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1. diiicHi yuciaa
1.1. Apudpmernuni onepauii

1. The Real Number System
1.1. Arithmetic operations

ApudpmeTHuHUMU oreparisiMmu Hax The arithmetic operations associated with
yhuciaMud €  gojgaBadHsa, BigHimanusa, real numbers are addition subtraction,
MHOXKEHHS 1 qienns. Onepanii nogaBanus Mmultiplication, and division. The
1 BigHiMaHHS, a TaKoK MHOXeHHsS 1 operations of addition and subtraction are
JJICHHS € B3a€MOIIOB'I3aHUMH. related, as are the operations of
multiplication and division.
Taomaunsa 1 Table 1
Ha3pa Omnepartis CumBon Sign Designation Operation
CUMBOJY
I[Timroc JlonaBaHHs + Plus Addition
Minyc Bignimanus - Minus Subtraction
Touka
Xpect MHO)eHHs ) Multiplication Multiplication
JIBOKparika . Division Division
Jutenns i
Koca pucka / Fraction bar

JonaBanHs aBox urcen a i b 3anucyerscst The addition of two numbers a and b is
y BHIJISII denoted by

a+b=c
ne ¢ - pesyaptar ponmaBanHs a i b. Ilpu where c is the result of the addition of a
oMy a i b HasuBaroThCs ckjaagoBumm, a and b. Both numbers, a and b, are called
pe3yJIbTaT JI0aBaHHS - CyMOI0 a i D. addends, and c is the sum of a and b.

Bignimanns nBox uncen a i b onucyerscst  The subtraction of two numbers a and b
hopMyII1010 is denoted by

a—-b=c,

ne ¢ - pe3yibTar BigHiManHs b 3 @. Uucnmo where c is the result of the subtraction of b

a € Bix'eMHmKoM, a pe3yibTar BigHiManus from a. The result ¢ is also called the

¢ Ha3WBAIOTh Pi3HULEI0 MiXx A 1 b. difference between a and b, and a is
known as the subtrahend.



Omnepariio BITHIMAHHS MOXXHa 3BECTH 10
orepariii J01aBaHHS :

The subtraction of numbers defined in
terms of addition:

a—b=a+(-b)=c,

TakumM uymHOM, mOO BigHaTH b 3 4,
noTpiOHO JO @ jgojatm b, B3sATe 3
MPOTUIICKHUM 3HAaKoM. lle o3nHauae, 1o
IOJaBaHHS 1 BIOZHIMAHHI € B3a€EMHO
3BOPOTHUMHU OTI€PAITISIMH.

Jlerko MEPEBIPUTH NPaBUJIBHICTD
3p0o0JIeHOrO BiJIHIMaHHS, OCKLIIbKHU
pi3HHIS @ - b 11e Take Yucio C, 10 SKOro
notpibHo goxatu b, mod orpumaru a:

Thus, in order to subtract b from a it is
necessary to add the negative of b to a.
This means that addition and subtraction
are inverse operations to each other. One
can easily check whether the result of the
subtraction is true. Indeed, by the

definition, the difference ba - is the

number c¢ that by which the number b is
added to produce a:

cza—-b=a=b+c.

MHOXKeHHsT JBOX umcenr a 1 b

MO3HAYAETHCSI CUMBOJIIYHO SIK

The multiplication of two numbers a and
b is denoted by

ab=c,

ae ¢ - pe3yinbrar MHOXeHHS a 1 b. Ilpu
mpoMy wuucia a i b
CNiBMHOKHHKH, 2 PE3yJIbTaT MHOKCHHSI -

Ha3UBaIOThCSA
iX 100y TKOM.

Onmnepariis AiJIeHHs1 YKCeNl IPYHTYETbCS Ha

where c is the result of the multiplication
of the numbers a and b. Both numbers, a
and b, are called factors (or multipliers),
and c is the product of a and b.

The operation of division of two numbers

omeparii ix MHokeHHs. Hexalt nano Oyxb- IS derived from the operation of
ski yncna aib. Tomi multiplication. Given any two real
numbers a and b,
a 1
—=a-—= C,
b b

ae ¢ — pe3ynbTar AimenHs a Ha b. Orke,
mo6 po3auiuTd @ Ha b, Tpeba a
MIOMHOKHATH Ha YKCIIO, 3BOpoTHE A0 D. Ile
O3Hayae, IO MHOXXEHHS Ta MUJICHHSA €
3BOPOTHUMH OIEPAIliIMA CTOCOBHO OJIWH
ofHOrO. Y HaBeaeHid Bume Gopmyni a
HA3UBACTHCS AiJIEHUM, b — QiIBHUKOM, a
pe3yabTaT ¢ — YACTKOI0 BiJ JUJICHHS & Ha

where c is the result of the division of a by
b. Thus, to divide a by b, the inverse of b
iIs multiplied by a. This means that
multiplication and division are inverse
operations to each other.

In the above formula, a is called the
dividend, b is the divisor, and c is the
guotient of a and b.



[IpaBunbHICTE  3pOOJIGHOTO  AiICHHS
MEPEBiPSETHCS MHOXKCHHSM, TaK SIK 9acTKa
Big mineHHs a Ha b me Take uwucio, sKe
Ha b, 100

MOTPIOHO  TTOMHOXHUTHU

OTPUMATH A

a
C=—
b

1.2. YuTaHHA MaTeMATHYHHUX (POPMY.JI

One can use multiplication to test whether
the result of the division is true, because
the quotient of a and b is a number c by
which the number b is multiplied to
produce c:

= a=bhc

1.2. Reading of Mathematical Formulas

Tadoanus 2 Table 2

Yuranuas Gopmyn dopmynn Formulas Reading of
Formulas

* a wioc b caplushb

*Cymaaib. a+b * The sum of a and
b.

* a MiHnyc b " mir?us b

o Pisurmi v a i b. a-b *The difference
between a and b.

[Troc um MinHycC. Plus or minus

a wioc uu Minyc b. ath a plus or minus b

Minyc uu mrtoc minus or plus

a MiHYC YU TUTI0C b axh a minus or plus b

* ab ab

* a IOMHOXKCHE Ha ab catimesb

b. a-b * The product of a

* Jlo6yrok a i b. and b.

* a mojizicHe Ha b, a+b * aoverb.

» Yacrka Bin a * a divided by b.

IUJIEHHS a Ha b. b * The quotient of a

* JIpi6 a Ha b. a/b and b.

* BigHoIieHHsa a 10

b

» The ratio of ato b.



ab noninene uva cd

Onna apyra
OpnHna Tpets

OnHa yeTBepTa

OnmHa n-a

JlecaTKoBa Kparnka
JIBi minux (1)
CIMIECIT OEB’SITH
COTHUX

Kpyrm nyxku

a B JIY>KKax

* a ayKKa
BiZIKpHBa€THCS D
ILTIOC C Jy)KKa
3aKPUBAETHCA.

* & IOMHOXKUTH Ha

cymy bic.

a po3aiIUTH Ha D,
[IOMHOKEHE Ha C
mwioc d B gyKKax

* ¥V nyxkax a
po3aiauTH Ha Db,
ITOMHOKUTH Ha C 1
wiroc d.

AR Wik N 8|%’_

1/n

2.79

0

(@)

a(b+c)

b(c +d)

a times b over ¢
times d

One half
One third

One quarter

One nth
One over n
Decimal point

Two point seventy
nine

Parentheses.

