedep 31 CHIBHOIO BEPIIMHOI b yTBOPIOBAaTHMYTh KYT 3 IIMX pebep, AKMI MOXKE PO3TAIIOBYBATH
Cst Ha OtHii JieHTi. TUM CaMUM OTPUMAEMO CYNIEPEUHICTh YMOBI 11010 poxy rpada G . I[pumymieHns
HeBipHe. JloBeICHHS CIIBBITHOIICHHS 5 3aKiHYCHE.

Ha pucynkax 5,6,7,8 HaBeaeHi npukiaau rpadis G , siki 3a10BOJBHSIOTh TPAHHYHUAM 3HAUYCHHSIM,
BKA3aHWUM Y CITiBBiIHOIIEHHX 1,2,4,5 HEPIBHOCTSM [UTsl BUIAAKY HassBHOCTI miarpadis rpada G,
nopokenux napamu Stg(H,), St (H ;)> OZIHAKOBHX MiHODiB IIPOEKTUBHOI ILIOIIMHH, CKIEEHUX IUISXOM

OTOTO/PKCHHA ITap TOYOK 3 3aJaHOI0 MapOr0 MHOXXWH TOYOK NMPpUEIHAHHS.

Puc 5. I'padu B; , C, pony 4 ckneeni, i3 B7, Cs - rpadis-o6cTpykuiii poay 2 Ta kBa3izipok i3 mentpom Ka ta
peOpamu, 110 MPUEIHAH] TaK caMo, K pedpa Takoi K KBa3i3ipky, sk miarpada, B rpadax Bz, Cs , BignosigHo.



Puc 6. I'padu D; ) C; pony He Ginbiie 4 ckieeni 3 D, , Cs- rpadis-o0cTpykuiii poxy 2 Ta mapu KBasizipok

i3 nentpom Ky Ta peGpamu, 110 npueaHani Tak, sk pebpa Takoi x KBasizipku-miarpada, B rpapax D, , Cs,

BIIITOBITHO.

Puc 7. I'padu E,, E,,, C 7 poay He Oinbie 4 yTBOpeHi sik ¢-o00pa3u napu rpadis i3 E,, E,,, C; - rpadis-
o0CTpyKLiK poay 2 Ta IBOX YM OJIHIET KBa3i3ipoK i3 1eHTpoM Ka, BIAMOBITHO, Ta MPOMEHSIMH - peOpaMu, 110
IpHEIHAH] TaK caMo, K BUCAYi peOpa Takoi »k kBa3isipku-miarpada, B rpadax E,, E,,, (;, BianosiaHo.

[T'sTwit Ta TpeTiit rpadu € rpadamMu-o0CTpyKIisIMu pomdy 3, ae C; ckJeenuit 3 C, Ta kBasisipku St (K,).

p

Puc. 8. [lo cniBBimHOmEHE 1 Ta 4 TBepmKeHHs 2. ['pad B11 Ta #ioro Brinagenss B noBepxHio Kieitna , ne B1i- rpad-
OOCTPYKIIist [UTA IPOCSKTHBHOT IDIOMIMHY SIK 00’ €THAHHS TBOX KBa3i3ipok 3 meHTpamu rpadamu Ka, 10 MaroTh CIIijbHEe
pebpo. Ha Tperiit kapti HaBeneHo MoandikoBaHuii B 6e3 crinbHOro pedpa y HEeHTpiB LUX KBa3i3ipok 3 JBOMa
JIOZIATKOBUMH BUCSYMMH peOpamMyl BKJIaJeHUI1 MiHIMaJIbHO B OBEPXHIO HEOpi€HTOBaHOTO poay 3. Ha yerBepTiii kapTi
HaBeZieHo rpad aust imrocTpaii CiBBiTHOIICHHS 5 TBEPKEHHS 2.

Teepoxncenna 3. Hexaii rpad G HeopieHTOBaHOro poay y(G) Mae MOKpHUTTA i3 N KBasisipok St (H,),
Sto(H,), 3 sxux onna napa (St,(H,), St; (H,)) mopomxkye niarpad Hiz romeomopdnuii minopy HeopienToBa
HOT'O POy 2, a 1HIII KBa3i3ipKH NPUETHYIOTHCS KIHIIEBUMH BEPIIHHAMHE JI0 MHO>KHHH To4oK M rpada Hio,
siKa € JIOCSDKHOIO Ha noBepxHi Kiteitna Ta mictuth Touku nenrpis H, i H, kBasisipox St,(H,), St (H,), ne H,,
H, -romeomopdni K, , K, 4un BupomKenuii rpad Ha Kinbkox Bepumnax, jge i # j, 1<i<j<n, n>2.
MatoTb MicIie HACTYITHI CIiBBiJHOIICHHS:

1. Sxkmo n=3 i ana xoxuoi mapu (H,,H,) suxomyerscs ymosa H, "H ;= ta St,(H,)

HPHETHYETHCA [0, IPUHANMHI, JBOX TOUOK 3aJaHOi MHOYKUHHU TOYOK rpada H , 10CsSKHOT Ha MOBEPXHi
Kueiina, o 7(G)=3;



2. Slxmo ans xoxwuoi mapu (H;, H;) suxomyetbes ymosa H, NH;={v}, n=3, ta St;(H,)
NPUETHYETHCS 10, IPUHANMHI, IBOX TOYOK 33[aHOT MHOKMHH TOYOK rpada H , 1ocsskHOT Ha ToBepXHi
Kueiina, to y(G) =3;

3. SAxmo n=2 ta mia napu (H,, H;) BUKOHyeThCS ymoBa H mH} ={(u,v)}, ne (u,v)- croinbHa

4acTHHa ABOX pebep uu pebpo, To ¥(G) =2, a xomnu ue crinsae pedpo ta St (H,) npHEIHYETHCS
110, TIPUHANMHI, JBOX TOYOK 3aJ1aHO0T MHOKHMHH TOYOK rpada H , nocsoxkHoi Ha moBepxHi Kiteiina,, To
y(G)=3;

4. Skmo oBi mapu 3 TPhOX KBa3i3ipoK 3 HeHTpaMu roMmeoMopdHUMHU K4 MaIOTh CIJIBHI YaCTHHU ABOX Tap
npoctux Janioris, To ¥(G) <4.

5. TI'pap G , moOymoBanuii 3rimHo criBBigHOLmIEHD 1,2,3,4, MOXEe MaTH HECYTTEBI pedpa BiIHOCHO POy
IpH orepanii BUaJICHHs Ui CTUCKAHHS B TOYKY peOpa;

Aaroputm nodynoBu Mojeseii 3-38’3uux rpagis-odcTpykiuiii mopepxni Kiteiina.
IMouatok anropurmy A(BxiaHi:G, BuximHi:D).
Bxinxi mani:
1. Bxignawii rpad-o0cTpykiiss G MpoeKTHBHOT IITOMIWHH, N-YUCIIO 3B SI3HOCTI BUXimHOro rpada D;
2. Muoxkuny F(G)={f}! Bcix neizomopduux Bxnanens rpada G B S - noepxmio Kreiina;

3. Jlna koxHOro BKIaneHHs f, moOymoBaHi HACTYITHI MHOKHHH:

a) R, ={{a, Jr}", MiHiMaTbHY 32 BKITIOUEHHAM i CKJIa/IeHy i3 TTi IMHOKHH
Heizomopduux (npu aBromopdHuUX Binobpaskennsx rpada G) Touok {a, }.._, 3anaHoi NOTYKHOCTI
MHOXHHH R; pO3TalioBaHuX Ha IPaHMLLAX KOKHOI i3 HACTYIIHMX KIITOK §;, Sfj‘, sJ , e S] eS\f'(G,),
sJ e S"\f"(G\u), Ta MiHIMaTEHY TIPH ONEpaLlisX BUAAJICHHS Y4 CTUCKAHHS B TOUKY JOBITEHOTO

pebpa u rpada G, me f ', " - minimanbHi Bknagenus rpadis G,, G \U B HeopieHTOBaHi OBEpXHi
S', S" MeHmoro poxy HiX S, BiMOBITHO,
_ _ M| . . . .
6) M =M (f;,R;)={s;}};, cknanenoi 3 kmitok S, ne s; € S\ f;(G), AKi MicTATH Ha cBOiX
TPaHHUILIX BCIO MHOXKHMHY BEpIIUH rpada;
4. Muoxwuna kBasizipok 3 nentpom K, ne K e{K,,K, .} Ta, i3 npunaiimni, yorupma (s Ks) un

tphoMa (s K, ;) Bucsammu pebpamu, akux Moxe OyTu He Oinbmie |G °I:
ie ie (K . ..
5. Muoxunn st(K,) ={g, 3", st(K,,) = {hk}lkz(l =) Beix BKITALEHD KBa3i3ipoK 3 LEHTpaMu

K, K, 3, BiiNOBINHO, B KIITKY S, SIK B JIOKaJIbHY MPOEKTHBHY ILIOIMHY 3 PO3TANIyBaHHAM Ha

neHti Mebiyca pebep IeHTpy Ta BHCIYUX pedep KBa3izipKu.
6. ®ynkuis Function I(exin: R,n; Buxia: R", NG) Buiae npu Ko)KHOMY 3BEpTaHHI SIEMEHT 3
MHOXHHHU R"- MHOKWUHH BCiX TIEpECTAHOBOK BEPINUH a1,82,83,,8n 3@ YaC MPONOPLiHHMIA 1! Ta
MHOKHUHY NG- BCiX pO30MTTIB MHOKWHU BUCSYUX BEPIIHMH J1,92 03, Jm KBa3i3ipKH HA N HEMYCTUX
miaMHOxuH G1, G2, , Gn, KOKEH 3 €JIeMEHTIB HiIMHOKUHU Gi OTOTOKHIOETHCS B OJHY TOYKY NQ;,
SIKa TIOTIAPHO OTOTOXKHIOETHCS 3 i, YUCIIO PO3OUTTIB sIKi BUJaBaTuMe (GYHKIIIS 3a 9ac MPOMOPIiHHUA
NN, ze NN=(m(m-1)(m-2)...(m-(n-1))), ie m>n.

Buxinni nani: I'pad D — mogens N-38’sa3H0r0 rpada-o6eTpyKiii aus nosepxui Kneiina.
Bsectu G, n;
Ins i Big 1 mo | F(G) | kpokom 1 BukoHaTH: // TOYATOK LUKITY 3 TAPAMETPOM i
[MOYATOK JIiif;

f=f;

R:=R;;



s j Bimg 1 mo M| kpokom | BUKOHATH:
IOYaTOK JIIH;
s:=s;+h; // mpukneimo 10 mnommMHHOrO MMCKy S NeHTy Mebiyca h;

R:=0s "R ;// no n To4yok &; TpaHuIi KIITKA S IPUKICIOBATUMEMO (j BUCSU1 BEPIINH 31pKH;
Skimo | 0S MR |< N To mepexia Ha KiHEIb MUKITY 3 TApaMeTPOM j;

Bxnagemo K B S\ 0S; // nentp kBa3i3ipku 3ipKu BKJIAJIEMO B CEPEIUHY KITITKH S
// Tak, o0 ojHe 3 pebdep nexano Ha JeHTti Mebiyca h;
Function TI(Bxix: R,n; Buxix: R"); //mpu KosxHOMY 3BepTaHHI Ha BUXO/[i HOBA IMEPECTAaHOBKA
/I 3 MmuOXMHK R™- BCiX IMepecTaHOBOK BEPIINH a1,d2,83,,an;
// 3 SIKHIMH OTOTOXKHIOETBCSI MHOXKHMHA BUCSIYMX BEPIIUH NQ1,NJ2,Nd3,.,NGh.
/[ MaTMEMO OTOTOKEH] BEPIIUHY a1Ngi ,a2ng2, .. .,anNgn.
Ins K Big 1 o N xpokoM | BUKOHATH:
IMOYATOK JIIH;
g:=akngk;, [/l Mmaemo BepIIMHY TIpHEIHAHHS 3 TUMH K peOpamu rpada G Ta;
// BucsumMu pebpamu kBazizipku 3 rieHTpoM K ykimagemo
D° =G \{a, JUK° \{g,}{a,ng, }:
D'=G'UK'U(St"(K)\K";
KiHEIb Iifl UKy 3 mapaMeTpoM K;
Busoaumo (“I'pad D =",(D%,DY));
KiHeIIb JTiil UKITY 3 TTapaMeTpoM J;
KiHeIIb JTiil UKITY 3 TTapaMeTpoM I;
KIHEIIb aIrOpuTMy A.
Teepooicenns 4. MaroTpb MicIie HACTYTIHI CIIBBIIHOIICHHS IS aNTOPUTMA A
a). Anroput™ A KOpeKTHuii Ta Mac 9acoBy cknannicts O(b|GOtime(Function TI(R,n)), ne b=b(G) —
JN00YTOK 4HciIa Hei30MOpGHHUX MiHIMABHUX BKJIAACHB 3a1aHoT0 Tpada G HEeOpieHTOBaHOTO POy ¥

Ta Hali6inbmoro yncna 2- y -|G%+|GY| kiitok B HUX, sKe U1 HEBEIUKOTO poy mpornopiiine G042 ;
b). ®ynxuis (Function I1(R,n)) ais n=3 mae yacoBy cknaanicts nponopuiiiny OGO, ne |G [<12;
¢). Buxignuii rpad D moxxe matu cepen 006pa3iB BUcIUHX pedep KBa3i3ipku HeCcyTTeBI pedpa

BIZTHOCHO POJIy IIpH Omieparlii CTUCKaHHs pedpa B TOUKy. BHKOHABIIN CTHCKaHHS B TOUYKY BCIX
Takux pedep rpada D orpumaemo minop nmoBepxHi Kieiina.

Bucnosok. OtpuMaHo MaTeMaTu4dHe 3a0e3MeueHHs AJ1s aJlTOPUTMIB TIOOYI0BH MOJIeJIeH MiHOPIB 3a/1aHO1
3B’sI3HOCTI Ju1s IoBepxHi Kieiina.
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5.3. IJIOMVHHI IIATPA®H I3 3ATAHUMU METPUYHNMU BJIACTUBOCTSMU
I'PADIB-OBCTPYKIIN ITOBEPXHI KJIEMHA.

Beryn. OcHOBHI TOHATTS Ta o3Ha4eHHs B3sTi 3 [1],[2],[3]. B 6arathox cTaTTsax AOCTIIKYBaIHCS
CTPYKTYpHIi BIACTHBOCTI TpadiB-o0CTpyKUili 3a1aHO1 HEOPIEHTOBAHOI MMOBEPXHI K HEOPIEHTOBAHOTO 2-
MHOTOBHY 0e3 KpaiB Ta moOymoBaHi iXHi IPOTOTHUIH SK OCHOBY 3 SIKOI, IUIIXOM BUAAJICHHS YU CTHCKAHHS
JIesTKOT MHOXKHHHA pedep Ta, MOXKITUBO, JOJaBaHHS HOBHX pebep 0e3 3MiHU pojTy, YTBOPIOIOThCS rpadu-
oOcTpykuiii 3axanoi noBepxHi. Taki JocmiKeHHs CTPYKTYpH TpadiB HEOPIEHTOBAHOTO POy BUKOHYBAIHUCS B
[4,5,6]. CynyTHi mutanus posrsaaiucs B [7,8,9]. B [10,11] mocmipkeHO CTPYKTYPHI BIACTHBOCTI TpadiB sIK
(-00pa3 mIomuHHOTo Tpada Ta MpocToi 3ipku Ta rpada-o0CTPyKIlii HEOPIEHTOBAHOT TOBEPXHI, BiAIOBITHO.

PosrnsiHemo 3apauy noOyaoBu rpagda-o0cTpyKIil HEOPiEHTOBaHOTO poja 3 sIK (p-o0pa3a IUIOIUHHOTO 3-
MiHIMaJIbHOTO rpada i3 3aJaH0I0 KIIITKOBOIO TOBKWHOIO MHOKMHH BEPILIUH Ta KBa3i3ipKH 3 HEHTPOM 2-MiHi
MaJIbHUM IUTOMMHHUM rpadom. JIist 2-38° 131X MiHOpiB moBepxHi KiteitHa e pa3s’s3ok B [12,13].

Yacruna 1.