* a in parentheses

* parenthesis a
parenthesis

* parenthesis (open)
a

parenthesis (close)
* (initial)
parenthesis a
(final) parenthesis

* a parenthesis b
plus c parenthesis

* a parenthesis open
b plus c parenthesis
close

a over b times c plus
d in parentheses

eaoverbtimesc
plus din
parentheses.



* Bigkputu ayxky,
a

po3niiuT  Ha D,
OTPUMAaHUU npi0
NOMHOXHUTH Ha C
wioc 0, 3akputu

TTYKKY.

KBaapatHi JyKKH.
a B KBaJpaTHUX
TyKKaX
KBagpatna nyxka
BIJIKPUBAETHCS,
noc b, kBagparHa
TyXKKa
3aKpUBAETHCA,
MOMHOXMWTH Ha ¢
DIirypHi TyxKKH
dirypHa myxKa
BIJIKPUBAETHCSI, &
wioc b, ¢irypra
TyXKKa
3aKpUBAETHCA,
MOMHOXHTH Ha ¢

a nopisHioe b

a He JopiBHIOE b
a TOTOXKHO
nopisHioe b.

a mpuOJIM3HO
nopisHioe b.

a menmre b

a Oinbemie b

He 6inbie (MeHme
a00 JTOPIBHIOE)

* a MeHIIe abo

[]
[a]

[a+Db]c

{}

{a+b}c

« Parenthesis, a over
b, this fraction
multiplied by c plus
d, parenthesis.

Brackets.
a in brackets.

Bracket (open) a
plus b bracket
(close) multiplied by
C.

Braces.

Brace (open) a plus
b brace (close)
multiplied by c.

caequalsb
caisequaltob

a is not equal to b.

a is identical with b.

* a is approximately
equal to b.

* ais nearly equal to
b.

* ais less than b.

* a is greater than b.

Less or equal to.

* ais less than or



nopisHioe b
* a He OutbLIE D

He menmme (OinbIe
a00 JTIOPIBHIOE)

* a Ourblire abo
nopisuioe b

* a He Mmenie b

a Habarato MeHIIe
b

a Habararo Oijblie

b

Howmep

Howmep 5
Harypanbne uucno
HarypanbHi yncna

Crpiika
I rak mamni (Tpu
KpAaIikH).

Onun mIoc ABa,
IUTIOC TPH 1 TaK Jaji

* O3Hauae.

* Tarae 3a co6o010.

* PiBuictp a=b
TSTHE 3a 00010
piBHICTE b=a
 Jkmo a=b, To b=a
* 3 piBHOCTi a=bh
BUILJIUBAE PIBHICTH
b=a

1.3. OcHOBHI BU3HAYECHHA i MO3HAYCHHS

JlJ1si HAOYHOro 300paKEHHS YHCEN MOXHA
BUKOPUCTOBYBaTH YHUCIIOBY

oOpaHUM Ha HIA TOYATKOM BILTIKY 1
macmrabom. [loyaTkoMm BUWIIKY CIyrye
TOYKa HYJIh, TaK IO BCI YHCIa MOXKHA

BICb,

vV

a<<b

a>>b

#

#5
Natural #
Natural #s

1+2+3...

a=b = b=a

equal to b.
* a is not greater
than b.

Greater or equal to.

* a is greater than or
equal to b.

* ais not less than b.
a is much less than
b.

a is much greater
than b.

Number.
Number five.
Natural number.
Natural numbers.

Arrow.

Leader.

One plus two plus
three point, point,
point

This implies.

» The equality a=b
implies b=a.
* If a=b then b=a.

1.3. Basic Definitions and Notations

The set of all numbers can be

b, ka graphically represented on the real
npencTasuse  codor  mpaAMy JIHIO 3 numper line, that is, such a straight line,

10

on which the origin and a scale are
chosen. The number zero is used as the



MOPIBHIOBATH 3 HYJIEM.
Ti yucna, sixi OibIIe HYJS, HA3UBAIOTHCS
AOJATHIMMU:

a>
JlogaTHIM 9rcIIaM BIAMOBIAAIOTH TOYKH HA
YHUCIIOBIM OCi, pO3TAlIOBaHI MPaBOPyd Bif
Hyss. Bel qjomatHi yucia BOOpsIKOBaHI B
MOPAJIKY 3pOCTaHHA 3J1iBa Hampaso (3
paBoOro OOKY BiJl HYJIS).
Ti yncna, K1 MEHIIE HYJsI, Ha3UBAIOTHCS
Bix'eMHUMMU.

origin, and so any numbers can be
compared with zero.
Numbers are called positive if they are
greater than zero:

0.

All positive numbers are represented by
points that lie to the right of the number
zero. All positive numbers are ordered,
in ascending order from left to right, to
the right side of zero.

Numbers are called negative if they are
less than zero.

a<o0

Big'eMHuM 4mciaM BI1OOOBIAAIOTh TOYKU
Ha YUCJIOBIM OCl, [0 JeXKaTh 3JIIBa BIJ
HYJIS.

Yuciio HyJb BIIOKPEMITIOE JTOJATHI YHCiIa
Bl BII€MHHX 1 HE € HI JOJATHIM, HI
B1JI' € MHHUM.

All negative numbers are represented by
points to the left of the number zero.

The number zero is an intermediate
value Dbetween positive and negative
numbers. It is neither positive nor
negative number.

Hartypaasni uwmeaa sBisitoth  coboro  Natural numbers are the numbers such
quciia BUoy as
1,2,3,4, ...
Ijini yucna me yucna BUAY Integers are the following numbers:
..3,2,1,0,1,2,3...,
Moxna ckaszatd ¥ iHakme: g0 1mx  One can also say that the set of integers

YHCeJl BIAHOCATHCS BCl HaTypaJibHI YHCIIA,
HaTypaJibHI 4YKClIa 31 3HAKOM MIHYC, a
TaKOX HYJIb.

MHOXHHY BCIX MUIMX 4YHCET MOXHa
pO30UTH Ha JBa KJIACHU: TApHI 1 HemapHi
yucia.

IMapui uyucnma 1e Taki MUTl 4YMcla, SKi
TISATHCS] HAa YKMCIIO IBa 0e3 3anumiky. Tak,
K0 N - OyJb-sIKE 1€ YUCIO0, TO YHUCIIO
M=2N - € NapHUM.

[{ie 9mciIo M Ha3UBA€THCA HEMAPHHUM,
SKIIO YHUCIO M/2 HE € LUIAM. fAKIo N -
OyIp-sKe IiJIe YMCII0, TO YuCiIo M=2n+1 €
HETIApHUM.

Uucno  Ha3uBaEThCA  pPalliOHAJBHHUM,

consists of all natural numbers, the
negative of the natural numbers, and the
number zero.

The set of all integers can be subdivided
into the two classes of numbers: either
even or odd.

An even number is an integer that is
divisible by the number two. If n is any
integer, then the number m=2n is even.

A number m is called an odd number, if
only m is an integer but non m/2.

A number is called a rational number,
if it can be expressed exactly as the

11



SAKIIO0 HOro MOKHaA NpeaACTaBuUT y

BUTJISII] BIHOIIEHHS IIIJIAX YHUCEI M 1 N,
nen#0.

Bei nuii yncna € panioHaJIbHUMH, TaK SIK
OyIb-gKe IIJIe YMCIO M 3aBXKIW MOXHA
MOJATH Y BUIJIAAI BIIHOWICHHS LIUX
ypcen mi 1.

Kpim ToOro, parioHaibHe 4YHCIO MOXKE
OyTH MpEACTABICHO

e a00 KIHIIEBUM JECATKOBUM JPOOOM,

HaIpUKIIAI,
3

quotient of two integers m and n, where
n*0.

All integers are also rational numbers,
because any integer m can be expressed
by the quotient of two integers m and 1.

In addition, a rational number can be
also represented:

« either by a terminating decimal, for
instance,

—=0.75
4

a00 HECKIHYEHHUM
TpoOOM, HATIPUKJIIA],

ep1OANYHUM

15

» or a recurring decimal, for example,

=2 —1.3636(36)...
11

IppanionansuuMn qrCIaMu
HA3MBAIOTHCSI TakKi 4YHUCNA, SKI MOXYTh
oyTu peACTaBIIeH] y BUTJISII
HECKIHYEHHOT'O HETep10UIHOT O
JIECATKOBOTO ApO0Yy.

Hisxe ippamioHaJibHe 4YHCIO HE MOXHA
MPEACTAaBUTH Y BUTJISA/I BiTHOIICHHS JIBOX
UJIUX YHCEIL.

IIpukiaaam ippamioHaJIbHUX YHCE:

Conversely, irrational numbers are the
numbers that can be expressed by non-
repeating and non-  terminating
decimals.

Any irrational number is not capable of
being expressed as the quotient of two
integers.

Some examples of irrational numbers:

V2 ~1.4142...
7 ~3.141592...
e =2.7182818284590452353602874...

Ho  nmiiichmx  4wmcimax — BigHocsaThes Real numbers are either rational or
paItlioHaJIbHI Ta ipparioHaIbHI YUCIIA. irrational.
Mpuxnanu: Examples:
* Yucno 5 € narypansuuM. Bono takox € ¢ Number 5 is natural. It is also positive,
JOJaTHIM, LUTHM, HEMmapHUM, integer, odd, rational, and real.

pallioHaJBLHUM 1 JIHCHUM YHCIIOM.

e PamioHanibHe BIJ €MHE YHMCIO € TaKOX
TiMCHUM, ane He € HaTypalbHuM. OJHaK
HIYOTO HE MOXXHa CKazaTu MNpo Te, Y €
BOHO I{UUTIM YHCJIOM.

MiX MHOXHHOK  JIHCHHX 4Hcel 1
TOYKaMHM YHCJIOBOi OCi ICHY€ B3a€EMHO
OJHO3HAYHA BIANOBIIHICTH: KOXKHA TOYKa
YUCJIOBOI  OCl  BIANOBITAE  €IUHOMY

» A rational and negative number is also
real but not natural. However, one can
not say whether it is an integer number
or not.

There is a one-to-one correspondence
between the set of real numbers and
points on the real number line, that is,
every point on this line corresponds to a

12



JTIACHOMY 4YHCIy; 1 HaBINAKH - KOXHE
IIHCHE YHCIIO BIAMOBIZA€ €IWHIA TOYI
YHCJI0BOI OCI.

1.4. BaacTuBocTi ilicHHX 4ynceJ

MarematnyHi IIEPETBOPEHHS

anreOpaiuHux BUpa3iB  0a3yloTbCsl Ha

TaKHUX BJIACTUBOCTSX JIMCHUX YHUCEN:
LLa=b

[ls BIACTHBICTH O3HAYAE PIBHONPABHICTH
MPaBoi 1 JIIBOi YaCTUH PIBHOCTI.

L. {azb
c=b

Yucna piBHI MK cO0O0, SKIIO KOXXHE 3
HUX JIOPIBHIOE OJTHOMY ¥ TOMY YHCITY.

. {a:b N
c=d

PiBHICTH HE TOPYIIMTHCS, SKIIO 0 000X
HOro 4acTUH IOATH PIBHI YUCIA.

V2 {a:b
c=d

PiBHICTP HE TOPYMIUTHCS, SIKIIO OOMIBI
HOro 4acTHHM ITOMHOXKHTH Ha PiBHI YUCIIA.
BaactuBocti III 1 IV 1o3BoasioTh
CKJIaJIaTH TpaBi 1 JIiBl YaCTHMHHU PIBHSAHb,
TaKOX MHOXXUTH OOMJIBI YACTHUHH PIBHSIHB
Ha OJTHAKOB1 HEHYJIbOB1 MHOKHHUKH.

Skmo f (2) mo3Hauae omepallito Haj
YUCIIOM a, IO NPUBOJIUTH JIO €IUHOTO

=

unique real number, and every real
number can be paired with a unique
point on this number line.

1.4. Properties of Real Numbers

Most mathematical manipulations of
algebraic expressions are based on the
properties of real numbers. All real
numbers have the following properties:

b=a

This property states equal rights for
both sides of an equality.

= a==cC

Numbers are equal to each other if they
are equal to the same number.

a+c=b+d

An equality holds valid if equal
numbers are added to both its members.

= ac =hd

An equality holds valid if both its sides
are multiplied by equal non- zero
numbers.

Properties 11l and IV allow us to add
term by term the left and right sides of
equations as well as to multiply both
sides of an equation by a non-zero
factor.

pesyibTary, TO chpaBemauBe 1 Outebmr If some operation f (a) with respect to a
3arajpHe TBEPIIKCHHA: number a gives a unique result then one
can also formulate a more general
statement:
a=b = f(a)=f(b)
V. a+b=b+a

Bix mepectaHoBKHM MicCllb JIOJAaHKIB Cyma
HE 3MIHIOEThCS.

Ile mnpaBuiIO0 HA3UBAIOTh BJIACTUBICTIO
KOMYTaTHUBHOCTI CKJIQIaHHS.

Items of a sum can be added in any
order.

This rule is called the Commutative
Law for Addition.

13



VI. ab=ba
Bin mepecranoBku Micip criBMHOKHUKIB —Factors can be multiplied in any order.

JI0OYTOK HE 3MIHIOETHCS. This rule is known as the Commutative
HC IIpaBHIIO .BII[OMQ AK BJIACTUBICTH Law for I\/Iultlpllcatlon
KOMYTAaTHBHOCTI1 OO0 MHOXXCHHA.

VII. a+(+c)=(a+b)+c=a+b+c

Jlomanku MokHa TpymyBatu ngoBinmbHEUM Addition items can be combined in any
YHHOM. groups.
Ile mpaBmiao Ha3uBaeThes BiacTuBICTIO This property is called the Associative
ACOLIATUBHOCTI II0J0 JOIABAHHS. Law for Addition.

VIII. a(bc) = (ab)c = abc

CniBMHOXKHMKH MOXKHa o00'eqHyBatn B Factors can be combined in any groups.
JOBUTBHI TPYTIH. This property is called the Associative
Ile mpaBuino HasuBaeThes BiactuBicTio Law for Multiplication.
aCOINIATHBHOCTI MO0 MHOXKCHHSI.

IX. a(b+c)=ab+ac

Yurarouu 110 piBHICTH 371iBa HampaBo, Mu This property allows us to expand an
rOBOPpUMO, 10 PO3KPHUBAEMO OYKKH. expression_

Huratoun  ioro crmpasa  HalIBO, M We can also read the property from
roBopumo, 1o BHUHOCHUMO 3araJibHum" r|ght to Ieft as fO“OWS:

MHOYHHK.
A common factor can be taken out.
X. a+(-a)=-a+a=0
Jlns Oyap-sikoro aiicHoro yucia a icuye, i For any real number a, there exists a

J10 TOTO K €IMHE, YUCII0 —a, AKE B CyM13 @ ynjque number (-a) to which the given

ac Hyab. Yucio — a Ha3UBAETHCH .

8 Y number is added to produce. The

3BOPOTHHUM [0 YMCJIa a 00 JOJaBaHHA. _ .
number (—a) is known as the additive

inverse of a.