Hexaii 3aano minimasnbhe BrnageHns f rpaga G mo HeopienroBanoi nosepxui N , ske peainizye gncio

: . . t
nocskuocTi T, to (M, N) =t , To6To 1e HaiiMeHIIa N0 BKIIOYEHHIO TiaMHO)UHA {S; }i_; MHOXUHH
Sg(N, f), S¢(N, f)=N\ f(G), cknajena 3 KINTOK Ha TPAHUIAX AKUX PO3TAIIOBAHO TOYKH 3 MHOKHHH

M. Koxen rpap G neopienroBanoro poxay k, K 21, Moxe GyTu nojaHiuM HACTYITHUM TIEPETBOPEHHSM:
o(H + St (9,), i (@, +9,) = (G.{a;}",), sx ¢-06pa3 rpada H Ta sipxu St () , npueananoi
SN,

BHCSYMMH BEPIIMHAME ¢, JO TOYOK g , € 3aqana MuoxkuHa M Todok rpada H , M ={a}.,,
M c (0s,uds,)NH °, sIKa PO3MILLY€TbCA HA FPAHALAX KINTOK Sy, S, .S, Muoknun N'\f'(H), ne t > 2,
m>2, i=12,..,m, minimaaeaum Brnagenssm ', T'"H — N,

AHAIOTIYHO XapaKTEPUCTHKAM BKJIAACHHS rpada 10 OPIEHTOBAHOI TOBEPXH Ha 1 AMHOXKHHI 15,5 i St
MHOXUHI S (N, f), BU3HauMMO Xapakrepuctuxy 0, 6 =1, MHOXHHH M KON BUKOHYETHCS yMOBa
5Si N 0S iN ask % , TOOTO €, X0ua 0, 0JTHA CIIIJIbHA TOYKA HA IXHIX TPAHUIIIX, KA € IIEHTPOM KIIITKOBOI
3ipKH, yTBOPEHOI i3 TPbOX KIITOK {5;:S i S}, abo Bu3HaueHO xapakTepuctuky 06 , 80 =1, Ko KOBiNbHI

Mapy UX KIITOK MalOTh HA TPAHULISAX, MiHIMAIBHO, OJHY CITUTEHY TOYKY, TOOTO YTBOPIOIOTH KIITKOBHIMA ITUKIT

JOBXKHUHH 3, YTBOPEHUX i3 TPHOX KIITOK {5, i St
Iosnauenns 1. Tlo3HaYaTEMEMO Yepes3 Z(Si 1S ) Ta HasuBaTHMEMO KyTOM MK KIIITKaMH YK
TICEBJIOKIIITKAMA S;, S| MHOKUHH S G (N, f) HaliMeHIIy 10 BKJIIOYEHHIO 3ipKy rpada G 3 nentpom B d
acG’n(0s, Nds,),i 6ep- i BOKY Bi
i i) > 13 MHOXUHOIO pebep-TIPOMEHIB, PO3TAIIOBAHMX 3 OJTHOTO OOKY BiIHOCHO TOUKH

TIepeTHHY IPaHMIb KIiTOK Si;S. Came 11i pebpa uu IXHi YaCTHHHM BKJIaJaTHMEMO JI0 JIeHTH Mebiyca,
MPUKJIEEHOT JI0 TUIONIMHY, JJIsl YTBOPESHHS TICEBJOKIIITKY, Ha TPAHHUIII SIKOT pO3MIIIYIOTHCS 00’ €THAHHS
rpaHuIpb Si:3;.

Hosnauenns 2. Hexaii 3a1ane MiHiMaIbHe BKIaACHHS | rpada H 10 Heopienropanoi moepxmi N .
Bynemo nosuauary uepes a(Z(S,,S,)) omepauiro neperBopenns pebep €, €,, f(e,) < ds,, f(e,) < ds,,

31 CIINIBHOKO BEPIIMHOK & KIITOK S;,S15,S,,ne f (&) f(e,) € 0S,, npuuomy Brnanenns f rpada



H 8 N posmimtye na rpasmmsx kiitox S;,S, muoxuny f(M), f(M)=f({a},). [pukreimo no kmiTku S,
neHty Mebiyca HacTymHEM 4MHOM. Po3menmmo noBinbHY BHyTpimHO Touky f(X;) pebpa e;, €, =(a;,b;)

Ha TOYKU X;', X;'", ne i =1,2. Bupi>kumo B cepe/iuHi S;, eleMEHTapHHUH AUCK 3 IEHTPOM B X; Ta

[
pO3TalllyeMO Ha HOro rpaHulli JiaMeTpalbHO NPOTHIEKHI Mapu TOYOK (X", X5™) , (X;", X, ") fK KiHIIEeBi
TOYKH YaCTHH CXPEUICHUX pedep Ha IUIONIMHI eJIeMEHTapHOTo Jucka. OTpUMaeMO TaKUM YHHOM
nceBnoKIiTKy S Heopientosanoi mosepxui N', e »(N') = ¥(N)+1, ds = 3s, U Os,, , B Ky
MoxuBo Biiacty Ty yactuty 3ipku f'(St, (9,)) , sxa npukneena xo Touox muoxuun f (M) M Os i rakum
YUHOM OTpuMaTH BiiaaeHHs rpada G B moBepxuio N'.

Iosnauenns 3. Tin xpasisipkoro St (H) 3 nentpom H Gynemo posymitu migrpad uu wactuny H rpada
G 3 MHOXMHOIO BUCSUMX pebep NMPUKPITICHHX OHI€0 KiHIIEBOO TOUKOO JI0 BEPIIMHH YU TOYKH pedpa
niarpa¢ H , a inmi xinnesi Toukn nanexats Muoxuni npuegnanns M, M ={ai}i"ll.

Busnauenns 1 . Hexaii 3agano miniMansse Bkiagenus f rpadga G mo neopienroanoi moBepxui N,

sie peartisye uncio gocsuknocti t, t5(M,N) =t, Bynemo nasusatu knitkosoto nosxumoto Ug (S;,S;, f)

MIJK TPaHUIAMH KJITOK Sj,5; i3 3aJaHMMH Ha HUX IMiIMHOKHHAMH L, Lj BepiuH 3B s3H0r0 rpada G , ne
0 0 . . "

L, cG nos;, L, =G nds;, {Si,Sj}CSG(N, f), MOTYXHICTh | J | naitmenmoi no BrroUeHH O

BIOPSAAKOBAHOT MHOKHHH I, J ={S;,S;1$;,:8;}, J cS.(N, f), ne mocninosHi mapu k1iTOK MarTH Ha CBOIX

IPaHMILIX, IPHHAWMHI OJIHE, CIIiIbHE peOpo. [IpudyoMy MiAMHOKHHY MHOKHHH J , CKIIaJICHY 13 HE MEHIIE HiX
JIBOX TIOCIIIOBHHX KIIITOK 31 CIIUTFHOIO BEPIIMHOIO HAa TPaHHMISX, Oy/IEMO paxyBaTH SIK OJHY KIIITKY. Takox

Oy/1eMO TOBOPHTH, 1110 HA MHOKHHI J 3a/1aHO OCOOJIMBHUIA IPOCTHI KIIITKOBHUI JIAHITIOT Lij , Lij =L(s;,s j) ,
SAKUH 3’€enHye KIiTKH Siy S KimiTkoBoro rpada ms rpada G .V Bunajaxy Hess’szHoro rpaga G onna 3
KJTITOK MHOKHHA | Oyjie He 2-KIITKOIO 1 He TICEBIOKIIITKOIO.

Busnauenns 2. ByeMo Ha3uBaTH JI€PEBOM | JIOCSHKHOCTI MHOKMHK TodoK M | Ta mosnauyaTn gepes
T =T5 (M, N),, 3p’sa3u0ro rpada G , npu 3ananoMy MiniMansHOMy BKJIaieHHi f rpadpa G 1o
neopienTosanoi mosepxui N , M ={ai}inll, sKe peanizye umcio gocsmknocti {1, T (M,N)=t, napy MHOXHH

t o . .
{sih AL , ne {Lij} - HaliMeHIIa [0 BKIIOYEHHIO MHOKHHA 0cOOIMBUX KiTkoBHX nanigoris L(Sj, S j)
AKi, abo Oe3nocepenHk0, a00 SIK 00’ €JHAHHS KIJIbKOX MOCIiJOBHUX KIIITKOBUX JIAHIIIOTIB 31 CITUIPHUM KiHIIEM

OJIHOTO Ta TIOYAaTKOM iHILOIO, 11O 3’ €/IHYIOTh BCi IAPH KJIITOK S, S Ta MarOTh HAWMEHIITY CyMy JOBXKHMH BCiX

L i3 muoscnmm {Ly;}.

m .
Busnauenns 3. Jins muoxxuan touok M | M ={a,}._;, mromuunoro rpada G 3 ynCIIOM JTOCSKHOCTI
ts (M ,ZO) ,ne tg (M ,Zo) =1, t>2, 6yaemo Ha3MBaTH KIITKOBOIO JOBKHMHOIO D. (M, t), e

De(M,)=min X dG(Si,Sj, f), Mk miaMaOXHHAMI Li;LjMHO)KI/IHI/I M, M =LiU|-j, Liﬁszg,
vf e fGN vs;,s;€T

PO3TALIOBAHUMH HA TPAHMIAX AOBUILHUX KIITOK S, S ,{Si S j}CS 6(207 f), mo peaizyroTh YUCIIO TOCSHKHOCTI

ts (M ) Zo) ,ne TGN - muoxuma Beix HeizoMopdHux Brmanens rpaga G 1o Zo , 0 pealtizyIoTh YHCIO0

nocsxnocti tg (M, 2,) MHOM)MEM TOwok M .



m .
Busnauenns 4. Bynemo nasusatu muokuny M, M ={a;};_;, Touok rpada G 3 umciom mocsxuocTi
ne tg (M, 2,) =1, kpurtuunoro BigHocHo KiiTKOBOT MoBKMHU D (M) Tpu onepaii Bunanenus

NOBiIBHOTO enementa 4, skuio mae micue Hepisuicts Dg (M \@,) < D (M), un BinHocHO oneparii
cruckanns pedpa U = (ab) B touxy ¢' (sxmo {a, b} < M , 1o 3amicte M posrmsgatnmMemo MmuO)HUHY
M'=(M \(a,b)) u{a'}), sxuo mae micue nepisnicts Dy, (M') < Dy (M).

Busnauenns 5. Bynemo nasusatu rpad G minimanshum signocno D (M) npu onepanii unanenus

ab0 CTHCKAHHS B TOUKY JOBLUIBHOTO peGpa U, sikito , a60 Dy, (M) +1=D, (M), a60 Dy, (M') < Dg (M),
ne GuU - rpa¢ 3i crucHyTHM B Touky a' pebpom U = (a,b) Ta M'= (M \{a,b})ua’'.

Jlema 1. MaioTh Miclie HACTYTIHI TBEPAKCHHS:
1. KimiTkoBa BiACTaHh MDK 3aJaHOIO ITApOI0 KIIITOK MIHIMAJBHOTO HEOPIEHTOBAHOTO BKIIAIICHHS 3aJaHOTO
3B’s13HOTO Tpada € 30inbIIeHo0 Ha | HaiMEHIIIOI0 METPUYHOIO BiJICTAHHIO MK IOBUILHUMH ITapaMH TOYOK Ha
TPaHUIIX IUX KIIITOK.
2. Slxmo MHOXKMHA M Mae OLTbII HIXK AB1 KIITKH MiHIMAJIBHOTO HEOPIEHTOBAHOTO BKIIQJCHHS 3B’ I3HOTO rpada
Ta BU3Ha4YeHo JepeBo T(M) (B sskoMy BepIImHAMU OyIyTh €JI€MEHTH MHOKWHHU M, a pebpom Oyze HasBHICTh
CIUIBHOI TOYKH ISl TPAHMIb KJIITOK MHOKHHM M), TO KJIITKOBa BiJICTAHb MK Ii €JIEMEHTAMH € CYMOIO
30iBIIeHNX Ha | JOBKWH HAWKOPOTIIMX IMPOCTHX JIAHIIIOTIB MiX ITapaMu JOBITFHUX BepiinH aepeBa T(M).
3. Pebpo U rpada G cyTTeBe BiIHOCHO YMCIIa JOCSIKHOCTI 3a1anol MuHOXuHKH Todyok M, M = {a, b}, rpada

G npwu onepauii foro BuaaneHHs, ko Hanexuts kasizipui St (K, \ (a,b)).

4.Tpad K, \(a,b) izomopdpuuii St(K,) 3 uotupma Bucsaumu pebpamu, 3 IKMX TpH MaIOTh BUCSYI

BEPLIMHU OTOTOPKEHI B TOUKY & , 8 YeTBEpTE pedpo CTATHYTE B TOUKY D .
5. 3ipka St(K,) 2-38’sa3H0rO0 rpada-odctpykuii G 3amaHOro HEOpiEHTOBAHOTO POIy 3 Mae, MIOHAMMEHIIIE,

TI0 O/THOMY BHCSHOMY peOpPy-TIPOMEHIO 3 KoxkHOI Beprman rpada K, um, npunaiiMui, votuphox BHyTpimHix
TOYOK Horo pedep, NpUIoMy JIesiKi 3 HUX MOXKYTh OyTH CTSATHYTHMHU B TOYKY.
6. st KOKHOTO Tpada-o6CTPyKILii € pebGepHe OKpUTTs miarpadgamu 4u yactuHamu romeomMophuumu K, .
7. Jnst wiomunaoro rpada G mae micue crisgignomenns; sxmo (t=3)A (0 =1), to Dg(M) =2, a sxmo
t>3)A(@=[t-1/2), 0 Dg(M)=0+1;

HoBenenns. Teepmxenns 1, 2, 3, 7 nemu 1 BUIITMBATUMYTh 3 HaBEeICHUX BHIIE BU3HAUEHb 3, 4, 5.
TrepxeHHs 4 € oueBUIAHUM. JJOBECTH TBEPHKCHHS 5 MOXKIMBO METOJIOM BiJl IPOTUIICIKHOTO, IPUITYCTHBIIIH,

mo € Bepmuna V rpadga K 4 » SIK IIGHTPA KBa3i3ipKH, 10 MA€ CTEMiHb 3 Ta HE HAJISKHUTH PEOPy-MPOMEHIO
KBa3i3ipKu St ( K 4 ) . MoxJ1Bi 1Ba BUTIAIKH JUTsI TIapu pedep - AiaroHanei mpoCcToro MUKITY TOBXKUHA 4

rpada K 4 - Bunagok 1. O6uzaa po3MilieHi Ha 1eHTI Mebiyca, Bunajgok 2. Bonu po3MilieHi He Ha OJHiH

neHti Mebiyca. Posrissaemo Bumanok 1. Tomi MOKITHBO 3BUTEHUTH BiJl OJTHOTO 31 CXpEIIeHUX pedep JICHTY
MebGiyca, po3TaiioBaHy B CEpeIvHi 2-KJITKH S 3 TPAHHUIECIO OS— IMKIOM Z JOBKHHH 4 IIEHTpa KBa3i3ipKH,
IUISTXOM PO3MIIIIEHHSI HA30BHI UKy OJTHOTO 31 CXpelieHux pedep, ke He MaTUMe KiHIEBOI BepIIMHA V
.Tum camum 3mMeHIHMO pif rpada-o6erpykitii G 3a1aHOTO HEOPIEHTOBAHOTO POLY, IO CYIIEPEUHTh
MOHATTIO Tpada-o0cTpyKilii. [IpunyIieHHs HEMOXKIINBE, TBEPDKSHHS S [T BUMIAAKY 1 TOBEIEHE.

Posrnsnemo Bunaziok 2. SIkuo o6unsa BHyTpimHi pedpa rpada K, ne posmimeni na nenti Mebiyca, T0

OJIHE 3 HUX CXPEIy€ThCs Ha ILIONIHNHI i3 pe6poM—tpomenem kBasizipku St(K,) ta posmimyerscs na nenti

Mebiyca, sika MpHUKIIeEHA JI0 30BHIMIHBOT, BIIHOCHO UKy Z , KIITKA. BUKOHaEMo cumeTpuyHe
BiZJOOpakeHHsI 10 BepTUKaNbHIH oci rpada Ka. [ nporo nepectaBUMO MiCISIMU TUTBKHM apy NPOTHIICKHUX
BEPLIVH B IMKJII Z OJHA 3 SIKMX Ma€ CTeniHb 3 Ta cyMixkHi peOpa. Toai Ha 30BHILIHINA KIITKi, BiTHOCHO
MOBEPHYTOTO UKy Z , BKJIaJieMo 0e3 MepeTHHY Ti BUCSY] peOpa-TipoMeHi KBa3i3ipKH, IO BKJIAIANNCS Ha
nenti Mebiyca. MatnumMeMo B pe3ynbTaTi TAaKOrO BKJIaIEHHS KBa3i3ipKH, 0, MpHHAMHI, TeHTa Mebiyca h



3BITLHUTLCS BiJl OTHOTO 3 IBOX CXpeIIeHUX pedep. CxeMaTHIHO MoKa3aHo Iie Ha KapTax 6 ta 7 puc.l. Tum
caMHM 3MEHIIUMO pif rpada-ooctpykitii G 3a1aHOTO HEOPIEHTOBAHOTO PO/IY, IO CYMEPEUUTh MOHSITTIO
rpaga-obctpykuii. [punymieHHs: HeMOXKITUBE, TBEPAKEHHS 5 1Sl BUMAAKY 2. TOBEICHE

JoBeneHns TBepmKeHHs 6. OCKinbKku KOXHE pebpo rpada-o0cTpyKilii HeopieHToBaHOTO poxy rpada G Ha
€BKJIIIOBIH TUIOIIUHI IEPETHHAETHCS Y BHYTPIIIHIN TOULI 3 , IPUHAWMHI 3 OTHUM PeOPOM, PO3MIILLy€EThCS
MEBHUM MiHIMaJFHUM BKJIaJICHHIM Ha JIeHTI MeOiyca Heopi€eHTOBaHOI MTOBEPXHI pa3oM i3, MPHUHAWMHI,
onuuM pedpom. Tomi moBinpHE pedpo € pedpom miarpada romeomopduoro Ky, sskuii B cBOIO uepry €
migrpadgomM um yacTuHOO miarpaga romeomopdHoro rpady Kyparoscskoro. 3 iHmoro 6oky, oOuasa rpadu
KypartoBcrkoro maroTh pebepHe MOKPUTTS Maporo 9y Tpikoro miarpadis romeomopdpaux Ky . Takum unHOM
rpad-o6ctpykiis G MaTuMe pebepHe MOKPUTTS CKIHYEHOK MHOXKHHOIO 3 rpadiB YM 4aCTHH TOMEOMOP(HUX
K4. Ha 8- xapri puc. 1 naBeneHo pedepne nokputts Kz 33 ABoma yactunamu romeomophumu rpady Ka,
onvH 6e3 HaBeJeHOTO pedpa, a Ipyra YacTHHA OTPUMaHa BHIAJICHHIM OTHOTO 3 TPHOX HECYMIKHUX pebep,
OKpiM HaBezeHoro pebpa. Ha 9-ii kapti puc. 1 HaBeneHo pedepHe MOKpUTTs K5 TppoMa romeoMophHIMU
rpady Ka, onun 6e3 4oTupbox pedep 3 CIiIFHOI BEPIIMHOKO V, 13 HUX JIBa BUIICHUX peOpa, a IBa IHIIHNX
yTBOpeHi 3 kosieca O4 3 yoTUpMa peOpaMu-IIIUIIMU TOYEPTrOBUM BHIAICHHSM OJIHOTO 3 HaBeIeHHUX pedep. 3
iHIoro Ooky 1€ kBasizipka 3 uentpoM K, um Kj; 3 K0XKHOI BepIIMHU SKOr0 BUXOAUTH IIPOMiHb-pe6pO,

BUCSIY1 BEPIIMHY SKUX MAIOTh BEPIIMHM Ha MpocToMy UMKii. JloBeaeHHs nemu 1 3akiH4eHe.