XI. a-izi-a:l
a a

Jlis Oyne-sKOTO AificHOTO Yrcia a icHye, i For any non-zero real number a, there
70 TOro X €auHe, 4yucio l/a, ske mpu exists a unique real number 1/a by
MHOXKEHHI Ha a Ja€ OJUHHIIIO. which the given number is multiplied to
Yucaa a i (1/a) € B3aemHo oOepHeHumu produce unity.

moa0 MHoKeHHs. Tutebku umciio Hysdb He The number 1/a is called the reciprocal
Mae 00epHEHOro0, Tak sk ornepaitis aitedds (or multiplicative inverse) of a. Only
Ha HyJIb HE BHM3HaueHa i, omke, uucio the number zero has no the reciprocal.
HYJIb HE MOX€e OyTH JUTBHUKOM. Division by zero is undefined, that is,

the number zero cannot be a divisor.

XII. Sxmo ab =0, To a = 0 abo b =0, abo If ab = 0 then at least one of the factors
a i b JOpIBHIOIOTH HYJIIO OJJHOYACHO. has to be equal to zero.

14



XIII. Skmio ab#0,T0 a#01b#0
XIV. dust Oynp-sakux JidcHUX dmcen a i b

BUKOHY€ETBHCS OJIHA 1 TUIBKU OJIHA 3 TaKHUX
YMOB:

a>bh (a Ginbire b)
a=b (a mopiBHtO€ D)
a<b (@ menme b)
Hpuxiaagu:

If ab=0then a=0and b=0.
For any real numbers a and b one and

only one of the following conditions
occurs:

a>b (ais greater than b)

a=Db (aisequal to b)

a<b (ais less than b).

Examples:

e 38+43+62=(38+62)+43=100+43+143.

e 25.73.4=(25-4)-73=100-73 = 7300,

e 18-35+82-35=235-(18+82) =35-100 = 3500.
o 2.(7x+4)—-10x=14x+8-10x = (14x—-10x) +8=4x+8.

e 5x=15a = X =3a

{x+y:5 {(x+y)+(x—y):5+3
=

X—-y=3

X+y—X+y=2 27 =2

1.5. IleperBopeHHs CaiB

Yy dopmy.in
3aBaannsi: CdopmymioBatd y BUTIISAIL
CUMBOJIbHUX BHUpa3iB 1 pIBHSAHb TaKi
CJIOBECHI PEYEHHS:
1) Cyma n'sTHaamsITH 1 a:

(x+y)-(x-y)=5-3
{x+y+x—y:8 {2X=8 {x:4
= = :

y=1

1.5. Translating words
into formulas

Problem: Translate the following
written expressions and sentences into
symbolic expressions and equations.
The sum of 15 and a:

15 + a.

2) PizHuis mMixk irpek i b:

y—b

3) oOyTok nBaHAIATH HA X:

12 x

.

4) YacTka BiJ AiICHHS IBOX Ha b:

5) BigHomieHHs irpeka 10 TpboxX:

The difference between y and b:

The product of 12 and x:

.The quotient of 2 and b:

The ratio of y to 3:

y:
6) Uuciio X, 3MCHIIIEHE Ha I1'ATh: A number x decreased by 5:
X—5.
7) Yucno b, 30i1bI1eHe HA CiM: A number b increased by 7:
b+7.
8) Hucio C, 3MEHIIICHE Ha CIMICCAT X: A number c decreased by 70 times x:
c—70x.

15



9) X Gunble pi3HuUL Mix a 1 b: X is greater than the difference between

aand b:
Xx>a-—bh.
10) ToOyrok cimuamisaTi Ha & menme b:  The product of 17 and a is less than b:
17a<b.
11) Cyma C i ABOX JOPIBHIOE TPH: The sum of cand 2 is 3:
c+2=3.
12) z we MeHmie HiXK moaBoeHa pisHmusg Z IS not less than twice difference
MK X 1Y between x and y:
Z>X+Y.

13) ITonBoeHe a MiHyC HeB'sTh JOpiBHIOE Twice a minus 9 is equal to c:
C:

2a-9=c.
14) UsepTs Bix z, BinMinycoBanuii 3 m'sty, A quarter of a number z subtracted from
IOPIBHIOE JECATH: 5 equals 10:

7/ _

5 4—10

15) Cyma b i d 36iraerbes 3 mogBoenum z:  The sum of b and d is the same as twice
Z.
b+d =2z

16) fxmo moaBoene X 1 mmoc m'sate If twice x plus 5 is divided by two, the
PO3IUIATH HA JiBa, TO OTpUMaeMoO C MiHyc result is ¢ minus 9.

JIEB'SIT:
(2x+5)/ _ . _
A =c-9.
17) JIBiui 1Ba - YOTUPH: Twice two makes four:
2.2=4.
18) JJoOyTok a Ha b BaBiui Oinbine pisaumi  The product of a and b is twice as large
MiX 7 1 C, 1 BIBi4l MeHIIe cymu 7 i C: as the difference between 7 and c and

twice as small as the sum of 7 and c:
ab=2(7-¢)=(7+9/

1.6. AGCOTIOTHI BEeJTHUNHHA 1.6. Absolute Values

ADCOJIIOTHA BeJIMYMHA oyme-sxkoi  The absolute value of a real number a
aiiicHoro  4ymMciaa  a  To3Hadaerscs IS denoted by the symbol |a| and defined
cuMBoioM |a| 1 Bu3HawaeTbcsa Takoro by the following formula:

= {a, a>0 )

-a, a<o0
AbGcomotHa  BenmuuHa — HeBig'emHoro The absolute value of a non- negative
yycia 30iraerecs 3 camMuMm umciioMm, toxi nhumber is the number itself, while the
gk abcoiroTHa BenuumHa HeratuBHoro absolute value of a negative number is
ypcia JOpiBHIOE 4YHchTy, B3saromy 3 the negative of the number.
HNPOTHICKHUM 3HAKOM.

dhopmyiioro:
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§=5, 5-(-

I'eomeTpuyHa iHTepnperaunis
AOCoOJIIOTHA BeIWYMHA JIMCHOT'O 4YHCHa
JOPIBHIOE  BIACTaHI  Bil  HyJs  JI0
BIJIITOB1THOTL TOYKH YHCI0BOI oci
HE3JIEKHO BIJ HaAmpsMKy. Biactanb Mix
ToukaMH a 1 b umcaoBOi oci mopiBHIOE
la—b].

AOCOII0THI BEIMYMHHN MAIOTh TaKl
BJIACTUBOCTI:

L. la >0

L. Ja-b=|b-a

a

b
1.7. Apoodu

JApi6 e Bupa3 Buay %, JIe a Ha3UBAETHCS

YHCENBHUKOM  J1po0y, b fioro
3HAMEHHHUKOM. Y  uHcenpbHUKY 1
3HAMEHHUKY MOXYTb CTOSTH OyAb-sKl
yuciaa ad0 BHpasu, NMPOTE 3HAMEHHUK HE
MOBUHEH JIOPIBHIOBATH HYIIIO.

Jpobu MaroTh Taki BIACTUBOCTI:

a

V. =0t (b #0)

Jpi0 He 3MIHUTHCS, SKILO HOTr0 YMCETbHUK
1 3HAMEHHHUK OJJHOYACHO NMOMHOKHTH a00
PO3JLIUTH Ha OJHE ¥ T€ caMe HEHYJIhOBE
YHCIIO.

3aBsKH 111H BIACTUBOCTI ApiO MOXKHA:

* MIPUBECTH JI0 1HIIIOTO 3HAMEHHUKA;

* MEPETBOPUTH IO IHIIOTO BUAY, SKIIO
PO3KJIACTH YHCEIBHUK 1 3HAMEHHUK Ha
MHOXHHUKH, a TIOTIM CKOPOTHUTH 3arajibHl
MHO>KHHKH.

HMpuxaagu:
4 4.2

5 5.2

8
10’

5)=5, [0]=0.
Geometric interpretation
The absolute value of a real number is
the distance between the corresponding
point on the number line and the zero-
point regardless of the direction. For
any numbers a and b the distance
between points a and b on the number
line is ja—b.
Absolute values have the following
properties:

II. |-a=[q
IV. |a-b=|a|-|o]

VI. |a|2 =a?

1.7. Fractions

A fraction is an expression of the form

Z, where a and b are called,

respectively, the numerator and

denominator. The numerator and

denominator can be represented by any

real numbers or expressions. However,

the denominator can no be equal to

zero.

Fractions have the following properties:
a ac

b bc

A fraction keeps its value if both the

numerator and denominator  are

multiplied or divided by equal non- zero

numbers.

One can use this property in order:

» to reduce the fraction to a different

denominator;

 to simplify the fraction by factoring

the numerator and denominator and

reducing common factors.

Examples:
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30 235 2

[ ] —_——
45 3.3.5 3’

8x—4 4(2x-1) 4
6x—-3 3(2x-1) 3
, & -ab_a@-b)_a

ab—b?> b(a-h) b’

IL a,b_atb
c C c
[Ipountaemo 1r0 BiactmBicTh 37iBa Let us read this property from left to
HaTpaBo: right: In order to add fractions with

[Ilo6 ckmactm Japid0 3 omHakoBUMH COmmon denominators, add together the
3HAMEHHUKAMH, MOTPIOHO ckimact numerators and keep the same
yhCceabHUKH,  30epirmm  momepeddiii  denominator. We can also read the
3HAMCHHUK. property from right to left: The fraction
Tenep mpounTaemo oro crpasa HaJiBO: keeps its value if each term of the
JIpi6 He 3MIHWTBCA, SKIIO KOXXHUH numerator is  divided by the
JIOJAaHOK  4YHUCeNbHHKAa po3aimth  Ha denominator and then the results are
3HaMEeHHUK 1 orpumani pesyinbratd added. There is a similar rule for

CKJIACTH. subtraction of fractions with equal
AHanoriuHo  BHKOHY€TbCS  BigHimaxHs denominators:
po0iB:

a b_a-b

cc ¢
JIBi octanHi ¢popmynu MoxHa ob'eqnata B TWO last formulas can be combined into
OJTHY: the following uniform rule:

I1L. a,b_azh
c C C
V. §i9:ﬂ+cb_adibc.

c d cd cd cd
[1lo6 ckmactu (abo Bimusatu) apodbu 3 In order to add (or subtract) fractions
pi3HMMH ~ 3HaMeHHWKamu,  moTpioHo with different denominators it s
MIPUBECTH npodu 70 cinitbHOTO Nhecessary to reduce the fractions to a
3HaMeHHHKa 1 ckimactd (abo Bigaaru) common denominator by finding a
ApoOu 3 OTHAKOBUMH 3HAMEHHUKAMH. common multiple of both denominators
and then add (or subtract) the fractions
with equal denominators.
Mpuxkaaam: Examples:
4 2 4.3 2.5 12-10 2
5 3 5.3 3.5 15 15
1 1 _C N a _c+a
ab bc abc abc abc

b _ab
d

V. .
cd

[Ilo6 mnomHOXHUTH Jpodu, motpioHo The numerator of the product of
NOMHOKUTH ~ OKpemMo  uucenbHukud 1 fractions is equal to the product of the

a
C
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OKpPEMO 3HAMEHHUKH; TMOTIM TOAUTUTH
OJIUH Pe3yNbTaT Ha HIIUH.

VI.
[Ilo6  momiiutu  Ha  Apidb, Tpeda
MTOMHO>KUTH Ha 3BOPOTHHM JPi0.
Ipuxaan:
6a 3 6a b
5b°b 5b 3

PiBHI 1poOU HA3MBAIOTHCS MPOMOPLIAMM.
Ipukaaau mpomnopIii:

a ¢ 1
[Ipomopmii MOXHa  pO3B'sI3yBaTH

IIPABUJIOM IIEPEXPECHOTO MHOKEHHS:

3a

a_c
b d

3 pOT0 TIpaBUjIa BUTLIMBAE, 1110

a_c¢ d c

b d b a
1.8. MHOxXUHHI
MHoxuHa € CKIHYEHHOIO abo
HECKIHUEHHOI0  CYKYIHICTIO  0O0'€KTiB.
OO0'ekTH Ha3uUBalOTHCI eneMeHTaMu (abo
YIICHAMU ) MHOHHH. Enemenramu

MHOXXHUHM MOXYTb OyTH CJIOBa, YMCIA
TOLLIO.

JInd mno3HAaYCHHST MHOXKMHU —3a3BUYai
BUKOPHUCTOBYETHCS  OJlHA 3  BEIHUKHUX
JATUHCHKUX OYKB.

Axkmo  MHOXMHAa A BHU3HAYAEThCSA

MIEPENIIKOM CBOIX EJIEMEHTIB, TO MEpesiK
MOMIIIAIOTE B (DIrypHI JY>KKH, a €JIEMEHTH

BIJOKPEMJIIOIOTb ~ OJMH  BiJl  OJHOTO
KOMaMH:

A = {mepeik eIeMeHTIB} .

Hpuxkaaxy 1: CuMBomiyHMN  3amuc

A={a,b,x} o3Hauae, WO A € MHOKHHOIO
€JIEMEHTIB a,b, X .

TBepmKeHHA “X € €JIeMEHTOM MHOXUHU
A”. 3amucyeTbcsi CUMBOJIYHO y BUIJISIL
XeA.

CumBomiuauii 3amuc AéX o3Hayae, 1o X

X

b d x-2 4

numerators, and the denominator equals
the product of the denominators of all
fractions.
b
a.—=a-—.
C b
To divide a value by a fraction multiply
it by the reciprocal fraction.
Example:
_6ab 2a
5.3 5
Equivalent fractions are known as
proportions. Examples of proportions:
X-5 y+1
3 2
Proportions may be solved by cross
multiplication using the cross product

property:
ad =bc.

C

From this it follows that
a_b 9 :9
a ¢

c d
1.8. Sets
A set is a finite or infinite collection of
objects. The objects are called elements
or members of the set. For instance,
numbers or words can be elements of a
set.

Sets are usually denoted by -capital
Latin letters. A pair of braces is used to
enclose either elements of the set or its
description list, using commas to
separate the individual elements. If the
set A is defined by a list of its elements,
then it can be written in the following
format:

A = {list of elements}.

Example 1: Let A be the set of the
elements a,b,x. The set A is defined
here by the list of its elements and so it
can be denoted as A= {a, b, x}.

The statement “x is an element of the
set A” is symbolized as x € A.
Conversely, the statement “x is not an
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HE € eJIEMEHTOM MHOXHUHHU A.

Ipuxnan 2: Hexait N peacrasise co6oro
MHOKHUHY HaTypaIbHUX
aucen: N = {1,2,3,... }

Tonl cMMBOJIBHUM 3amuc 7 <N O3HAYae,
[0 YHUCJIO CIM € HATypaJIbHUM YHCIIOM,
TOMI sK 3amuc +/3 ¢ N 03Havae, mo /3 He €
HATypaJTbHAM YUCIIOM.