7 | s

d

2% S

Puc.1. Ha mepmux Tpbox KapTax MpUEAHAHHS 2-pydkd Ta JieHTH Mebiyca 10 eBKIIIOBOI IIIOMIMHY NMPHU3BE e 10
BKiajaeHHs rpada H B moBepxHio KieliHa 3 MHOKHHOIO M 3 4OTHPHOX HABEJACHHUX BEPIIUH 13 YUCIOM JOCSHKHOCTI 4 1

Teta xapakrepuctikoo 6, (M,2,), €, (M ,Z,) = 1. Ha 4-ii ta 5-if Kaprax npueHaHHs 2-pyuKn 10 €BKIiLOBO

TUTOLIIMHY 3 MHOXKHHOIO 3 TPHOX 3a/laHNX (HaBEJICHHUX *KUPHO) BEPILIHH i3 YUCIIOM JIOCSHKHOCTI 3 1 TeTa XapaKTepUCTHK
oro 1. Ha 6-i1 i 7-i xapTax IpoiItocTpoBaHO TBEPXKEHH 5, Ha 8-if Ta 9-1 puKIa¥M 10 TBEp/DKEHHS 6 JiemH 1.
B TperboMy psity HaBeneHI KBa3i3ipku 3 MHOXXHHAMHU BHIUICHHUX KHPHO BEPIINH Ta BUCSYUX pedep-pOMEHiB

Teeposcenna 1. Hexaii 3anano muomunni rpadpu G |, H | axi € 3-miniMansHuM Ta 2-MiHIMaIbHUM,
BiAmoBinHO, i3 3ananumu muokuHaMH M Ta N CyTTeBUX BiIHOCHO BHIANIEHHS 3 MHOYKHHHU TOYOK 3

yncsiom pocskrocTi g (M) =t, knitkoBoro Bincrannio Dg (M) muosxuan M Ta xapakTepucTHKOO

0;M)=0,ne t >3, & >1. SIxmo rpad D 3amano ¢-nepersopennsam rpadga G Ta kpasisipku St(H) 3

M|
MHO>KHHOIO BUCSIYMX BEPILNH {g,}lllzll| nacrynunm unsom: @ (G +St(H), > (a;+9;)) = (D,{ai* }'.“fl') ,ae H -
-1

LIEHTp KBa3i3ipku romeoMopdHuii oHoMy 3 rpadis muoxkunu {K,,, K,, K. \ €}, i3 3ananoro muoskunoro M



BHCSIYMX BEPIIUH YU TOYOK 3 XapaKTCPUCTHKAMH tG (M ) =1 1a 0, (M) =1, 1o rpad D martume mixrpad—

obcTpykuito s moBepxHi KieitHa, mpraoMy nmapu BUCSYUX pedep KBa3i3ipKu MOXKYTh ITOPOIKYBAaTH
moHaibinbIe Tpu miarpadu romeomopdui K, , Ta, Moxke OyTH, mpuHaiiMHi, 0ZlHE BUCSYE peOPO

KBa313ipKH HECYTTEBUM BiJHOCHO HEOPIEHTOBAHOTO POAY MPH CTHCKAaHHI B TOUKY.
Hosenenns tepmkenHs 1. Hexail BuUKoHyIOThCSI yMOBH cItiBBinHOmEHHS 3, ne H=K,. Posrnsaemo

srnagenns | :G — X 3-minimamsroro rpada G i3 3a1aH0I0 MHOXHHOIO M 3 CyTTeBHX (BiZHOCHO
xapakTtepucTuk 1,0 mpu onepartii BufaneHHs 3 MHOKHMHE) TOYOK 3 YHCIIOM J0CSHKHOCTI Lg (M)=3 ra
05 (M)=1. Posmupumo 1ie BKiageHHs 10 f:G—->N 2, 1e N, -msmka Kieiina, tak, mo6 orpumaru
HenBokIiTKy S, S € N, \ f'(G), Ha rpanuwi sKoi po3ranioBana Best MHOKHHA TOYOK M. JIiist 1150T0

MIPUETHAEMO JTO €BKIIIIOBOI TUTOIIMHY JIBi JIeHTH MeOiyca Ha sIKMX BKIIaZEeMO JIBa CyMiKHUX pebpa €;,€, 3
yuciia pebep, SKi PO3TAIIOBaHUX HA MPAHUISX KITOK JOCSKHOCTI MHOKMHHU TOYoK M |, Ta sKi € crijbHUMU
JUTSl TPAHHMITh JIBOX CYMDKHHX KJTiTOK. Perrra pebep Ta Bepint rpada G BKIAIaTHMETHCS TAKHM K€ YHHOM,

K BKJIaJeHHsAM f . BigMiTuMo, 1110 TpaHuIs (351 MICTHUTB CTUIBKH KOIIiH 3a4aH0i TOYKH MHOKHHHA M ,

M :{ai}lihilll , Tpada, CKUIBKM 3yCcTpivaeThCsl TOUKA MPU 00XOA1 FpaHmLli 0S; MO KOy 3a HAaIPSIMKOM 4acOBOT
ctpinku. s 2-minimansHoro rpada H € onun Bapiant- i3o0Mopdizm onHOMY 3 rpadiB MHOKUHH
{K 230 Kyi Ky \e}, ommcanoi B [10], a 3amana maoxuHa Todok N rpada H matume umcio nocsokaoCTi 2. s
rpada H MaTuMeMo HACTYITHI BUTIAJIKHU:

Bunanok 1. H =~ K, ; Bunanok 2. H ~ K, ;; Bunanok 3. H K, \e; Bunanox 4. H = K \e.
Posrmsinemo Bumazgok 1. st MHOkuHM N MaTuMeMo TiTBKH /IBA ITiBHITAIKH:

a). MHoxuHa N MicTUTB TUTBKHM BepiinHH rpada H;
0). Muoxwuraa N MicTHTh ipUHANMHI OHY BHYTPIIIHIO TOYKY pebdpa;

Hexait Mae Micue migsunanok a). Ilosnaunmo yepes H nenrp xpasisipku St(H) i3 3amanoro muosxkunoo N

N . o .
BUCSIYMX BEPILIUH, JI€ N :{gi}u, N5 M|, ta Bkmanemo H \ e B cepenuny kiitku S; , a pebpo ¢ po3MicTUMO

Ha JieHTi Mebiyca, puKIIeeHiii 10 30BHiIHKOI rpani rpadga H \ e , Ha sKy BKIageHa oHa apa CXpenieHux

pebep-poMeHiB KBa3i3ipku, mo cymixHi Bepmunam rpada H . To6To mobyayemMo MiHiManbHe BKIa eHHS
f" ne f'':St (H) > N,, ne N; oTpuMaHO IUIIXOM IPHUKIICIOBAHHS JIeHTH Mebiyca 10 3aMKHYTOI

KJIITKU S; , IO 33/I0BOJIBHSE YMOBI JOCSHKHOCTI MHOKMHE N Ha IMPOEKTUBHIN MIIOMHUHI, TOOTO

f"(N)c 0s,,ne s, € N, \ £ (St(H)) . Bigmitimo, 110 3a HassBHOCTI APyroi napH e;,e, CXpELICHUX Ha

eBKJIiI0BiH TTomMHI pebep-npomeHis kBasizipku St(H ) , motpi6Ho npukseith 10 Sy mApyry nenty h,
MeO0iyca Ta BKJIacTH Ha Hel 3a3HaueHy napy pedep. 3a BU3HAUCHHAM (-TIePETBOPEHHS CKIIEIMO Mapy BEpIINH
(a;,9;) B TOuKy & , e i =1(1)| M | Ta otpumaemo rpad D i sraanenns f"':D — Ny V sunamxy
BiJICYTHOCTI cepe] MHOXKHHH TiArpadis KinbieBoro rpada K , HOpoKeHOro MHOKHHOKO BCiX THX pedep
rpada D, romeomopduux K, Ta siki MaroTs pedpamu ¢ -00pa3u NPUKICEHNX BUCSYUX pedep KBa3i3ipku Ta
THX, 1[0 PO3TALIOBaHi Ha OS; U 0S, BKiageHHsM ', To matuMemo Briagenss rpaga D B HeopientoBany
nosepxuio N, . [Ipumycrumo, mo icHye MiniManbHe Bkianensus rpaga D B HeopienTOBaHy moBepxHIO poaa
2. Toxi Ha oxHiii eHTi Mebiyca MaroTh OyTH pO3MIlleH], TPHUHAWMHI, YaCTHHHU IBOX pebep miarpadis G ,

H rpada D . Ile o3nauatume, mo Ha MIOMIMHI €1€MEHTAPHOTO MCKA IIi pepa 4y iX YaCTMHU MAKOTh
NEePEeTHUHATHCS, TOOTO HAJISKATUMYTh HAMEHIIIOMY IO BKITFOUEHHIO mifarpady uu yactuni Ka, sxuii Oyne
niarpadom rpada D , mo crarysarumerscs 10 Ks un 6yne romeomopdanm Ksz. To6T0 € criiibHa BepmuHa y
X pebep uu ix yacTuH, a omke i rpadie G Ta H . 3rizuo 3amanoro @-nepersopenns rpadis G , St(H)



na D ne nemoxmuso. Ipunynienns nemoxause, T00To rpad D mae neopienrosanuii pox 3. Takum 9uHOM
JTIOBEJICHHS y TIABUITA]IOK a) 3aBEpIIEHE.

Posrmsinemo migBumnanok 6). HasBHicTh BHYTpilHIX ToY0K pebep rpada G cepen eneMeHTIB MHOXKUHH

TOYOK MPUEIHAHHS O3HaYaTUME, 110 rpad G MOKIMBO MOJATH K KBa3i3ipKy 3 ueHntpom H', MOXIHBO

1 1 M N
BHPODKEHOTO, 3 MHOKHHOIO Bcsunx Bepuma M ' rpada St(H'), M'={a'}"', sxa matume Take x wucio
JTIOCSDKHOCTI, 1110 1 MHOKMHA M rpada G Ta fesKi eeMeHTH-BEPIIUHN € HECYTTEBUMHU BiTHOCHO YHUCIIA
JOCSKHOCTI cTocOBHO H' 1py BuaneHHi 3 MHOKHUHH.

Bumagok 2. H = K, 5.

Posrnsaemo Bumasok 2. Toxi MuOkuHA N cKIlaaTUMEThCs MPUHAWMHI 3 TPhOX TOYOK CTEIIeHi 2 Ta,
3TiTHO YMOBH YHCIa JOCSHKHOCTI 2 MHOKUHU N MICTHTPH TiNIbKM TpH BepmuHu rpada H. BrmageHHs B KIITKY
3 PUKJIEEHOTO JIeHTOI0 Mebiyca 3 po3MillleHHsSM Ha JeHTi pedep, SKi BUXOISATh Bl ONHIET 3 BEPIINH
MHOKUHU N, € equHIM 3 MOKITUBUX. [logaNbI KpOKY TOBEACHHS aHAJIOTIYHI BUMAIKYy 1.

Bunanok 3. H ~K,, \e. Ockinbku rpad H izomopduuii Ky 3 BuAineHIME TOUYKaMU IPHEIHAHHS HA
HECYMIDKHUX peOpax, TO BUIAJOK 3 3BOJAUTHCS J0 BUIANKY 1.

Bunanok 4. H = K, \ . Toxi monamo H sik kBasisipky 3 nentpom Ku 3 KOKHOT BEpUIHHH SKOTO
BUXOJATH BHCSAY1 peOpa, TpH 3 HUX MaTUMYTh BHCSYi KiHIIEBI BEPIINHE OTOTOKHEHI B 0JHY. T0OTO 3B0TUMO
Lel BUMAJ0K A0 BUMAIKY 1.

3ayBakuMO, IO KiJIbKa BUCSYUX pedep-MPOMEHIB KBa3i3ipKH MOXKYTh MaTH CIUIbHY HEKIHIIEBY
mi
i

BepuinHy. Tosii po3i6’eMO MHOKUHY BUCSYUX pebep Ha TpH MiAMHOKHHN St;, = {eij} ., xme St St,

CKJIaJIeHi 3 pedep, 0 MAaTUMYTh KiHIIEBUMH TOYKAaMH BEPIIMHY Ta BHYTPIIITHIO TOUKY JESIKOTO pedpa
niarpadie H un H', a migmuoxuna St3 , IO CKJIaJieHa 3 pedep, AKi MAaTUMYTh KiHIIEBUMU TOYKAMH TiTHKH

BHYTpilHi Touku pebep miarpadis H un H' moxmuso € mycroro.

JloBelleHHS CYyTTEBOCTI KOXKHOTO pedpa BUILIMBATUME 13 BU3HAYCHD YKCIIA JIOCSHKHOCTI MHOKHUHHU
TOYOK Ta KJIITKOBOI JIOBJKHHHU.

Bigmitumo HacTymHe: 1) EeHTp KBa3i3ipKu MOKe OYTH BHPOJKEHHUM 3 IPUHAWMHI OJTHIEFO
BEPIIMHOIO Ta KBa3i3ipKa CTaHe MPOCTO0 3iPKOK0; 2) MOKITUBICTh CTUCKAaHHS B TOUKY V BHUCSYOTO pedpa-

npomens kBasizipku St(H) sk HecyTTeBOro BimHOCHO poy. Toxi ofHe pedpo 3 Yhca JBOX CXPEIIEHHX Ha
wionuni pebep rpadpa H Oyne BkianenuM Ha noBepxHi poay 2 Tak, K OYJI0 HABEAEHO B NPHITYIIEHOMY
suIe Bunaaky. Toxi kBasizipka Oyze inmor, 60 Bei pebpa rpada H , cymixkni ctucayromy pedpy Ta
YTBOPIOKOTH MHOXKHUHY S, 6yyTh BUCSYMMH IIpoMeHsMU kBasizipku St(H'), ne MHoxuHa Bepiun rpada H'
oyne Taxoro (H \{v}),H'\L). JloBenenns 3akinuere.

Hacnioox 1. Hexail BUKOHYIOTBCSI YMOBH TBEpKEHHS 1. SIKI10 MaEMO BKJIaJI€HHS f:D—>N 5 IUIS
rpada D , sx s ¢-o6pasa rpadis G ta St(H), 3a1aH0r0 sAK HABEIEHO BUIIE Y HOBEICHHI CIIBBiIHONIEH
us 1 TBepmkenns 1, o cepen pebep 3 T (St(H)) moxe Oytn, npunaiiMui, 0J1He HECYTTEBE PEOPO BiTHOCHO
POy IpH onepaii BUAaTCHHS.