MHOXWHY MOXHa BU3HAYUTH W 1HAKIIE,
(bopmymrooun IIPUHLINAI B1100OpY
€JIEMEHTIB 1 BKa3yIOUd BJIACTHUBOCTI, IO iX
XapaKTepU3ylTh. Y IBOMY BHUIAIKY
BUKOPUCTOBYETLCS 3aIlnC A={x|P }, ne

PO3ILTIOBUNA  CUMBOJI YUTAETHCS:
"takux, mo". Bech psAIOK YUTAETHCS TakK:
"MHOxHHa A yCIX €JIEeMEHTIB X TaKuX, IO
KOKHHH €JIeMEHT X Ma€ BIacTUBICTE P

MHOXHHA, sIKa HE MICTUTb €JIEMEHTIB,

"|H

HAa3HUBAE€TBCA IMOPOKHBOIO MHOXKHWHOIO 1

MO3HAYAETHCS CUMBOJIOM ().

MHoOXxunHa panioHaIbHUX 1
IppallOHAIbHUX YHCET YTBOPIOE MHOXKUHY
TIACHUX YHUCE.

1.9. InTepBanu

[TiTMHOXKWHM MIHCHUX YKCEJ HA3UBAIOTh
inTepBasamMu (a00 MPOMIKKAMH).
KinueBuii iatepBan siBise coboro Oe3nmiyu
TIACHUX  YHCeNl, SKOMY  BIINOBIiJa€e
BIIPI30OK  YMCJIOBOi  OCl, OOMEXKEHHI
TOYKaMHu a 1 b.

HeckinyeHnuii inrepsan (—oo,c0) He Mae
IPAaHUYHUX TOYOK 1 MPEJCTABISE COOOIO
MHOKUHY YCIX JIHCHHUX YHCET.

1.10. IlinHeceHHs 10 CTeNeHs
1.10.1. Yuranusa popmyJ

element of A” is written symbolically as

Agx .

Example 2: Let N be the set of all
natural numbers:
N={23,... }
Then the notation 7< N means that the
number seven is a natural number, and
the notationv/3¢N means that /3 is
not any natural number.
A set can be also defined by describing
the elements through their
characterizing properties: “The set A of
all elements x such that x has the
property P”. In this case, the symbol “|”
is used instead of the statement “‘such
that”, and the set is written in the
following format:

A={xP }.
If a set has no elements, it is called a
null set or an empty set and it is
denoted by the symbol 0.

The set of all rational and irrational
numbers is the set of real numbers

1.9. Intervals

Intervals are special subsets of real
numbers.

A finite interval is a set of real numbers
represented by a line segment of the
number line between the two endpoints,
aand b.

The infinite interval (-o,) has no
endpoints and represents the set of all
real numbers.

1.10. Exponentiation
1.10.1. Reading of Formulas

Taémauus 3 Table 3
Yurauus hopMyir dopmyu Reading of Formulas
X y KBazpari x° X squered
X y kyOi X X cubed
* JIBa y kyOi. 2° * The third power of 2,
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* /Isa y Tperbomy (Mipi).
X y IIOCTOMY
X'y cTyneHi n

» Two cubed.
X to the power six
X to the power n

X y CTyIIeHi /1Ba Ha N 0 X to the power x over n
[T'ath y cTymeHi X MiHyC - Five to the power x minus
7Ba. 2
Kopiub (kBagpaTHuii) i3 X. Jx The square root of x

: The square root of seven.
Kopinb 3 cemu. J7 a
Kopi ' .
N OPIHD THETOTO CLYMEEA S /x The fifth root of x.
Kopinb N- ro cTymnens i3 X. 8/x The nth root of x.

* Kopias 3 a mmoc Tpu
wiroc b B kBajpari.

* Kopinb kBaapatHuii, mija
KOpeHeM a IUIloC B
Oy’)KKax cyMa Tpbox 1 b B
KBa/IparTi.

* X OAWH JBa JOPIBHIOE
MiHyc b Tumoc  wmiHyc
KOpiHb KBajpaTHHi 3 b y
KBaJpaTi MIHYC YOTHUPH
ac, Bce PO3JUIMTH Ha JiBa

Ja+(3+h)?

» The square root of a
plus three plus b squared.
» The square root of a
plus the sum of three and
b in parentheses squared.

* X sub one comma two
equals minus b plus or
minus the square root of b
squared minus four a
times c over two a.

a. « X sub one and two
* X OAMH [Ba JOPIBHIOE N :—bi\/b2—4ac equals long fraction bar,
npoby, B  YHCEIBHHKY L2 2a above the fraction bar
MmiHyc b, tumoc wmiHyc minus b plus or minus the

KOpPIHb KBaJpaTHUH, TIiJ
KopeHeM b B kBaapari
MIHYC 4YOTMpH aC, B
3HAMEHHHMKY JIBa a.

1.10.2. 3aranbHi npaBuJia

VY BupaxkeHH1I Xx* BeJIWYHMHA X HA3UBAETHCS
OCHOBOIO, & - MIOKA3HUKOM CTYIIE€HS, a caM
BUpa3 X* YUTAETHCS SIK X y CTYIIEHI a.
Mpukaax: VY  Bupasax  x°,2*5’
3",[TIOKa3HUKAaMU CTYMEHS €, BIAMOBIJHO,
3,4,yi1in.

JUist  cTyneHeBUX BHpa3iB  CIpaBeIMBI
TaKl IIPaBUJIA, AK1 LIUPOKO
3aCTOCOBYIOTHCS anredpaiyHuX

i

y

square root of b squared,
minus four a times c
below the fraction bar
two times a.

1.10.2. Common Rules

In the expression x* the quantity x is
called the base, a is the exponent of the
power, and x* is the ath power of a or x
raised to the ath power.
Example: The exponents
quantities x*,2*,5”and
respectively, 3, 4, y and n.
The following rules are useful in
algebraic  manipulations  involving

the
are,

of
3n
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[IEpPETBOPEHHSAX. exponents:

x° =1 4)
Xaxb — Xa+b (5)
e (6)
X
N )
X
(x* ) = x (8)
(xy)* =x"y* 9)
x)T X
- = —a (10)
G5
Mpuxnanu: Examples:
3 a’a’ =a’; (a2) =a;
o X3X%e = X356 _ 2
° X" = —_7 =x 70 =t = 1;
(sz )3 -6 X
3P, -4
. (X X11X _ 154l 0 g
1.10.3. CtyneHi 3 1po6oBUMHU 1.10.3. Rational Exponents
NOKAa3HUKAMH
Hexaii n — HarypasibHe 4ucIo. Let n be a natural number.
! Then the power of x with the exponent

Toni Bupas X" HA3WBAETHCS KOpE€HEM N-TO 1.
of the form = is called the nth root of x

CTYIICHA 13 X 1 IO3HAYA€THCA CUMBOJIOM n
vx. and denoted symbolically as ¥x.
Takum gyuHOM, Therefore,
1
2fx = xn.

Kopiap gpyroro crymeHs HasuBaeThes 1he second root of x is called the square
KBaJ[paTHUM KOpeHeM, a KopiHb Tperboro root of x, and the third root is known as
crynens - KyoOiunuMm kopeHem. [Ipu the cube root. The index of the square
3alMcy  KBagpaTHOrO  KopeHs  Horo root is omitted from the expression, that
MOKa3HHUK OIyCKAalTh 1 mUIIyTh mpocto IS, the square root of the number x is

Jx. written as v/x .