Puc. 2. Imroctpyemo TBepmkeHHs 1 (32 yMOBH OTOTO/KEHHS OJHAKOBHX BEPIINH HA IPAHHI] HEABOKIITKH), ne St(H)
BKJIaJIEHA B CEPENMHY HEJBOKIIITKH € KBa3i3ipKa 3 HEHTPOM K ,, 3 KOXKHOI 3€JIEHOT BEPIIMHH SKOTO BUXOIUTH NPOMiHb-
pebpo 13 3eJICHOI0 KiHIIEBOIO BEPIIMHOIO, SIKa MOMAPHO OTOTOKHIOETHCS 13 OHIEI0 3 BEPIITUH MiAMHOXHHHA M,



M ={1,3,8,6}, rpada G . Tperiii ta uerBepruii rpagpu O, ta O, MicTsTh peGpa un IPOCTI JIAHIIO TH, SKi KIHIEBUMH

BepHII/IHaMI/I pO3,HiJ'IHIOTI) Ha HJ'IOIIII/IHi napH KiHHeBI/IX BepIHI/IH KOXHOIo 3i CXpeHIeHI/IX pe6ep.
Hacniook 2. Hexaii BUKOHYIOTBCSI YMOBH TBEepKEeHHS 1. MaTuMyTh MicCIie CITiBBIIHOIIEHHS:

1. SIxio pe6po € rpada D e cyrreBum BigHOCHO poy mpH omepallii BUJAIEHHS, TO BOHO HAJNEKUTH

ninrpady romeomopdromy K5, K, un Tomy, mo crsryerses 1o Hux.
2. SIkmio pe6po € rpada D € HecyTTeBMM BiIHOCHO POy NPH OTEpaLlii BUJATEHHS, TO HAJIEKHUTh

niarpadgy romeoMoppHOMY O, (ma puc.2) un He HamexuTH KBa3isipmi 3 nerrpom K 4 Y KOXKHOI 3 BEpIINHH
SIKOTO € BUCSIUi peOpa MPOMiHb, BUCSY] BEPIINHH SKHX OTOTOKHIOKOTHCS 3 BEPIIMHAMU OJHOTO CIIJIEHOTO
UKITY.

3. SIxmo pedpo € rpada D e HecyTTEBUM BiIHOCHO POy IIPH OmEpallii CTATYBaHHS B TOUKY, TO BOHO
HAJICKUThH JI0 BUCIYUX pedep KBa3izipku 1oro rpada.

Teeposcenna 2. Hexaii 3anano muommnasi rpapu G 1a H sxi € t-MiHiMansHuM i3 3a1aHMMKM MHOYKHHA -
mu Touok M ta N | BinmoBigHO, CyTTEBMMHM BiJHOCHO YKCIIA JOCSYKHOCTI IIPH OIEpALlil BUJATCHHS

JIOBINEHOTO €IeMEHTA 3 MHOKMHH) 3 9HCIIOM JOCSHKHOCTI L (M) = ts (N)=t, ‘9@ (M ) = '9(3 (N) =0, ne
t>2, 0>0. Sixwo t=2, O =0 i sadixcosano xsasisipxy St(H) i3 MuoxuHOW0 BrcsaX Bepuun {g;}y
pebep, sAKi MATUMYTh IPYTY KiHIICBY BEPIIMHY Cepell eleMeHTiB MHOKUHA N |, Ta 3a1aHO ¢ -TIepEeTBOPEHHS

M|
. M| .. .
HACTYIIHUM YiHOM: @ - (G+St(H), > (a,+9;,) > (D&}, ne H - IIEHTP KBa3i3ipku roMeoMophHHI
S,
onHOMy 3 rpatis MuOkuHK {K 2.3 K4 Ks \e}, To rpady D micTuts miarpadg—o6CTpyKIIio IS MPOEKTUBHOT
TUTOIIMHHA Ta MOXKITUBI HECYTTEBI BHCAY1 peOpa y KBa3i3ipKu BITHOCHO POAY IIPH CTHCKaHHI HOTO B TOUKY, JI€
00pa3u BuCSUMX pebep KBa3i3ipku MOPOIKYIOTh He Oiiblre qBox miarpadis romeomopduux K, .

JloBenenns TBepKeHns 2. Hexail BUKOHYIOThCS yMOBH TBEPKeHHs 2. Posriusnemo Bkiagenus f
f:G— 20 2-minimansHOro rpada G i3 3amanor0 MHOKMHOK M 3 cyTTeBHX (BIIHOCHO XapaKTEPUCTHUK
t, 0 npu onepauii BumaneHus 3 MHOXHHK) TowOK 3 unciom gocsokaocti tg (M) =2 1a 5(M)=0.
Posmmpumo ue Binagenns no T ': G —> N, |, ne N, - nosepxus Kneiina, Tak, mo6 orpumatu

nenpokiitky S, S € Ny \ f'(G) , na rpanuni sixoi posramopana Bcst MHOXMHA Touok M. JIj1s 1160r0
NPUETHAEMO JI0 €BKIIIIOBOI IUIOIIMHM ABi JeHTH Me0biyca Ha SKHX BKJIaJIeMO J1Ba CYMDKHUX pedpa €, €, 3

yucna pedep, PO3TAIIOBAHUX HA TPAHMIAX KIITOK JOCSIKHOCTI MHOKHMHH TOUOK M | Ta siKi € CHiIbHUMU 1St
IPaHHMIlh IBOX CYMDKHUX KIITOK. Pemra peGep ta Bepumd rpadha G ykimagaTuMeTsest Tak caMo sk

BriIageHHsiM T . BigmiTuMo, mo rpaHuls OS; MICTUTB CTUIBKM KOMiM 3aJ]aHOT TOYKH MHOKUHU M,
M ={a}" rpaga G, cxinbku 3ycTpiuaeTses Touka Mpr 0GXOLI 33 YACOBO CTPLIKOKO MPAHHUIL 0S, . Koxen 2-
minimMansHoro rpada M isomopduuit ognomy 3 rpadis muoxunu {K,,,K,, K; \e}, onucanoi & [10], a 3anana
MHOkKHA To4oK N rpada H marume uucno pocsokrocti 2. Akmo H € nenrpom kBasisipku St(H) i3
3a1aHO0 MHOKHHOI N BHCSHX BepimH 1u Touok, ae N ={0,}", To MoK/IMBO MOGYLyBaTH MiHiMATbHE
pimagenns ', ne f'': St(H) — Ny, ne N, orpumano muisixom npukieroBanss genta Me6iyca 10
3aMKHYTO1 KIIITKH g , 110 3a/I0BOJIbHSIE YMOBI TOCSDKHOCTI MHOKMHE N Ha MPOEKTHBHI# IIIOIIHHI, TOOTO
f"(N)cds,, ne 5, € Ny \ f""(St(H)) . 3a BusnauenHsm @-niepeTBopenHs cKieivo napy Bepmms (8,0;) B
TOUKY ai* , e 1=1(1)| M| ta orpumaemo rpad D i sxmagenns "D — N, ne f"'=f+f". Posrmsmemo

muoxuny K' miarpagis kinsuesoro rpadga K, mopomkeHOro MHOKHHOK Beix Tux pedep rpada D |, axi e



06pa3oM IPHKICEHNX BUCSIMX peOep KBasi3ipkH, siki po3rauoBasi Ha 0S, U 0S, BkiaxeHHsm f''. 3a
ymoBu HasBHocTi miarpada K" romeomopduoro K, B rpadgi K' norpi6uo posmictutu ua nenti Mebiyca
oze pebpo rpada K" 3 Tux, 1110 BKIaganucs Ha eBKII1I0BIN IUIOLIMHY i3 IEPETHHOM y BHYTPIIIHIM TOYIIi
(cxpemenux) Ta ogHoro pebpa 3 rpadis G um H . Ockinbku € a8i tentn Mebiyca, To MAaTUMEMO He Oiblie
nBox Takux miarpagis K. Takum urHOM oTpuMaemo Bkiagenns rpapa D B HeopientoBany nmosepxHio
pony 2, Toy(D) < 2.

Biamitimo, 1m0 rpad G MOKIMBO TOJaTH K KBa3i3ipKy 3 meHTpoM miarpadom H' 3 MHOKUHOIO
Bucsiumx Bepmua M ', M'={a’, }Iizllll , IKa MATHUME Ti 3K BJaCTHBOCTI , 0 1 MmEHOXk#KHA N rpada H. HassricTs

B M npunHaiiMui ojHi€el BHYTpimHbOI ToukH pebpa rpada G cyrreBo BrumBatiMe Ha pig rpapa D |, sxmio
1HIIIa KiHIIeBa BEPIIMHU BUCSYOTO pedpa KBa3izipku OyJie CyTTEBOIO BEPUIMHOIO BIJHOCHO YMCIa JOCSHKHOCTI
npu onepanii ii BuaajIeHHs 3 MHOKHHU TOYOK IPUETHAHHS.

JHosenemo, mo ¥ (D) = 2. lpunycrumo, mo icHye MidiManbHe BKIaaeHus rpada D B neopienToBany
noBepxHIo pona 1. Toxi Ha ofHilt neHTi Mebiyca MaroTh OyTH po3MillieHi, TPHHAWMHI, YaCTHHH JBOX pedep
niarpadie G, H rpaga D. Ile o3nauaTume, 1110 Ha IUIONMIMHI €IEMEHTAPHOrO JUCKA 11i pedpa YM iX YaCTHHH
MAalOTh ePETHHATHCS, TOOTO HANIE)KaTUMYTh HAITMEHIIIOMY I10 BKJIIFOUEHH!O miArpady un gactuHi Ka, sxwit
nanexarume miarpady rpada D, mo crarysatumerses 1o Ks uu 6yne romeomopdrum Ksz To6To Mae Gytu
CITiIbHA BepUIMHA Y X pebep uu ix yactun, a omke i rpadis G , H . Ile neMoxmMBO 3riaHo 3a1aH0r0 B
yMoBi @-niepetBopents rpadis G ta St(H) ma rpap D . Ipunymenns nemoxnuse, o610 rpad D
HEOPIEHTOBAHOTO POy 2.

TBepmKeHHs MI0J0 HECYTTEBOCTI Aesikoro pedpa rpada D BimnocHo meopienToBanoro pomy mpu
orepariii BUIaJICHHS BUIUTMBATAME i3 BU3HAYCHD YHCIIA TOCSHKHOCTI MHOKHWHH TOYOK. 3TiHO yMOBH t-

MiHiManbHOCTI rpadiB MATUMEMO, 1110 BUAAIEHHS J0BIIbHOrO pedpa rpada G um H 3minroBaTume uuncio
JIOCSDKHOCTI MHOYKUHY TIPUETHAHHS, a TIe IPU3BEAE 0 AOCSKHOCTI Ha €BKIIIOBIN TUTOMIHHI MHOXXHUHH TOYOK
MIPUETHAHHS Ta 3MEHIIUTD PiJl OJJHOTO i3 HABEICHUX BHIIE BKIIAJCHb. SIKIO BUAAINUTH JOBIJTHHE BUCSTUC

pebpo xaasizipku St(H ) , To THM caMum 3MEHIIMMO HOTYKHICTh MHOKMHM TOUOK MPUEHAHHS, 1110 33

YMOBOIO MiHIMAJIbHOCT1 TaKOXX 3MEHIIMTD YUCIIO JOCSHKHOCTI Ha 1 Ta, SIK HAroJIOMICHO BHUIIE, IPU3BEE 10
3MeHIIeHHs poxy. OcTaHHiN BapiaHT, KOJIM TUIBKHM J1Ba peOpa po3TalloBaHi Ha OJHiH JeHTi Mebiyca, To 11e
03HaYaTUMe, 10 BUJAJICHHS OJJHOTO 3 HUX BUBIUIBHUTH JICHTY 1 THM CaMUM 3MEHIINThH pijg Ha 1.

BiaMiTHMO TIpO MOKIMBICTh CTHCKAHHS B TOUKY V BUCSYOTO pedpa-mpomens kpasizipku St(H) sk

HECYTTEBOIO BiIHOCHO pojy. SIKIIO oHE pebpo 3 YKCiIa JBOX CXpELIEHUX Ha IuiomuHi pedep rpadpa H Gyne
BKJIQJICHMM Ha IMOBEPXHI pojy 2 Tak sk OyJIo HaBeJIeHO B BUIIC HaBeJCHOMY BHITaAKY. To/i KBasizipka Oy

inmoro, 60 Bei pedpa rpada H , cymikni crucHyTOMY peGpy Ta yTBOPIOIOTH MHOKHHY S, CTaHYTh TIPOMEHS -

mu kBasizipku St(H'), ne H'=(H "\{v}),H'\ L) . losenenns TBEPIKEHHS 2 3aKiHUEHE.

& r )

Puc 2. Tpoinroctpyemo TBeppKeHHs 3: miotuHHI miarpadu rpadis By, Cs, Ca, D2, Bz K1222, K\Ca, Kas\4K5
BIJIMOBITHO, 3 BUIIJIEHUMH KUPHUM BEPIIHHAMH 13 MHOKUH MPUEHAHHS BUCSYMX BEPIIMH MPOCTOT 3ipku. Ha m’sitiit
xapTi rpad Ks i3 1-nigposainenumu pedpamu, e MHO)MHA Todok 1 -miaposninenns matume (t=3)A(6=1).

Teeporcenns 3. Hexaii monmanuii rpad G He € t-miHiManbHuM, ajie € ¢-06pa3oM TPHOX KOl rpadis
i3omopduux Ko 3 un K4, un Ks\e npu @-niepeTBOpeHHi, 3alaHOMY Ha JBOX Mapax MPOCTHX JAHIFOTIB YH



IiTaHIoTiB X rpadis Ta 3a1ano MHOKUHY M cyTTeBHX TOUOK (BiAHOCHO Omepallii BugaIeHHs )
ts(M)=t, 5(M)=6, D, (M) >1. Masots miciie HACTYIIHI TBEPIKEHHS:
1. dxmo (t=3)A(#=0), 10 Ds(M)23;
2. SIkmio 3axaHo ¢ -meperBopenns HacrynanM sunom: @ - (G + St(H), Z (a + 9,)) » (D{a/ }l 1),
=i

ne H - nentp kBasizipku romeoMophHumii omaOMYy 3 Tpadis MuOXHEH {K RILYILY \e}, ne muoxuna M |
={a, }I -1, Touok mae xapakrepuctuku =2, 6 = 0 xsasisipka St(H) i3 MHOXKHHOO BHCSUMX BepIIMH

{9, }li:l , Toai rpad D € mporotumnom rpaha—o0CTpyKILii Ast MPOEKTUBHOT TUTOMIMHE (i3 MOYKITHBO
HECYTTEBUMH BUCSYMMH peOpaMu KBa3i3ipKH BiTHOCHO POJY IPH CTUCKAHHI HOTO B TOYKY), IPHYOMY 00pa3u
Hapu BUCAYMX peOep KBa3i3ipKu MOPOKYIOTh He Oliblie 1Box miarpadis romeomopduux K,

3. SIxuto 3minuTH B criBBigHomeHHi 2 tineku { =3, 10 rpad D € mpoToTrmom rpada—o6eTpyKIii s
noBepxHi Kieiina, npruuomy 00pasu napu BUCSIHX peOep KBa3i3ipKu MOPOHKYIOTh He OiIbIIe TPhOX
niarpagis romeomopduux K, .

Puc 3. Tlpuxitan mo tBepmxenHs 3, ne miarpad G rpada D3 (meprumii 3:1iBa-HampaBo) Ta HOTo aHAJIOTH 3
MHOKHHAMH 13 HaBEICHUX TOYOK NMPUETHAHHS, SIKI IOIAPHO OTOTOXKHIOKOTHCS 3 KIHIEBUMH BEpPIIMHAMH HPOCTOT 3ipKU

AJaroputm nodynoBu N-38’A3HUX rpagis-o0cTpykuiii nosepxui Kieiina.

IMowatok anropurmy A(BXiaHi:G, BuximHi:D);

BxinHi maui:
1. Bxiguui#i mionuaHMiA rpad G € 3-MiHIMaIbHUM Y1 MiHIMaJIbHHIA BITHOCHO KJIITKOBOI BiicTaHi 2
niarpa¢ rpada-o0CcTpyKIlii MPOEKTUBHOI IJIONIMHYU T4 B HHOMY 32/IaHO MHO>KWHY BEPIIHH 13 YUCIIOM
JTIOCSDKHOCTI 2, N-9HCII0 3B I3HOCTI BUXigHOTO Tpada D
2. Muoxuna F(G) ={f,}| Bcix neisomoppuux sxnanens rpada G B S - nosepxmio Kieiina;

3. Jlns koxHOro BKiajeHHs f, moOymoBaHi HACTYITHI MHOXKHHH!

a) R, ={{a, Jr}", MiHiMaTbHY 32 BKITIOUEHHAM i CKJIaJIeHy i3 T IMHOXKHH
Heizomopduux (mpu aBromopdHuX Binobpaskennsx rpada G) Touok {a, }.._, 3a1aHoi NOTY)KHOCTI
MHOJKMHH R; pO3TalIOBaHMX HA FPAHMUIIAX KOXKHOI i3 HACTYIIHHMX KIITOK § |, S“j‘, SJ , e S] eS\f'(G,),
SJ e S"\f"(G \u), Ta MiHIMaJbHY TIPH OTIEPALliSIX BUAAICHHS Y1 CTUCKaHHS B TOUYKY JIOBUIBHOTO
pebpa U rpada G, me T ', " - minimanbHi Bknagenus rpadis G,, G \U B HeopieHTOBaHiI OBEpXHi
S', S" MeHIoro poxy HiX S, BIMOBITHO,

0) M =M (f,,R)={s, }'J ~» CKJIAZIEHOI 3 KITOK S, ie S; € S\ f;(G), sKi MicTATH Ha CBOIX

TpaHHUIAX BCIO MHOKMHY BEpILIMH Tpada,
4. Muosxuna kBasisipok 3 nentpom K, ne K € {K,,K, .} Ta, i3 nmpunaiimui, yotupma (u1st Kq) un

tproma (11 K, ;) BuCAUMMH pebpamu, AKX Moxke OyTH He Oinbie |G °I;
5. Muoxunu st(K,) ={g, J), st(K, 3)={h }lle(KZ ) peix BrnaeHs KBa3i3ipOK 3 IIEHTpaMu

K, K, 3, BiiMOBiNHO, B KIITKY S, SIK B JIOKaJlIbHy MPOEKTUBHY ILIOMIMHY 3 PO3TALIyBAHHAM Ha

neHTi Mebiyca pebep IIEHTPY Ta BUCSIUUX pedep KBa3i3ipKu.