Mpuxnagu: Examples:

* PiBHsiHHS X° =25 Mae aBa po3B'sisku: X = ¢ The equation x*=25 has the two
+ 5. Tomy 1Ba umcna, 5 i(-5), € kopeHsMH  solutions: x = + 5, that is, both numbers,
KBaJpaTHUMHU 3 uucia 25. ApumerHune 5 j(—5), are the square roots of 25. The
K 3HAUYCHHS KOPEHS JIOPIBHIOE 5.
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IMpuxnagm:

principal square root of 25 is 5.
Examples:

-5 (6

TS

. NEI
° J48 =
. Jad - J
2. AuireOpaiuHi BUpa3u
2.1. Beryn
KoncranTa e CHUMBOII, SIKUI

BUKOPHUCTOBYETBCS JIJII ONMKCY BEIWYUHU,
10 HE 3MIHIOETHCS.

3minHa e CHUMBOJI, SIKUM
BUKOPUCTOBYETHCS IS OIKCY BEIIMYWHH,
110 MpUMaE pi3Hi 3HAYCHHS.
Asre0paiuHuii BMpa3 1ie¢ cyma 4YJICHIB,
KOXXEH 3 SKUX TMpeJCTaBisie  CcoO0r0
NO00YTOK KOHCTAHT 1 OyAb-sIKOTO YHCTa
3MIHHHUX. 3MIHHI TaKOXX Ha3HWBalOTh
CHMBOJIbHUMHU BEJIMYMHAMH, a IIOCTiiHI
MHOXXHUKH YICHIB - iX KoedimieHTaMu.
UneH, MmO MICTUTh B CBOEMY JOOYTKY
TUIBKH KOHCTaHTH, Ha3MBAETLCS
MOCTIiHHHUM YJICHOM.

CryniHp 4jl€Ha BHM3HAYAETHCS CYMOIO
MMOKA3HUKIB CTYIICHS MOr0 3MIHHUX.
UneHn, 10 BIJIPIZHAIOTHCS OAMH  BIJ
OJTHOTO TUIBKA CBOIMH Koe(irieHTamu,
Ha3UBarOTHCS moAioHuMuU. [loai0H1 WwieHn
MOXHa TPyIyBaTH 1 TIPEACTaBUTH Y
BHTJISZII OJTHOTO WIEHA, KOE(IIIEHT SKOTO
JIOPIBHIOE CyM1 KOE(DIIIEHTIB MOI0HUX
ywreHiB. Taka Tmporeaypa Ha3HUBAEThCS
NpUBeIeHHAM MOAiI0OHMX.

AnreOpaiyHuil BUpa3 NpUKMAE YKCIOBE

3HAYE€HHS, SKIIO0  3aMICTh  3MIHHHX
MIJCTaBUTH  4YMcia.  Takuid  mporec
Ha3UBAIOTHCA O00YHCJTCHHAM

anredpaiuHoOro BUpasy

IMpuxnan:
Unenamu anreOpaiyHOro BUpasy

“(a-1)= Ialv
2. Algebraic Expressions
2.1. Introduction

A constant is a symbol that represents a
quantity assumed to be unchanged
throughout a given discussion.

A variable is a symbol used to
represent a quantity that may assume
any given value or set of values.

An algebraic expression is an additive
combination of any number of terms. A
term is a product with an unspecified
number of variables and constants. The
variables of a term are said to be literal
factors, and the product of the constants
is called the coefficient of the term.

A term, whose factors are only
constants, is called a constant term.

The degree of a term is the sum of the
exponents of its variables.

Terms that have the same literal factors
but differ only in their numerical
coefficients are called similar terms.
By applying the distributive property,
two or more similar terms can be
combined into one term. The new term
has the same literal factors as the
similar terms, but its coefficient is the
sum of the coefficients of the similar
terms. This procedure is known as
combining similar terms.

The algebraic expression takes on a
numerical value when numbers
substitute for variables. This process is
known as evaluating algebraic
expression.

Example:

The terms of the algebraic expression

x® —8x7'y? +3x+5-9x
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€, BigmoBigHO, 7x°,8x7'y?, 3x,5-9x Ta
(-9x). Crymiap wieHa 7x° JOpiBHIOE

TPHOM.

JIBa unenm, 3X 1 (—9x), € NOJIOHMMH 1
MOXYTh OyTH TIPEICTaBIICHI €IUHUM
YJIEHOM ( — 6X) Tomy umeu Bupas

3BOJUTHCS JI0 BHAY 7X®—8Xx'y?—6x+5 i
MOXe OyTH OOYHCICHUM, HaIMPHUKIAI,
IIJICTAHOBKOIO X = 2 Ta y = 3.

are, respectively, 7x° 8x'y? 3x,5, —9x
and (-9x). The degree of the term 7x3
equals 3.

Two terms, 3x and (— 9x), have the
same literal factor, so they are similar
terms and can be combined into the
single term (- 6x) The given
expression is reduced to the form
7x® —8x'y? —6x+5and can be evaluated
by setting, e.g., x=2andy = 3:

7-2°-8.21.32-6-2+5=56-36-12+5=13.

2.2. MHOTrO4JIeHH!
MHOro4J1eHOM Ha3WBAETLCI BHUpa3, BCI

3MIHHI SIKOTO MAalOTh TUIBKHA Il
HEBIJ'€MHI MIOKa3HUKHU CTYIICHS.
CryniHb ~ MHOTOYJI€Ha  BHU3HAYa€ThCS

CTyIIEHEM 4i€Ha, 110 Ma€ HaNOUIbIINI
CTYMIHb.

Hpuxiaagu:
« Cryninp ommowreHa 5 Xz nopiBHrOE
YOTHPHOM.

 Mmuorowier 2x-9y — € OiHOMOM

MEPIIOro CTYIICHS.
. MHorouneH 3x+4x%yz* —yz° €

TPUWIEHOM ChOMOT'O CTYIICHSI.
MHorouneH oOjHi€i 3MIHHOI € BHUPa3OM
BUJTY

P(x)=a,x" +a, X"

ae X — 3MiHHa, a, — KOE]IIIEHTH

MHorowieHa (k =012,...,n).

2.3. Aaredpaiuni nepeTBopeHHst

2.3.1. Po3kjIajaHHs HA MHOKHUKH
®paza "po3kiacTh Ha  MHOXHHUKH"
Oo3Havae "MPENCTAaBUTH MaTEeMaTUYHUUN
BUpa3 Yy BUIJISIAI J00YTKYy JABOX alo
OuThIIOr0 YMclIa MHOXKHHUKIB". Bupas,
3aMMCAaHUM y BUIIIAIAI JOOYTKY, 3a3BUYAl

2.2. Polynomials
An algebraic expression is called a

polynomial if all variables of its terms
have only non-negative integer
exponents.

The degree of a polynomial is the
degree of the term with the highest
degree.

Examples:

* The polynomial 5 x3z is a monomial of
degree 4

* The polynomial 2x — 9y is a binomial
of degree 1.

» The polynomial 3x+4x’yz*-yz® is a
trinomial of degree 7.

A polynomial with a single variable is

an expression that can be written in the
following form:

T tax+a,.

where x — the variable and a,

coefficients of
polynomial (k =0,,2,...,n).

2.3. Algebraic transformations
2.3.1. Factoring

The wording “factoring” means “to
express a mathematical quantity as a
product of two or more quantities”. This
procedure  often  gives  simpler
expressions.

the
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Mae OUIbII TPOCTUNA BUTJISI.
Tak, HACTYITHAU
(x +y? XZX —yy (x2 + 3y)4 €  MHOIOWIEHOM
JIBOX 3MIHHMX, IIIO MICTUTH 36 YJICHIB.