6. Function TI(Bxix: R,n; Buxin: R", NG), sika mpu KOKHOMY 3BEpTaHHI BHIAE eleMeHT 3 R™
MHOHHH BCIX IIEPECTAHOBOK BEPIIHH a1,32,33,,an 32 Yac Tpomnopiiiiauii nn! Ta MEHOXXHHY NG- BCix
PO3OUTTIB MHOKMHU BUCSYMX BEPIIUH J1,02,03. Om KBa3i3ipKH Ha N HemycTUX miaMHoxuH Gy, Gy,
Gn, KOJKEH 3 €JICMEHTIB MiJMHOXHHU G; OTOTOKHIOETHCS B OJTHY TOUKY NQi, sIKa OIAPHO
OTOTOXKHIOETHCA 3 a;, YMCIIO PO3OUTTIB sKi BuIaBaTuMe (pyHKIis 3a wac mponopiiitanit NN, ne
NN=(m(m-1)(m-2)...(m-(n-1))), m>n.

Buxinni nani: I'pag D — nporotun n-38’s1300r10 rpada-odeTpykii s noBepxHi Kneiina.
Bgectu G, n;
Jns i Big 1 o | F(G) | kpokom 1 BukoHaTH: // MOYaTOK UKy 3 TAPAMETPOM i
[IOYAaTOK J1H;

f="
R:=R;;
Jost |

Big 1 10 [M| kpokoMm 1 BUKOHATH:
[IOYAaTOK JiH;

s:=s;+h;  // mpukneimo 1o mommMHHOrO MUCKy S NeHTy Mebiyca h;

R:=0s "R ; // 10 N ToYOK @i TpaHUIli KITITKH S IPUKJICIOBATUMEMO Jj BUCSUi BEPILIUH 3iPKU;
Sxmio [0S MR |< N To mepexin Ha KiHEIb [TUKITY 3 TapaMeTPOM j;

Briagemo K B S\ 0S; // nenTp kBasisipku 3ipku BKIaIEMO B CEPEANHY KITITKH S
1 TaK, 1100 ojHe 3 pedep Jiexxano Ha jeHTi Mebiyca h;
Function TI(Bxix: R,n; Buxix: R"); //mpu Ko)kHOMY 3BEpTaHHI Ha BUXO/[i HOBA IMEPECTAaHOBKA
/I 3 MmuOXwHK R™- BCiX mepecTaHOBOK BEPUIUH a1,82,83,,an;
// 3 IKAMH OTOTOXXHIOETHCSI MHOYKHMHA BHCSYUX BEPIIHH NQ1,Ng2,NQ3,.,NGh.
// MaTiMeMO OTOTOKEHI BepIUHH aiNgi,azngz, .. .,anNgn.
s Kk Big 1 1o N kpokom | BUKOHATH:
MOYATOK [Iiif;
g:=ang;; [l Maemo BepIIMHY TIPHEIHAHHS 3 TAMH X pedpamu rpada G Ta;
Il Bucstaumu pebpamu KBa3izipku 3 1ieHTpoM K ykiamgemo
D° =G°\{a,}UK® \{g,}{a,ng,};
D'=G'UK'U(St"(K)\K";
KiHEIb Tifl MUKy 3 mapaMeTpoM K;
Busoaumo (“’T'pad D =>,(D° D?);
KiHeIlb [l UKITY 3 TTapaMeTpoM J;

KiHEIb Ji#l UKITY 3 TapaMeTpoM i;
Kineup anroputmy A.
Teepooicenns 4. MaloTh Miclie CITiBBiTHOIIICHHS:

a). Anroput™ A KopeKTHUIA Ta Mae yacoBy ckiagicts O(b|GOltime(Function I1(R,n)), xe b=b(G) —
N00yTOK 4KciIa Hei30MOP(hHUX MiHIMAIBHUX BKJIAJICHb 3aJ1aHOT0 3-MIHIMAJILHOI'O TUIOIIMHHOTO
rpada G Ta Hali6ibIIOro ykcna KIiTOK B HUX nponopuiiine |GJ .

b). ®ynkuis (Function I1(R,n)) ans n=3 ta nesikux KBa3izipok Ma€e 4acoBY CKJIAIHICTh MPOIOPLIHHY

O(IGM, ne |G |<10.

¢). Buxignuii rpad D moxxe matu cepen oOpasiB BucAUMX pedep KBa3i3ipku HeCyTTeBI pedpa
BiITHOCHO pOJy IpH omepaii cTuckaHHs peOpa B TOUKy. BUKOHaBIIN CTHCKAaHHS B TOUYKY BCiX
takux pedep rpada D orpumaemo minop noBepxHi Kielina.

Teeposcenna 5. Hexaii mnomunnuii rpad G € MiHiMaIbHUM BiZIHOCHO KIIITKOBOI JIOBXHMHH 2 Tiarpa
¢dom rpada obcTpyKIlii MPOSKTUBHOT IUIOMIMHU (OJHUM 3 TpadiB Ha puc. 3) Ta 3a7aHO HOTo MiIMHOKUHY

touok M 3 cyrreBux Bepmmn Bignocno uncen Dy (M) i tg (M)=t, pet=2, D; (M) =2, npu oneparii



BUaICHHs Touku 3 MEHOXKUHM M . SIkmo 3anano ¢ -nepetsopenns rpadba G Ta ksasizipku S, (H) 3

M|

M|
nentpom-rpadom H mactymunm unnom: @ - (G + St(H), > (a; +9;)) — (DH,{ai*}i:l :
i=1 .

ne H - uenrp xBasizipku romeoMopQHuil OqHOMY 3 TpadiB MHOKUHI {KZ.,3' Ky Ks \e,Kr}, r>1, ne muoxuna
M . .
M, M ={<’:1i}‘i:1| , TouoK Mae xapaktepuctuku t =2, 0 = 0, ksasisipka St(H) i3 MHOKHHOIO BUCSTIIX
M . . S
pepm {0, }y , TOZi MaloTh Miclie HACTYTHI CTiBBiAHOMICHHS:

1. Sxkmo =1, (t=2, 0=0)uu (t=3, § =1), To rpad DH e rpadoM—0BGCTPyKITi€ro 115t MPOESKTHBHOT
TUTOILIMHH, TIPUUOMY 00pa3u nmapyu BHCSYHX pedep KBa3i3ipku HE MOPOIKYIOTh Hiarpadis roMeoMoppHUX
rpady K, 3 1BOMa BUIaJIEeHUMH HECYMIKHUMHU pebpamu;

2. Slxmo rpad DH € rpadomM—o6ceTpyKkiiero st moBepxHi Kieiina, To 06pasu map Bucs4ux pedep
KBa3131pKH IOPOKYIOTh HE OiJIbIIE BOX pi3HMX miarpadis romeomoppuux K, Ta MOKYTh OyTH
HECYTTEBUMH BITHOCHO POJY IPH ONepallii CTSATyBaHHS BUCSYUX peOep B TOUKY;

3. SIkuio 3aminnTH B criiBBigHOeHHi 1 piBHicTh ams t Ha =3, To rpad DH crane nporoTnoM rpada—
obcTpykuii ms moBepxHi KieitHa, mpraoMy 00pasu mapu BUCSIHX pedep KBa3i3ipKu MOPOIKYIOTh He
Oinpiie Tprox miarpadis romeomoppuux K, .

Hosenenns. Hexait BUKOHYIOTbCSI yMOBH TBepKEHHsI 5 Ta criBBigHomIeHHs 1. [TokaxkeMo BUKOHaHHS

YMOBH CYTTE€BOCTI KoxkHOTo pebpa rpada DH BimHOCHO HeopieHTOBaHOTO POy 2 HpH ONEpaIlii BUAATCHHS.
Jlnst mpooOpasa U TOBUTBHOTO pedpa MOXIIMBI HACTYITHI BUIIIKH:

Bumanok 1 U Hanmexwuts rpady G;

Bunanox 2 U nanexwuts rpady H;

Bunanok 3 U HaleXuTh J0 MHOKHHH BUCSYNX pebep-ipomenis kpazizipku St(H)
Hexaii mae micuie Bunagiok 1. Buganusimm peOpo MaTHMEMO 3TiTHO YMOBH CYyTTEBOCTI MHOXUHE M

BIJHOCHO YHKCJIa KIIITKOBOI BiJICTaHI DG (M ) MaTHMEMO 3MeHIIeHHs Ha 1 1poro yuciaa. Toal MaTHMEMO

MOXJIHBICTh TAKOTO BKajaeHHs rpadga G B miommHy 3 MeHmuM Ha | 4MCIOM IPUKIeeHHX JeHT Mebiyca
sIKe PO3MilllyBaTUMe MHOKMHY M Ha rpaHuIli OfiHi€el MCEBIOKITITKY B Ky BKJIagemo kpasizipky St(H).

Puc.4. Tlpuknaay pydHOro BUKOHAHHS JITOPUTMY TTOOYIOBH 3-3B’I3HUX TpadiB 00CTPYyKITii
HEOPIEHTOBAHOTO poay 3 Ha MEPUIMX YOTUPHOX KapTax, Ha 5-i kapti rpad He 3-3B’s3HUM.
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Puc.5. [Ipuknanu pyqyHOro BUKOHAHHS aNropuTMy o0y 10BH 3-3B°sI3HUX rpadiB 00CTpyKIii
HEOPIEHTOBAHOTO POy 3 Ha MEpIINX IBOX KapTax, Ha 5-i Ta 4-1 kapTax rpadu poxy 4.

Bucnosok. Otpumano MaTeMaTHIHE 3a0€3MeUeHHS U1 aTOPUTMIB TOOYTOBH MiHOPIB 3a/1aHO 3B’ I3HOCTI
Juts ioBepxHi KieiHa nusixoM @-repeTBOPEeHHs 3-MiHIHAIbHUX TIONIMHHUX rpadiB Ta KBa3i3ipoK 3 HEHTPOM
K4 yu Ko 3.
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6.1. ABOUT ®-TRANSFORMATION GRAPHS AS A TOOL FOR INVESTIGATIONS

Let's dissolve the problem of modeling a complex system in general form and propose a theoretical and
graphical approach as a way of thinking with artificial images-structures. In systems modeling theory, there
are mathematical methods in which large structures are regarded as a set of small and simple substructures,
which may have some common parts that can be identified when constructing or reconstructing an entire
structure from a finite number of substructures. The main object of p-method is creating graph (graph
model) obtained as a pair of finite sets: sets of vertices and sets of edges to determine the relationships
between structure of vertices as objects. The basic idea of the method ¢-transformation can be interpreted
as a way to inherit a particular property of substructures throughout the structure, depending on the
properties of the connection (identification of given parts of substructures). An example of this is the
transformation of basic system programming problems into graph theory problems, with mathematical
support for their solution algorithms.

The graph model of a mathematical model of a complex system is presented in the form of an undirected
graph G without multiple edges and loops and is studied by studying the structured properties of a graph
embedded in a closed surface S of an undirected genus »(S) ; the graph edges placed on the S will be
located at least on the projective plane or the Mobius band glued to the oriented surface and will have no
common points except the vertices of the graph G with genus y(G) and may not be located only on the
handles. A graph G is said to be minimal over S (y(S) -no irreducible) if for each proper subgraph H of graph
G there is an inequality y(H) < y(S) < y(G). A minimal graph over S is called a graph G that decreases
y(G) after the edge is removed or the edge is reduced to a point. For sphere S such are Ks and K3 3. The
following results can be used for systematic analysis of graph models.

1. Main definitions and results

For a graph 3 (obtained asa ¢ -image G + St,,(gg) with n vertices of the star St,(gg) amalgamate with
vertices of the set X having the number of reachability tg (X) and characteristics g (X), 80 (X), [3-4] the

following inequality holds:
7(3)<7(G)+ta (X) -0 (X) - 06 (X)-1.

Was introduced a characteristic at dg (X) is a measure of the cyclic connectivity of 2-cells of set Sg (X) as
opposed to 96g (X) which characterizes the cyclicity of the set Sg (X) .They can be used in the analysis of

graph models of linguistic circuits which know that vertex and vertex links have some common property-
context and some pairs of vertexes may conflict or contradict each other. To resolve these conflicts, we
suggest placing graph models on the surface of another kind without crossing the edges at the inner points.
In order to investigate the behavior of a mathematical model of a complex system placed on the orienting
surface S, its graph model G without multiple edges and loops is considered. Then it is possible to use the
transform method created for graphs to solve modeling problems by splitting into "simpler" submodels with
further identification of elements made with predefined properties. So the expansion of model G can be
determined by the following transformation:



n
9:(G,Stn(90), @i +ai) — (Sai L)
i=1

where {a; }in:1 is the set X of points of graph G with the number of reachability tg (X), which is one set for

identification and amalgamation, and the other {g; }i”=l is the set of end vertices of the star St,(gg) with

center gg. Generalization of the characteristic relating to the cyclic structure of the set X points of the graph
G embedded in the surface S. Introduction of a new characteristic that measures the chain structure of the
set X of points of graph G on S. This result will be useful in the systematic analysis of both graph models and
their topological aspect. which will have common properties at the edges and vertices of the graph model.
The solution to our problem is based on the method of graph transformations [1-2], whose founder is M.P.
Khomenko, and the concepts he introduced. For the take of completeness, we present the most important
part of them.

Definition 1.1. A ¢ -transformation of space X into X relative homeomorphism ¢: (X,A) — (X, A) which is

q
the sum Py + 2P of g+1 homeomorphisms:

i=1
1. o0 =¢lx\a: XVA= X \A, ¢y isa homeomorphism;
2. QjiAj > Aj;
q k-1 q
3. Xoj=0la. Zej+ X ejxelA, kj=10q;
j=1 j=1 j=k+1
dj dj
4. ej=2Xojieji=ela, Aji > UAjidj22 j=10q;
i=1 i=1
5. —1<dim(A ji N A jir) <dim(A )i #i",,i"=1(1)q :
6. Aji;tAij,j;ti,i,j:l(l)q.

An important class ¢ -transformations are ¢ -transformations satisfying the condition: A;; N A, =@ at
(i=iYU(j#]'). Then the subspace A is decomposed into the sum q of the subspace systems Aj;

homeomaorphic to each other within each system. Thus, on the subspace A , the relation R - equivalence is
i i q dj m Mo
given, i.e. R =3 R;, moreover Rj[Aji]z 2Aj L LetX =X, X =YX, po(X;)=po(X)) =1for | =1(1)m,,
j=1 i=1 r=1 1=1
r=11)m.

Define @ -transformation ¢ : (X, A) — (X, A) in accordance with definition 1.1. We introduce the following

characteristics @ -transformation:

_ , a
kI =[laj 1A c Ay e X, i=10d,, i =10d |k, = 3ki T,
=
i

Alp) = I 0T 2 0)a (v i e b2 al(i 2 5. 1) = (k07 = ol (T =oJ kT =Y KT, =t i =1)a.

r=1



Possible causes are shown in figure 1.

D A, 7 A
c ot
Aﬂ :—)@
@,l a, a4,

Fig. 1
The set A(¢;) is uniquely defined. We denote k! by a numberk /.

2. Main three graphs

Definition 2.1. The ¢ - base B; = B(p;) of reflection ¢; : A; — A, with given ¢ -transformation
@1 (X,A) > (X, A) is the sum of those components of the subspace X that intersect with the subspace A |,

thatis B; = £X,, 3, = {f/kj >0}.

I’EJJ'

Definition 2.2. The complex @ -base B, = B(X,) over X, is called the prototype of this component at a given

@ -transformation, i.e. B, = '(X,).
Statement 2.1. If fixed ¢ -transformation ¢ : (X,A) - (X,A), J, = {j/Aj c B,}, vi=[3;| 1=10)m, then

1) B = U Bj, I =1()m,,
i€l

2) By By =@, 1=l LI'=1(1)m,,
Mo
3) v, =q.
I=1
Proof of this statement follows from the fact that B, - the set of components of spaces X "glued" into a
component X, on the subsystem A ;.

Definition 2.3. The graph of the complex ¢ -base B, ¢ - transformation ¢ : (X,A) — (X, A)is called a graph
Z,,2 =(0,2}), where 20 = {x, /X, B, | the vertices x, are joined by edges so that k} =0 a tree with a

ki —1-loop in X, forall j, j=1(1)qis formed on all vertices.
Definition 2.4. The graph ¢ -base ¢ -transformation is called a graph z(X, X ) = fz, .
1=1

Statement 2.2. The graph Z(X, X )is defined uniquely if and only if, when Po(Bj) <2 for j=1(1)q, i.e. we
have no more than two connected components that intersect with the system A ;. If (Aj=Aj; VA ;)

A(d; =2) forall j =1(1)q, then the graph Z(X, X ) is uniquely defined.

Theorem 2.1. For each graph Z(X, X)= Z ¢ -bases ¢ -transformations ¢ : (X,A) - (X,A) we have:



1) po(Z) = po(X);
2) p1(2) = 24, + po(X) - po(X) -0
j=

In order to ensure that these properties are valid, it is sufficient to calculate «,(Z(X, X)),

ki/ki =0},

q

@1(2) = X(po(B;)-1)+ X 200/ -1+ 3]
j=1r= i=

j=1
where m = p,(X) and use the formula p,(Z) = &4 (Z) — ao(Z) + py(Z) .

Theorem 2.2. The graphs of the ¢ -bases Z(X, X ) are simple (i.e. without multiple edges and loops) if and
only if, when kJ <1 and ‘{qu/(krj ” 0)/\ (er # O)}sl, where r=1', r,r'=1()m, j=1(1)q. In other words, the
graphs {z} are simple if and only if, when:
1) we have only one subspace A ;;on each component X, ;

dj
2) there no more than one system 3 A ;; for each pair of such components.

i-1

Definition 2.5. The graph ¢ -transformation ¢|B; :(B;,B; NA)— (X[, X; N A)

of a complex ¢ -base B, at a given ¢ -transformation of space X is called a graph A, where

AY ={xe 1 Xp cBIYU{Y | /A B},

A =) -k D0y ) 0K 2B A (A € BDYO LY}y DIk —kd e Awj) A (A] < B}

Definition 2.6. Graph ¢ -transformation of space X is the graph

m
A(X, X) = S A
1=1

Statement 2.3.

1. The arbitrary ¢p-transform graph A(X, X) is uniquely defined and is simple if and only if, when:

k) -k} <1, j=10)a,r =20)m;
2. There is a connection between pl(Z) and pl(A).

Consider the following example in figures 2,3, where:

3 3 2
A= UAlj » Ay = UAZj » Ag = UAaj .
j=1 j=1 j=1
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Fig. 2.
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3 ¢ -transformations for graphs on some surfaces

1. Projective plane.
The problem of studying the structure of all minimal non-planar projective graphs is solved by sorting
through all the different variants of removing one of the vertices of one of the 35 minors of the projective
plane and selecting non isomorphic graphs of nonorientable genus 1. Since [5] does not show the diagrams
of these graphs, the construction of all minimal non-planar projective graphs, and in the study of the

properties of these subgraphs of the minors of the projective plane relative to the number of reachability of
the set of points and the genus of graph.



The solution of this problem is to construct all minimal non-outer projective-planar graphs by sorting out all
the different variants of removing one of the vertices of a graph - minor of a projective plane and selecting
non isomorphic graphs of nonorientable genus 1. Constructing similarly to how minimally projective non-
planar graphs K; or Kj; are formed from minimal non-outer planar graphs K, or K, ; by gluing a simple
star St(v) to the minimum power subset of points of graphs K, or K, ; with number reachability equals 2.
Main results: theorem 3.1 and diagrams of 118 non-outer projective-planar graphs are given and the
numbers of reachability of sets of vertices of minors of a projective plane and sets with points of
attachment of a star to subgraphs of these minors are calculated. The full list of thess non-outer projective-
planar graphs will be published as soon as possible.

Theorem 3.1. For an arbitrary graph - obstruction G of the projective plane N; and each of its vertices v with the set
M (v) of all vertices of the incident occur the following statements:

1. For the subgraph G \v of the nonorientable genus, the following relations will take place:

a) If y(G\v) =1, then we have the following relations al) and one of a2) or a3):

al) tg\y(M(v),N1) =2, wherein the set M (v) belongs to the boundaries &sy,6s, of two cells s,, s, of the projective
plane having at least one common vertex;

a2) each edge of the subgraph G \ v is significant in relation genus y(G \v) with respect to the removing the edge or
compressing it in point;
a3) each edge of a subgraph G \\v is significant with respect to the removal or compression operations of an edge;

b) If ¥(G\v) =0 then, one of the following two relationships will occur:

bl) tg\y(M(v),N1) =3 and the set M (v) is located on the boundaries of three cells s,s,,53 of the projective plane
satisfying the relation és; nds; nds, # @, each edge of the subgraph G \'v being significant relative tg\, (M (v), N7) to the
operations of removing the edge or compressing it to a point, and each point W of the set M (v) satisfies equality

te\w (M (V) \{w}, N1) =tg\y (M (v), N1) -1

b2) tg\y (M (v),20) =2, where tg\, (M (v),2q) is the number of reachability of the set M (v) relative to the euclidean
plane g , is realized by minimal embedding f:(G\v) - X, at the boundaries ds;,05, of the cells sq,s5, where
{51,503 2o \f(G\v), which satisfies equality s, N 0s, =, that is, separated by a ring from the cells, then relative to the
projective plane, the set M (V) will have a number of reachability tg\, (M (v), N7) =2, with each point w of the set
M (v) satisfies equality tgy, (M (v) \{w}, Nq) =tg\ (M(v),N1) and the set f (M (v) \{w}) by someembedding f:G\v—> N;
is placed at the boundaries asi,as'z of two cells si, 5'2 having at least one common point Where{si, 5'2}c Yo \f'(G\v),and

equality 6si maslz # @ is satisfied.

2. Each minor G of the nonorientable genus 2 (except Gg, E1,Gg4) is covered by a maximum of 4 (eg, graphs A,

G1) subgraphs or parts homeomorphic to one of the following graphs: Kz 3, K4, Ks\ e, Ka3\ e, Ks, Kz 3z and relatively Klein
surface N2 the number of reachability 2 for the set of vertices (for G e{G3, E1,G4}we have), and for each removed edge

e the graph G \ e will have at N1 the number of reachability equals 2 for the set of vertices;

3. The presence of the coating specified in the statement 2 is not sufficient to make the graph an obstruction of
nonorientable genus 2.

4. If y(G\v)=0and on the Euclidean plane >y made up a set M (v) of points of a graphG formed from the

obstruction graph of a projective plane N1 by removal of a vertexv and adjacent edges is given by an arbitrary minimal
embedding f:G\v— X on the boundaries of two cells that have no common points and have end points that does not

belong to their borders. Removing an arbitrary point from the set M leads to the failure of relation 4.



Fig, 4. Illustrates the relation b) of statement 1 of theorem 3.1, where sets {1,2,4,5,8,9} for graph C4 \5,
{2,4,6,9} for graph Eop \5.

Proof. We prove statements 1 of Theorem 3.1. Suppose that for each vertex v of the graph - obstruction G for a
projective plane N; with the set M (v) of all vertices incident v , there is a subgraph G \v of a nonorientable genus (G \v)

. Then we will either »(G\v) =1 have and G\v contain a subgraph or part homeomorphic K5, or Kg3, or G\v that
subgraph does not contain these partial subgraph, where Kg has two non-isomorphic embeddings inN; and Kg3 has
one non isomorphic embedding in N; . Prove the relation al) relation a) statement 1, namely »(G\v)=1, if, then
inequality tg\y(M(v), N1)=2 holds. Using the opposite method, suppose that tg\, (M(v), N{)>2, that is, the set M (v) is
placed by some minimal embedding f of a graphG \v in N; the boundaries of at least three cells of the projective plane,
namely s,s,,53. Letthe graph G be the -image of the graph G \ v and Stg (v) , if the pairs of vertices (vy;,vy;) are identified,
where Vij € M (V) ,vy; eStGO(v)\{v},i:1(1)deg(3(v), To continue embedding f : G \v — Ny on the graph G, it is necessary
and sufficient to attach all the edges of the star and its center to one cell formed of two cells s, s, where{s;,sp}c Ny \ (G \v)
whose boundaries have at least one , the common vertex w , where we G’ \{v}nas; ndsy, and contain the set M (v) . To form
a single surface cell from these cells s,s,, we attach on N; a Mobius strip L on which we place f'(N(w)) by new
embedding , f:G\v— Ny, where f'(N(w)c L, f'|Gl\Stl(v)\N(W)= f |Gl\3t1(v)\N(W), N (w) is the smallest subset
of the set of adjacent edges belonging to the boundary of one or to the boundaries of several cells, which on N; at least

one side separate the cell s, from cellss,, N(w)=N;(w,s1,55) Note that the insertion of an edge adjacent w to the

Mobius strip will be to separate some of the inner points of the edge, which it splits into two parts, and to place its copies
on diametrically opposite parts of the circle, and the edges will have endpoints of these copies and the boundary of that

edge. As a result, we get a sell sgwheredsg =081 U 0sy ,{Sp} < Ny \ f'(Gl\Stl(v)) in which we put vertex v the center of

the star and the subset Stl(v) of its rays of edges that terminate as a bundle of straight segments finished on 0sg . Then
we will have at least one edge (v,u), where uedsg\(ds; Udsy) there is no investment f'(v,u) in N, that isy(G\(v,u)=2.
This contradicts the condition that the graph is an obstruction graph of type 2, the assumption is incorrect. Then the
assumption is wrong, we will have equality tg\y (M (v),N1) =2.

We prove the relation a2) of the statement 1. We give the graph G \e as an ¢-image of the graph (G\v)\e and in the
identification of pairs of vertices (v;,v5;), whereVj € M(V),vy; eStGO(V)\{V},izl(l) deg g (v), which satisfies the equality
(G \e) =1, since the graph is an obstruction of nonorientable genus 2. Since (G\v)\e=(G\e)\v and by Theorem 1[5]
7(G\e)<7((G\v)\e)+t(g\v)\e (M (v), N1) -1, then we will have inequality y (G \e) \v) +t(g\e)\v (M (v), N1) > 2, so deleting an
arbitrary edge leads either to a decrease of 1 genus of subgraph (G \e)\v andtheny((G\e)\v) =0, or to a decrease in
the number t(g\e)\y (M (v), Nq) of reachability by 1 and then t(g\e)\v (M (v), N1) =1. The materiality of the edges of the

subgraph relative to the genus upon removal is proved. We will prove other statements similarly and presented proofs as
soon as possible.



2. Klein surface.
Another problem is constructing all non-outer Klein-planar graphs. In [8] a solution to a similar problem of
constructing non-Klein surface graphs by the method of relativistic components was presented.

Theorem 3.2. Each graph obstruction H for N5 -surface of the nonorientable genus 2 satisfies the following
statements:

1. An arbitrary edge u,u = (a,b) is placed on the Mobius strip by some minimal embedding of the graph H
in N3 and there is a minimum on inclusion projective-planar subgraph K of the graph or a part of it
satisfying the condition: (tx ({a,b},N3) =1 A (tx\, {a b}, No)=2);

2. There is a finite smallest inclusion set of different subgraphs K, covering the set of edges of a 2-

connected graph H , where K is a local projective-planar subgraph or partial subgraph H\e of a graph,
homeomorphic K5 \e or K33 \e;

3. Every 8-vertex graph - obstruction of non-oriented genus 3 is covered by a minimum of 5 or a maximum
of 6 subgraphs or parts of a homeomorphic planar graph with sets of points with reachability 2, or
projective-planar, or non-projective-planar graphs (possibly without an edge) from the list of 118 non outer
projective planar graphs or set of 103 graphs - obstructions of the projective plane [4].

)
-
=

Fig, 4. ¢- transformation of the non-outer projective planar graph Ejg and St4(9) give non-outer Klein planar
graph Egq

Conclusion. The use of the ¢-transformation of graphs method for the above problems for the projective
plane and Klein surface can be generalized to an arbitrary nonrientable surface.
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6.2. LIST OF NON-OUTER PROJECTIVE PLANAR GRAPHS

The main notations and definitions are taken from [1]. The problem of search all non-outer projective planar
graphs has the following two subtasks.

1. Investigate the structure of projective plane graphs, minimal concerning the operation of removal or
contraction to a point of an arbitrary edge, with a given set of points, having the number of reachability t, t
=2, and is itself or has a subset projective planar graphs and give their graph diagrams indicating the
specified subsets of points;

2. Investigate the structure of the glueing graph and the algorithm for constructing no projective planar or
non-Klein surface graphs as ¢-images of a small number of special graphs. Their special graphs are elements
of the set of minimums relative to the number of reachability 2 for a given Klein surface or projective plane,
having a reachability number of 2 and are minimal relative to the reachability number in the operation of
removing an arbitrary point.

The solution of subtask 1 is to construct all minimal non-outer projective planar graphs solved in [2] by
searching all different options for deleting one of the vertices of the projective planar minor graph and
selecting no isomorphic graphs of nonorientable genus 1. The idea of construction is similar to how
minimally non-planar projective graphs Ks or K3 3 are formed from minimal non-outer planar graphs K4 or K33
by glueing a simple star St (v) to the minimum power subsets of points of graphs K, or K, 3 with the number
reachability 2. According to subtask 1, the obtained theoretical results are presented in part 1, and in part 2
the algorithm and diagrams of graphs constructed by it are given.

Subtask 2 is to identify the minimum subset of points in the minimum non-projective planar or minimal non-
Klein planar graphs with a given number of reachability 2 and the nature of their bonding for another
construction of non-projective planar or construction of all non-Klein surface minor graphs. A similar
problem was solved in [3], where the coverage of non-projective planar or non-Klein surface graphs G with
the number of vertices not more than 10 as obstructions of the nonorientable genus  (G) by subgraphs
homeomaorphic to Ks or K3 35. Pairs of which inform subgraphs homeomorphic to obstructions of the
nonorientable genus is associated in [3] for nonorientable surfaces of the genus not more than 5, and for
the torus also has the specified coating. However, in [4, p. 203] a counterexample is given. In [5] the
solution of a similar problem of construction of non-projective plane graphs by the method of relative
components is given. Some results on the analogue of this task were given in [8]. The list of non-outer
projective planar graphs has presented here.

Definition 1. For a given embedding f , f:G — S, agraph G in S and a given set of points X,
X cG® UG determine t,(X,S, f),t=t,(X,S, ), the number of reachability of the set X relativeto S , if

there is a set s.(X), S, (X)=5\f(G), which satisfies the condition: (f(X)c Ltjasi NX)A (F(X)z Ltjasi A X),j=12.t.

i=1 i=L,i% ]
We say that the set X has a reachability number t, ts (X, S)= t, relativeto S, if among all no isomorphic
embedding’s f , f:G — S, the number 1 is the smallest among the numbers t,(X,S, f ). We consider
further the set X of points of the graph G t-non-planar concerning the surface$, or (t,5) - non-planar, if

t>2, where tg (X, S) =t.If t=2,Sisa projective plane, and the set X is the set of vertices of the graph
G, X =G°, then we will call the graph G non-outer projective planar. A graph G IS outer-



projective-planar if e@mbeds on the projective-plane with all vertices on the boundary
of one distinguished cell.

Definition 2. Suppose the embedding f , f :G — S, of the graph G in the surface S , which implements t,
ts(X,S)=1t, where s (X)=5S\(G) S¢(X)={s;};- We will say that concerning a given surface S the set X

. - . 3
will have the characteristic 4;(X,S, f), 65(X,S,f) =6, 0 21, if there are 0 three cells {S,- }1 from the set s (X),

on the boundaries of which the subsets X, X, c X, are placed arbitrarily and satisfy the relation:
0 0 0
G nds;Nds, o{a A G Nds,Nds; 2{a,}A G N s, Ns; ©{a,}, and generates the smallest subgraph
3
G' of the graph G, (possibly degenerate), contains the points {ai }‘1 of pairwise intersection of cell

boundaries {S,-}f .The set X will have the f -characteristic g (X ) ifg, (X)=max 6, (X, f), Where the

maximum is taken for all embedding’s f : G — S, realizing t; (X, f)=t and 9=6,(X, f).

Main results
The mathematical base for the algorithm

Theorem 2.1. The graph G is non-outer projective planar if and only if then G = H \v, where v isa vertex
of graph-obstruction H of the projective plane Nj .

Theorem 2.2.[9]. For an arbitrary graph - obstruction G of the projective plane N, and each of its vertices
V with the set M (v) of all vertices of the incident occurred the following statements:

1. For the subgraph G\v of the nonorientable genus, the following relations will take place:

a) If »(G\v) =1, then we have the following relations al) and one of a2) or a3):

al) tg,(M(v),N,)=2, wherein the set M (v) belongs to the boundaries os,,6s, of two cells s,,s, of
the projective plane having at least one common vertex;

a2) each edge of the subgraph G \v is significant in relation to a genus »(G \ v) with respect to removing
the edge or compressing it in point;

a3) each edge of a subgraph G \v is significant with respect to the removal or compression operations of
an edge;

b) If »(G\v) =0 then, one of the following two relationships will occur:

bl) tg,(M(v),N;)=3 and the set M (v) is located on the boundaries of three cells s,,s,,s; of the
projective plane satisfying the relation s, nds, N ds, #J, each edge of the subgraph G \ v being significant
relative t;,, (M (v),N,) to the operations of removing the edge or compressing it to a point, and each point w

of the set M (v) satisfies equality tg,, (M (V) \{w}, N,) =t5,, (M (v),N,) -1;

b2) ts, (M (v),2,) =2, where tg,, (M (v),%,) isthe number of reachability of the set M (v) relative to the
Euclidean plane %, , is realized by minimal embedding f : (G\v) » X, at the boundaries os,,0s, of the cells
s;,8,, Where{s,,s,}c 2, \f(G\v). Satisfies equalityas, ~ s, =@, which is, separated by a ring from the cells,
then relative to the projective plane. The set M (v) will have a number of reachability tg,, (M (v),N,) =2, with
each point w of the set M (v) satisfies equality t,, (M (v)\{w}, N,) =tg,, (M(v),N,) and the set f(M(v)\{w}) by



some embedding f':G\v — N, is placed at the boundaries 8Si,88'2 of two cellssi,sv2 having at least one
common point where{s,,$,}c ¥, \f'(G \V) , and equality 85, N és, # @ is satisfied.

2. Each minor G of the nonorientable genus 2 (except G,,E,,G, ) is covered by a maximum of 4 (e.g.,

graphs A, G1) subgraphs or parts homeomorphic to one of the following graphs: Kz 3, Ka, Ks \ €, Kz3\ €, Ks,
Kszs. The number of reachability 2 relatively Klein surface N for the set of vertices (for G {G,,E,,G,}we

have), and for each removed edge € the graph G \e will have at N the number of reachability equals 2 for the
set of vertices;

3. The presence of the coating specified in statement 2 is not sufficient to make the graph an obstruction
of nonorientable genus 2.

4. If y(G\v)=o0and on the Euclidean plane ¥, made up a set M (v) of points of a graphG formed

from the obstruction graph of a projective plane N1 by removal of a vertexV and adjacent edges. If is given by
an arbitrary minimal embedding f:G\v— X, on the boundaries of two cells that have no common points and

have endpoints that do not belong to their borders. Removing an arbitrary point from the set M leads to the
failure of relation 4.

Algorithm

The construction of all no isomorphic non-outer projective plane graphs based on the results of the
following polynomial algorithm 1:

Begin of Algorithm 1.

Input: The set P of 35 minors P; of the projective plane N, with the sets of numbered vertices, which

for each graph Pi is divided into equivalence classes |;; with respect to the transitivity of its vertices,

n|
where P° = 3. ,n, <[P’
j=1

Output: List X of all no isomorphic graphs.
X=0;
v=0;
// where P, is the current graph of the order | P, | with the selected vertex, which is a representative of
the transitivity class IOJ. of its vertices.//
For I =1 step 1 to 35, do these steps:

begin //cycle actionon i .

procedure A(P,,T1,, P/, N, );



// Procedure A(P,,T1,, POO, N,);; Construct the embedding of the graph G in the surface S (projective
plane N, or Klein bottle N, ) and determine the cells of the graph at the boundaries of which is a given

subset M of the set of vertices of the graph G with which the incident vertex v //;

Output(Po,%lij )in X ;
j=1
For k=2 step1to|P,|, do these steps:

begin
If V=V, then go to the end of the cycle by k;

// that is, the vertices belong to the same class of transitivity; /

else P,=P\v; // remove the vertexV and all adjacent edges; /

I, =1I;;
L: = Function B (P, , X);
If L==true//graph P,\v noisomorphic to any of the graphs in the list X //

then do:
begin;
M ={vu|(u,v)eP};

If K(G)==1//the graph P \v contains a subgraph of Kuratowsky //

then do
begin;

procedure A( Py, 11,,M, N, );
output (11,, M) in X;
end;

else do

begin;
procedure A(P,,11,,M,%, );

output (11,, M) in X;
end;
end; // of cycle by k;

end; //ofcycleon i;



End of Algorithm 1.

Procedure A(G ,IT, M, S) do the following:

// Must construct the embedding IT of a graph G (without vertices of degree 2) with a given number of
vertices in the surface S (Euclidean plane, projective plane or Klein surface) and determine the cells on the
boundaries of which are the set of vertices M //.

If a graph G has a subgraph or part of the graph H is homeomorphic K; or K,,, then we construct
embedding’s of these graphs in the projective plane, otherwise, we attach a graph to the Euclidean planeX
. In nested graphs K; or K, a projective plane, there are cells 5, s;; with the following boundaries: Js; -
a cycle of length 5 and 5 triangles for K; , or ds,, - a cycle of length 6 and 4 quadrilaterals for K3y3 ,in

which we will embed stars with centres taken from a subset G° \ H°.

First of all, we will put all these stars in cells with either cycle boundaries of length 5 for or length 6 for and
try to use no more than one additional Mobius strip glued to the cells &s, or Os,, . The number of

vertices | G° | of the obstruction graph of the projective plane is at least 12. The number of options for the

location of the centres and edges of stars, not more than 7 stars, is equal r’ because each centre of the star
does not belong to two cells, where r the number of cells of the graph embedded in the projective plane

r==6 for K;, r =5 for K, ,.
The time complexity of procedure A(G ,IT, M, S) is proportional O(r’) .

The function K(G) will determine the presence or absence of a graph G of a subgraph or part of a

homeomorphic K; or K, and will give it out. To do this, we need to examine the complement of the G

graph G for the presence of a subgraph of five isolated vertices, i.e. K s , or two triangles without
common vertices, i.e. 2K,. If such subgraphs of the graph are detected, the function K (G) will give 1 and

return to algorithm 1 the found vertices as vertices of the graph K; or K. In the absence case Ks ,2K, the

function K (G) will give 0.

The function B( P, X, ) checks for the presence of an isomorphism of a graph P, with another element of

the set of graphs X and will have polynomial complexity [7].

Data analysis of work of algorithm

The output data of algorithm 1 is described in figures 1, 2, 3, 4, 5, 6. The analysis of output data of algorithm
1 in the next corollaries.

Corollary 2.1. The correctness of algorithm 1 will follow from Theorem 2.1 and Theorem 2.2. [9] .

Corollary 2.2. The next 78 non-outer projective planar graphs have number reachability of their set of
vertices equal 2:

1. There are 16 graphs with genus 0: E20\8, E22\5; F1\1, F1\2, F1\3, E2\6, D17\6, C4\5 (has another set of
glueing red vertexes to endpoints of Stg(5) then Ex2\5), D3\2, Ds\4, D2\4, A;\4, B1\4, Bs\1, B7\4, C3\4.



2. There are 62 graphs with nonorientable genus 1 as:

Fe\2, Fe\3, Gi1\5, E19\2, E20\9, Exo\1, E2\2, Eon\3, Ex\7, F1\9, Eo\L, E2\5, F1\8, E2\8, A1\2, Es\1, Es\2, Ee\l, Es\2,
E6\7, Ell\l, E11\5, E11\6, E11\8, E18\2, Eis\l (iS subgraph of E18\2), D4\1, D4\5, D4\7, D9\4, D12\6, D12\8, C4\1,
Ca\2, C/2, D5\1, D3\6, D3\8, D2\1, D2\2, D2\5, A2\6, Ei\8, Ei\l, Ex\1, B1\6, B3\5, B7\1, B7\2, B+\6, B:\3, B7\5,
B:\7, C1\8, Ci\5, Ci\1, C:\3, C3\5, Cs\1, C3\2, C3\5, Ca\7,

Corollary 2.3. The next 41 non-outer projective planar graphs with genus 0 have number reachability of
their set of vertices equal 3 and:

a) @ - characteristic equal 1: Fe\1, Fs\4, G1\3, E15\1, E10\5, E15\6, E20\7, E20\1, E20\8, E2»\2 (for red vertices
only), Ex\2, Ex7\6, F1\5, E2\2, E;\4, Ex\6, E2\10, E3\1, Es\2, E6\5, E11\2, E11\7, D4\3, D4\6, Do\1, Do\5, D15\2,
D12\51 C7\1r C7\31 D4\51 D2\81 D17\6l E2\4l E2\21 B7\8 ’ CZ\ZI C3\9

b) 0 - characteristic equal 0: A1\1, C4\3, E1\6.

Corollary 2.4. The next 11 non-outer projective planar graphs with genus 1 have number reachability of
their set of vertices equal 3 and € -characteristic equal 1: Ex7\5, E27\9, Fe\3, Es\7, E11\3, E11\4, Do\2, D12\3,
D4\1OI D4\6I C2\9

Graphs.

On the following figures 1, 2, 3, 4, 5, 6, 7 is presented the result of algorithm 1.
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6.3. APPLICATION TREND THROUGH PLANAR 3-MINIMAL & PROJECTIVE PLANAR 2-
MINIMAL GRAPHS

Introduction
Let's solve the problem of analysis of a complex system synthesized from the studied simpler substructures
in general and their application in computer sciences. We offer a theoretical-graph approach as a way of
machine thinking or operating with artificial images-structures. It is known that there are mathematical
methods by which large systems as structures are considered through a set of small and simple
substructures, which may have some common parts that can be identified in the construction or
reconstruction of the whole structure from a finite number of substructures.

The main tool is the ¢p-method of creating a graph model obtained in the form of a pair of finite sets: sets of
vertices and sets of edges to determine the relationships between the structure of vertices as objects. An
example of this is the transformation of the main problems of system programming into problems of graph
theory with the mathematical support of algorithms.


https://etd.ohiolink.edu/rws_etd/send_file/send?accession=osu1209141894&disposition=inline
http://ceur-ws.org/Vol-2604/

The main idea of the method of ¢-transformation can be interpreted as a way of inheriting a certain
property of substructures in the whole structure depending on the properties of the connection
(identification of given parts of pair of substructures).

Task.To demonstrate the possibilities of this method for the constructing of the set of all nonisomorphic 3-
minimal plane graphs in which the set of all vertices is located on the boundaries of three 2-cells and
constructing the set of all nonisomorphic 2-minimal projective-planar graphs in which the fixed set of points
is located on the two boundaries 2-cell or pseudosells.

The solution to our task was based on the method of graph transformations, whose founder is M.P.
Khomenko, and the concepts he introduced. The recognition of ¢-transformations of graphs was taken from

[1].

The structural properties of a complex system model presented in the form of a graph model can be studied
using a simple graph G with a fixed set of points embedded in the surface on which the edges of the graph
will be located, where S is the Euclidean plane or projective plane. The point is either vertex G, or the inner

point of the graph of edges G. Let us consider the connected simple graphG , G =(G°,G'), where G’is the

set of vertices and G'is the set of edges without multiple edges and without loops as its 2-cell minimal
embedding in the surface S. The property of minimality of the model graph over S will be that the graph G
with the edge removed or the edge compressed into a point will have changed the specified numerical
measure of the fixed set of points of the graph G. For example, model G such a property outer-planarity of
the set of all vertices which located on the boundary of one cell is the presence of subgraphs
homeomorphic to K, or Ky 3.

This result will be useful in the systematic analysis of both graph models and their topological aspect which
will have common properties at the edges and vertices of the graph model.

The cylindrical graphs were introduced in [2]. There was investigated from the point of view of their
external-planarity and a complete list of 38 graphs characterized by non-cylindrical graphs as minor ones
were obtained.

Results: 1) The algorithm and the list of 3-minimal graphs, namely their characterization by the method of

¢-transformation of graphs, was given in [3], the list of 32 3-minimal graphs is given in [4]. 2) The algorithm
and the list of 34 2-minimal projective planar graphs with a fixed set of points of this graph’s nonorientable
genera 0 or 1 are presented here.

Application trend. An example of a possible application is the set of points placement problems or
automatic control with subsequent access to its points. If we talk about the surface as an almost infinite set
of values of the function of several variables on a given finite subset as a set of vertices whose relationship
between pairs of elements as a set of edges, we have an almost embedded graph in the surface. If it is
possible to set edges as an almost infinite subset of points and in the absence of intersection of edges in
infinite vertices of edges, we will have an almost exact embedding of the graph in the surface. If the surface
is spherical or resembles some extent a plane without holes, then use the following list of 3-minimal graphs
to place on the boundaries of three cells of all vertices of the graph. If the surface is a sphere with a hole or
to some extent resembles a plane of holes, then we use the following list of 2-minimal projective planar
graphs to place on the boundaries of two cells of a given set of vertices of the graph.

3-Minimal planar graphs and non-cylindrical graphs.



According to [3] we will consider a simple graph G to be a planar graph having the following properties:
1) three 2-cells at the borders of which all vertices of the graph G are located, 2) removal of any edge or its
pinching into the point of this edge leads to the destruction of property 1).

According to [2] we define a non-cylindrical graph NCG as a flat-integrated graph NCG having more than
two 2-cells of the cylindrical graph on their boundaries where all the vertices of NCG are located. Whereas
removal of any edge of graph NCG or squeezing the point of this edge leads to the distribution of all the
graph vertices on the boundaries of two 2-cells of the cylindrical graph.

Problem. Let us study the identity of non-cylindrical and 3-minimal dense graphs and compare the
graphs from the given lists in figure 1 with the list [2] and the modified algorithm of building all 3-minimal
planar graphs.

History of the problem. In [7] there is a short review of works on this problem and the similar problems
of shunting of the lists of graphs which would play a role of non-conserved (with the accuracy to
homeomorphism) subgraphs for the input graphs, which are checked for the presence of an analogous
"external planarity" property for some surfaces.

We have the following relation for the planar graphs:

Proposition 1. All graphs from the list [4] are in the list [2], non-cylindrical and 3-minimal graphs are
equivalent, and graphs B¢, 87, Ks, K33 from the list [2], are absent in the list [4].

We consider the modification of algorithm [4] for constructing three-minimal planar graphs, which was
based on the inexact result of characterization of planar graphs with all significant edges with respect to the
number of an auxiliary multiplicity of vertices equal to 3 at the operation of removing the remaining edge.
The main idea is that such graphs have at least one homeomorphic graph subgraph and at most three such
graphs; it is necessary to define the nature and possible variants of combining them.

The mathematical base for constructing 3-minimal planar graphs.

Theorem 1. If the connected planar graph G has the following condition
(Vu)(u e GM)(tg, (G°) =t5 (G°)—1=2), then one of the following propositions holds:

1) G= K; . The graph K;l is a graph K, in which each edge is 1-divisible;
2

2) There is a graph ¢ -transformation ¥ G; into a graph G defined as follows
i=1

2
o(2 G;, % (Y1, +Y2;)) > (G,{yj}r;zl) and which satisfies the following conditions:
i=1 j=1 .

a) (Vi,i=12)[(G; # Kzlt) A (G =K, 5) v (G =Ky

b) G, ({y;}}a) = cg;l(yil, Y;,) - the simple path of the length n—1of the graphG, , wherey, = vy,,

{yij}'j‘=l c Gi0 U Gil, where i =1,2, (if N =0 then the simple path is formed into a point Yj; );



c) G({yi}rj'=1) - the simple path of the graph G of length n—1 (n=0 the simple path is generated to a point
Y1 );

3) Existence of ¢ -transformation of the graph G, + G, in the graph G by the following:

n
@(Gy + Gy, X (Zgi +Z5;)) = (G {Z}].1) , where graph image satisfies the following conditions:
j=1 *
2
a) The G, isan ¢ — image of graph ) G; written as in statement 2) of this theorem;
i=1

b) G; =K, ;; GO({ZOj}?:l) is a cycle of the length n (possibly with diagonals) of the graph (possibly the
boundary of the outer boundary of the graph f (Gy)) (), where f |G, :G, — o is the contribution that

realizes t; (G¢), {Z;)}rj;l <Gy UGq;

c) G3({Z3j}r}=1) is a simple cycle of graph Gg3, possibly with diagonals.

2
4) There is a ¢ -transformation of the graph 3 G, into a graph G defined as follows:
i=1

2 n
P(X G, T (V1 +Y2;) + (Y15 +Y2))) > (G,{yj}?z1 w{y"}) and satisfies the following conditions:
i= j=l ° 3

a) (Vi,i=12)[(G, # K;,r) A(G =2Ky3) V(G =K

b) G, ({y;}}1) = Cgi‘l(yil, Vin) + Yis - simple path length n —1 graph G, is connected with y*ii-the
isolated graph G, point which does not belong to the subgraph G; ({yij}rj‘:l) = cg;l(yil, Yin) Of Vi # Vi
{yij}rj‘:1 c Gi0 U Gil, i =12, (n=0 the simple path is generated in the point Yj; of , at thaty'ii = y;;);

c) G({yj}'}zl) - simple path of graph G with length n —1 which no include in subgraph G, ({y;}1)) -

Proof. Let simple graph G is the connected planar with all significant edges with respect to the number of

reachability of the set of vertices equal t 3, in the operation of removing an arbitrary edge and embedding
f,f:G — o setthe attachment that implements t; (G°),t;(G°) =t =3, S (G°) ={s,}, -set of 2-cells on

the border of which all vertices of the graph G . We denote by the M (G) set of all the different subgraphs
H of the graph G constructed for each pair (s;s;), where i = j, of 2-cells from the set S, (G°) as the

smallest part of the graph G that satisfies the ratio:
llc°nds, < H2 Ya(HON(ds, - s, )= @) [(6° Nds, cHE YA (HO N(ds, —ds, )= @) (H, = K,)v (Hy =Kol (%),

Denote by M (G) - the least included a subset of the set M (G), consisting of the smallest included
subgraphs H;; of the graph G, or parts of these subgraphs that satisfy the following conditions:



a) G cUH)°;
VH eM (G)

b) If the subgraph H ij (or its part) is homeomorphic to the graph K, which, or all the edges of the graph

are 1-subdivided or no edge of the graph K, is 1-subdivided. In the future, if no reservations are made, we

will assume that, with respect to the elements of the set M and the term "subgraph" of the graph G, does
not preclude the fact that this element may be part of the graph.

2

7

Figure 1. The graph G for constructing the set M.

For example, consider the following embedding of a graph G in an Euclidean plane (fig. 1) and distinguish
two sets S; :{5ij }?szl, i=12, namely a)ds,, ={1,2,7,8}, ds,, ={2,3,7,8}, ds;; ={4,5,6,7}; 6)ds,, ={1,2,7,8},

ds,, ={1,2,3,4,5,6,7}, ds,, = ds,, . For each of them we construct aset M, M, =M (G),H}, ={1,2,3,7,8},
Hy, ={L278% H, =HY; (HS) ={1.2,6,7.8}, (HY) ={12,47:8, (HY) ={1257.8},

Hy e{(HD) ,(H) ((HY) '} H, ={3,4,5,6,7}, Hy ={1,456,7}, H, ={1,2,783}, H', ={L28,7,6,4,3},

HY =HS, HY, ={12,3457,6}, Ho ={45,6,7,3}, M(G) ={Hy5,Hy3,Ho3, H3o}. Itis easy to see that
the above sets a) and b) exhaust all nonisomorphic sets S (G°), and as a result M (G) ={H,,,H;,}

We prove Proposition 1). Since the graph K; is a graph K, with all 1-subdivisions edges and will have the

property: (Vu)(u e (K;)l)[(tK;\u (K)%) =2) A (t,: ((K,)?) =3)], then we will have the inclusion Kg cG.

On the other hand, if K;l c G, then thereisan edgeU ,u € G\ K;l . Proposition 1) is proved.

Let the graph G be nonisomorphic to the graph K;1 . The following two cases are possible: m), |[M |=m,

where m = 2,3. Let there be a case 2). Suppose there is equality M = {Hi}izzl. Due to the flatness of the
graph G, we have three options ¢ -transformation of two graphs from the set M defined by one of three
options: 1) for two simple chains, 2) for two different pairs of simple chains, 3) for two simple cycles. The
first option is called linear in a simple chain, the second nonlinear in two simple chains, the third in a simple
cycle. We prove Proposition 2). We have the following two options of the ¢- transformation of two

subgraphs from the set M: 1) two simple chains, 2) two different pairs of simple chains. That is, we have the

2 n
following relationship: G[NH,1=X Cg' (a;,b;) (b1),
j=1

i=1



where n >0, (possibly n; =0, then a simple chain degenerates into a point a; ). Since, G = K; the relation

2
b1) implies the existence the ¢ -transformation of a graph Y H; into a graph G, given as follows:
i=1

n m+l .
PEHLE(E Cy+Co)) > G NI, (A)
i= i=1 j=

where C,:ik (Aq, @ (n, +1y) is asimple chain of a subgraph H, of length n; with finite vertices 8y,

i(n, +1) , Where i =1(1)n, k =1,2. Note that the set {a; } :11 consists of the vertices of the graph H

n; +
i

and the inner points of its edges, {a*ij}rj":ll- the set of vertices of a simple chain Cg‘ (a*il, a*i(ni+1)) of
graphs G with finite set of vertices a; , @'i(n,+1) , such that p(ay; +ay;) = ali, j =1D)n;, i =1()n. For
n =1 option 1) and statement 2) in this case is proved. For n = 2 we have option 2). We prove the right-

2
hand side of the next double inequality 0 < p,(L(Z_ H;,G)) <1, because the left-hand side is trivial. To do

i=1

this, use the method of proving the opposite.

2
Assume that for a graph L - the ¢ -transformation of a graph ¥ H, into a graph G given in (A), where
i=1

2

L =L(X H;,G) and the inequality holds: p,(L) >1.Then the graph L will have at least two simple circles.
i=1

Each of this circles will mean the execution of the 2) ¢ - transformations at points on at least three different

pairs of simple chains without common points. The first elements of each pair will belong to a simple cycle

Z of graph Hj. The second elements of each pair will belong to a simple cycle z of the graph H,. Asa
result, at least three new 2-cells S with boundaries simple cycles, which cannot all together be the
boundaries of two 2-cells s;, where Sg (G?) ={sj}3]:1, j =2,3. This means that at least one edge of the graph
G belonging to Zj one of the loops will not belong to the intersection of two 2-cells i, Sin which belong

to the set S, (G°) will be insignificant relative ts (G°) to the operation of its removal. Thus we will have a
contradiction to the condition of 3-minimality of the graph G . Since our assumption is incorrect, we have
inequality p; (L) <1, which proves the double inequality. Since in Proposition 2) we have a transformation

on one pair of simple chains, the proof is complete.

3
We prove Proposition 3). Let's putM ={H i}i3=1. For ¢ -transformation of a graph )’ H; into the graph
i=1

G, only the following two types are possible:

3
a) the ¢ -transformation of type (A), given in the same way as the ¢ -transformation of a graph Y H;
i=1

into a graph G, ie on the edges (or parts of edges) of graphs H; , i =1(1)3, has the property that - the



2
image of the graph 3" H; has at least one edge insignificant relative tg (G°) . And this property will be
i=1

3
regardless of whether or not the graph L(3 H;,G) has cycles;
i=1

3
b) ¢ - transformation of non-type (A) graph > H, into a graph G, ie it is given so that some ¢ -images
i=1

of graphs have common simple cycles. Each pair of ¢ -images of the graphs H;, H j of the set M (G) can

have no more than one common simple cycle. Then the following statements are made with precision to

the renumbering of the elements of the set M '(G) :

1) There are elementsp(H,), i =12, of the set M (G) with a common cycle and homeomorphic graphs
K7 3 that do not have common simple loops with the element o(H ;) ;
2) There are elements ¢(H;) , i =1,2, that do not have common simple cycles, and an element

2
homeomorphicK, ; has a common simple cycle with an element ¢(U H;) .
i=1

Proposition 3) is proved. We prove Proposition 4). The proof will follow as a partial case from the above
proof of statement 2) and will differ in that part concerning the necessary condition of degeneracy at the
point of simple chains of the second pair.

The proof of theorem 1 is complete.

Algorithm for constructing 3-minimal planar graphs.

The modification of the algorithm for constructing all 3-minimal plane graphs is based on Theorem 1 and
will have the following form:

Input data: The set L, of all nonisomorphic chains of graphs for each of the graphs Ks, K3, ordered by their
length and marked for which pair of graphs the chain is taken;

Output: the set of all 3-minimal graphs G;

1. Construct a set L, from all different pairs of chains of the set L1 and a set L; from all different two pairs of
chains from L;, as well as a set L, composed of different pairs of elements of the set L; that generate simple
loops without diagonals in columns K4 or K35 ;

2. While the set L; is not empty to perform the following actions:
2.0. Take the element x from L3, enter the element x in the list By;
2.1. Li: =L\ x;
2.2. While the set L; \ B; is not empty to perform the following actions:
2.2.1. Take the element u from L; \ (B1 + By), enter the element u in the list By;

2.2.2. We perform the identification of pairs of vertices or points of pairs of graphs (Ka, Ka), or (Ka,
K23), or (Kz3, Ka), or ( Ka3, K3,3), indicated as vertices or points of chains pairs (x, u), for all types of
possible ¢-transformations of the selected pair of graphs and we obtain a graph G;



2.2.3. Procedure (G): Define the reachability number t of the set of all vertices of graph G as the
minimum number of simple cycles covering the set of all vertices of graph G.

2.2.4.If t=3then perform:

for each edge e of the graph G perform in the loop the contraction edge e to a point
G: =Ge,
perform the procedure 2.2.3;
If t=23then perform the end of the cycle on the edges of the graph G,

else we derive the graph G;
end of the cycle on the edges ¢;
2.3. end of the internal cycle;

3. end of the external cycle;

4. While the set L, is not empty to perform the following actions:
4.0. Take the element x from L,, enter the element x in the list Bs;
4.1, L: =L\ x;
4.2. While the set L, \ B, is not empty to perform the following actions:
4.2.1. Take the element u from Ly \ (B3 + B4), enter the element u in the list B4;

4.2.2. We perform the identification of pairs of vertices or points of pairs of graphs (Ks, Ks) or (Ka,
Kz,3) or (K33, Ka) or (K23, Ka,3). They are indicated as vertices or points of two different pairs of chains

x and u performed on all types of possible ¢-transformations for the selected pair of graphs and we
obtain the graph G;

4.2.3. Procedure (G): Define the reachability number t of the set of all vertices of the graph G as the
minimum number of simple cycles covering the set of all vertices of the graph G;

4.2.4.1f t=3, then perform:

for each edge e of the graph G perform the operation of contraction to a point ;
G: = Ge, perform the procedure 4.2.3;
If t=3,then perform the end of the cycle on the edges of the graph G,
else derive the graph G;

else the end of the cycle on the edges;

4.3. end of the internal cycle;
5. end of the external cycle;
6. While the set L4 is not empty to perform the following actions:

6.0. Take the element z from L4, enter the element x in the list By;



6.1. |.4I = |.4\Z,'
6.2. While the set Ls \ B4 is not empty to perform the following actions:
6.2.1. Take the element u from Ly \ (Bs + B4), enter the element u in the list Bs;

6.2.2. We identify pairs of vertices or points of pairs of graphs (Ks, Ka) or (Ks, K3,3) or (K23 Ka) or (
K23, K2,3) indicated as vertices of different pairs of cycles , performed on all possible ¢-
transformations for the selected pair of graphs and get the graph G;

6.2.3. Procedure (G): Determine the minimum number t of simple cycles covering the set of all
vertices of the graph G;

6.2.4. If t=3 then perform:

For each edge e of the graph G perform the contraction operation to a point;
G: = Ge, perform the procedure 6.2.3;
If t = 3 then perform the end of the cycle on the edges of the graph G,

else derive he graph G;
end of the cycle on the edges;
6.3. end of the internal cycle;
7. end of the external cycle;

8. end of the algorithm.

Result: Identity of non-cylindrical graphs to 3-minimal graphs with the proof of equivalence of non-
cylindrical and 3-minimal planar graphs, theorem 1 on the characterization of 3-minimal planar graphs, and
a modified algorithm for constructing all 3-minimal planar graphs. The 38 diagrams of 3-minimal planar
graphs as result presented in the figure 2.
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Figure 2. The list of 3-minimal planar graphs.

2-Minimal projective planar graphs.

Task: To construct the set of all nonisomorphic 2-minimal projective-planar graphs in which the fixed set of
points is located on the two boundaries of 2-cells or pseudocells. Similarly of this task was the tasks for
graphs with number of vertexes less then 10 on various genus which solved in [6], [7], [8].

Introduce a new characteristic that measures the some structure of the set X of points of graph G on S.

Definition 1. For a given embedding f , f:G—S,agraph G in S and a given set of points X,
Xc G UG! determine t,(X,S, f),t=t(X,S, f), the number of reachability of the set X relativeto S , if

t
there is a set s,(X), S, (X)=5\ f(G), which satisfies the condition: (f(X)c Uds, n X) A (f(X) Ltjasi A X),j=12.t.

i=1 i=Li%]
We say that the set X has a reachability number t, t;(X,8)=t, relativeto S, if among all no isomorphic
embedding’s f , f:G — S, the number t is the smallest among the numbers t.(X,S, f). We consider
further the set X of points of the graph G 1-non-planar concerning the surface S, or (t,5) - non-planar, if
t>2, where t,(X,s)=t.If t=2,Sisa projective plane, and the set X is the set of vertices of the graph G
, X =G?, then we will call the graph G non-outer projective planar. A graph G IS outer-projective-
planar if embeds on the projective-plane with all vertices 0n the boundary of one
distinguished cell.

Definition 2. Suppose the embedding f , f :G — S, of the graph G in surface S , which implements t,
t5(X,S)=t, where s;(X)=S\(G) s.(x)= {s,} - We will say that concerning a given surface S the set X

3
will have the characteristic g,(X,S, f), 6;(X,S,f)=0, 0 >1, if there are § three cells {Si }1 from the set SG(X),

on the boundaries of which the subsets X, X, c X, are placed arbitrarily and satisfy the relation:

0 0 0
G Nads;Nos, o{a A G Nds,Nos; o{a,}A G Nas; NOs; ©{a,}, and generates the smallest



subgraph G' of the graph G , (possibly degenerate), contains the points {ai}f of pairwise intersection of

cell boundaries {Si}f .The set X will have the f-characteristic 6, (X) if6,(X)=max6, (X, f), where the

maximum is taken for all embedding’s f : G — S, realizing t; (X, f)=t and 9=6,(X, f).

Proposition 3.1. Each non-outer projective planar subgraph with a given set of points that are not located
on the boundary of one 2-cell or pseudocell of an arbitrary graph-obstruction of the projective plane can be
represented as 1-subdivision graph Ka, or a ¢-image of a pair of graphs homeomorphic to graphs from the
set {Ks, K33, Ks, K23, Ks \ e} when identifying pairs of points from the connection sets both in a path and in a
cycle.

The algorithm 1 and his mathematical base

Theorem 3.1. [5]. The graph G is non-outer projective planar if and only if then G=H \v, where v isa
vertex of graph-obstruction H of the projective plane Nj.

Theorem 3.2. [9] is the mathematical base for the algorithm 1 for the construction of all no isomorphic non-
outer projective plane graphs. The list of minimal projective planar graphs with genus 0 or 1 and fixed
subsets of vertices witch has reachability number 2 or 3 is the results of the following modified polynomial
algorithm 1.

Begin of Algorithm 1.

nj

Input: The set P of 35 minors P; of the projective plane N, with equivalence classes |ij where P = > 1,
=1

—

’ ni S| I:)io |
Output: List X of graphs.
X=0;vi=0;

For i =1 step 1 to 35, do these steps:

begin
P,=R;
Vi=Vis

procedure A( Py ,11,,P’, N, );
Output ( P, _nZilIij )in X ;
i
For k=2 step 1to|P,|, do these steps:
begin
If V~V, then go to the end of the cycle by k;

else P =P\v;



I, =1I;;
L: = Function B (P, , X);
If L==truethen do:
begin;
M ={vu|(u,v) e P};
If K(G)==1thendo
begin;
procedure A( P, ,11,,M, N, );
output (11,, M) in X;;
end;
else do
begin;
procedure A(P,,11,,M,2, );
output (11,, M) in X;
end;
end;
end;

End of Algorithm 1.

Procedure A (G , 11, M, S) do the following:

// Must construct the embedding IT of a graph G (without vertices of degree 2) with a given number of
vertices in the surface S (Euclidean plane, projective plane or Klein surface) and determine the cells on the
boundaries of which are the set of vertices M //.

If a graph G has a subgraph or part of the graph H is homeomorphic K ork,,, then we construct the
embedding of these graphs in the projective plane, otherwise, we attach a graph to the Euclidean planeZX,.
In nested graphs K;or K, a projective plane, there are cells s , S35 with the following boundaries: s, - a
cycle of length 5 and 5 triangles for K, or os,, - a cycle of length 6 and 4 quadrilaterals for K, ,, in which we
will embed stars with centers taken from the subsetG® \ H°.

First of all, we will put all these stars in cells with either cycle boundaries of length 5 for or length 6 for and
try to use no more than one additional Mobius strip glued to the cells &s_ or &s,, . The number of

vertices | G° | of the obstruction graph of the projective plane is at least 12. The number of options for the



location of the centers and edges of stars, not more than 7 stars, is equal r’ because each center of the star
does not belong to two cells, where r the number of cells of the graph embedded in the projective plane

r=6 for K;, r =5 for Ky;.
The time complexity of procedure A (G ,I1, M, S) is proportional O(r”) .
The function K (G) will determine the presence or absence of a graph G of a subgraph or part of a

homeomorphic K; or K,, and will give it out. To do this, we need to examine the complement of the G

graph G for the presence of a subgraph of five isolated vertices, K s , or two triangles without common
vertices, i.e. 2K,. If such subgraphs of the graph are detected, the function K (G) will give 1 and return to
algorithm 1 the found vertices as vertices of the graph K, or Kyq- IN the absence caseKs , 2K, the function K
(G) will give 0. The function B ( P;, X) checks for the presence of an isomorphism of a graph P, with another
element of the set of graphs X and will have polynomial complexity [10], [11] herein hand checking evidence

identity of amalgamating sets of isomorphic graphs.

The part of the output result of algoritm 1 is on figures 3, 4.

Fig. 3. Planar subgraphs of the projective minors with set M from push vertices at the boundaries of colored
cells with the number of reachability 2 between two highlighted color 2-cells or 2-cell and pseudocell on the
boundaries of which are subsets of the set M.
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Fig. 4. The projective subgraphs of minors of the projective plane with two non-empty subsets of the set M,
consisting of the push vertices and located on the bounderis of the colored 2-cells or 2- cell and pseudocell).
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