IMpuxknagu: Po3kimactu  BHUpasu
MHOKHUKMU:

e 15a—6a’=3a(5-2a)
o X?+2x-3=x*>-x+3x-3

BHpa3

Ha

For instance, the following expression
(x+y2X2x—y)3(x2 +3y)4 is a polynomial
with two variables and 36 terms.

Examples: Factor the following
expressions into irreducible factors:

= X(x—1)+3(x —1) = (x 1) x +3).

e a’+2ab-3a-6b=ala+2b)-3(a+2b)
=(a+2b)a-3)

3aBaanna 1: PosxilacTh Ha MHOKHUKH
PI3HUIO KBagpaTiB a’ —b?

3aBaannsa 2: Po3kiacTd Ha MHOXHUKH
pi3HHIIO KyOiB: a®—b’

3aBpanusa 3: Po3kiacth Ha MHOXKHUKU
KBaJ[paTHUI TpudieH a’ + 2ab+b’.

2.3.2. ®opmyJi CKOPOYEHOT 0
MHOKEHHS

VY neskux BHMaAKax MOTPIOHO BHKOHATH
IIepETBOPEHHS, 3BOPOTHE PO3KIIaJaHHIO Ha
MHOXXHHKH. [Ipy IbOMy MH TOBOPHMO, III0
PO3KpHBAEMO AYXKKH. B pesynbrari Takoi
oreparuii CTyNEHS 1 T00yTKY
MIEPETBOPATHCS Y CyMy, a anreOpaidyHuit
BHpAa3 3aMHUCYETHCS B IHIIOMY BUTJISIIL.
[Ipountaemo ¢opmynu (2) - (9) cmpasa
HAJTIBO.

(a—b)a+b)=a? b’

JIOOyTOK pI3HUIII OCHOB Ha IX CyMy
JIOPIBHIOE PI3HUIII KBAJIpaTiB OCHOB.

(a+b)a? —ab+b?)=a%+hb°.

JIoOyTOK CyMH OCHOB Ha HEIOBHHI
KBaJpaT iX PI3HHII JOPIBHIOE CyMi KyOiB
OCHOB.

(a—b)a® +ab+b?)=a’ —b’.

JIoOyTOK PpI3HUIII OCHOB Ha HEMOBHUI
KBaJIpaT X CyMH JOpPIBHIOE PI3HUII KYOiB
OCHOB.

Problem 1: Factor the difference
between two squares a® —b?

Problem 2: Factor the difference
between two cubes: a®-b?

Problem 3: Factor the quadratic
trinomial a? + 2ab+b?.

2.3.2. Expanding

In many cases one needs the inverse
operation to factoring, which is called
expanding. Due to expanding of powers
or a product of items we can get another
form of the algebraic expression and
write down the result as a sum of terms.

Let us read formulas (2) — (9) from right
to left.

(10)

The product of the difference between
the bases and the sum of bases is equal
to the difference between the bases
squared.

(11)

The product of the sum of the bases and
the imperfect square of their difference
is equal to the sum of the bases cubed.
(12)

The product of the difference between
the bases and the imperfect square of
their sum is equal to the difference
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between the bases cubed.
(a+b)’ =a®+2ab+b? (13)
KBagpar cymum paBox uumcen popiBHioe The second power of the sum of two

KBaJIpary MepIIoro YHCIa, ILTIOC numbers equals the first number
squared, plus twice product of the

numbers and plus the second number
squared.

(a—b)’ =a® —2ab+Db?. (14)
KBagpar pisHuni nBox uucen nopisHioe The second power of the difference
KBajgpaTy mepmioro  umcia,  MiHyc between two numbers equals the first
NOJIBOEHUI JOOYTOK mepmioro yucia Ha nhumber squared, minus twice product of

MOJBOEHUN JTOOYTOK MEpUIOrO YHClia Ha
Ipyre, IUIFOC KBaJpaT APYroro 4mcia.

Apyre, TUII0C KBaApaT JPYroro 4yucia. the numbers and plus the second
[Tocrapaiitecs 3aBunTH BHIIEHaBeAeHI Number squared.
CJIOBECHI ()OPMYJTIOBAHHS SIK BIpIIIi. Try to memorize the above wording as
rhymes.
(a+b)’ =a®+3a’b+3ab® +b°. (15)
(a—b)’ =a® —3a’b +3ab? —b°. (16)
3. Aureopaiuni piBusinng i mepiBaocti 3. Algebraic Equations and
Inequalities
3.1. Jliniiini piBHSIHHS 3.1. Linear Equations
Jlinifine piBHSHHA 3 ojamHiero 3MinHOK A linear equation in one variable can be
MO>KHA MPEACTABUTH y BUTJIISII: put into the following form:
ax+b=0, (1)
ne aib - xoncrantu (@ # 0), X - 3MiHHa. where a and b are constants (a # 0),
and x is the variable.
IMpuxnan 1: {00 po3B'si3aTu piBHIHHS In order to solve the equation
ax+b =a,x+b,,
HEOOXITHO HOTr0 MepETBOPUTH 10 BUY: it 1S necessary to transform it into the

following form:
(81 _az)x =b, —b,. (2)
Sxmo a, #a,, To ue piBHsHHA Mae |f a, = a,, then the solution for the given
PO3B'SI30K equation is
X= (bz _bl)/(al _az)-
Skmo a,=a, 1 b =b,, TOo piBuguua If a, =a, and b, =b, then equation (2) is

IepPEeTBOPIOETHCS Y TOTOXHiCTH 0-x=0, the identit}{ 0-x=0. Therefore, any
number x will make the true sentence in

this equation.
If a,=a, but b =#b,, then the given
equation has no solutions.

TOOTO 3a10BOJIBHAECTBCA 3a 6y,Z[B-51KI/IX
3HAYCHHIX X.

Sxmo a, =a,, ane b, #b,, TO pIBHIHHS HE
Mae piIieHb.

3.2. Jliniiini HepiBHOCTI 3.2. Linear Inequalities

Jliniliny HepiBHICTH 3 opanieto 3minHoro A linear inequality in one variable is
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MOXHA YSIBUTH B OJIHIM 3 TakuX (opM:

ax+b >0,
ax+b>0.

Tyr a ta b - xorcraatu (a *# 0 ), X -

3MiHHA.

HepiBHicte (3a) Ha3UBA€ETBCS CTPOTHM,
Tomi sIK HepiBHICTH (3b) - HecTporum.
€IvHa BIIMIHHICT IIMX HEPIBHOCTEH
MOJIATa€ B TOMY, IO B OJHOMY BHUIAIKY
rpaHUYHA TOYKA IHTEpBAIYy BXOJIUTH B
MHOXXHHY pillleHb, & B IHIIOMY - HeE
BXOJIUTb.

[Ipouienypa po3B'si3Ky HEpIBHOCTEM Oarato
B YOMY aHaJOriyHa MpoLenypl pO3B'A3KY

that inequality, which can be put into
one of the following forms:

(3a)

(3b)
In these formulas and b are constants (a

* 0), and x is a variable.

Inequality (3a) is called a strict
inequality while inequality (3b) is an
unstrict inequality. The only difference
between these inequalities is whether
the endpoint of the interval is included
in the solution set or not.

The procedure of solving inequalities is
similar to that of equations, except that
the properties of inequalities apply.

piBHSHB, aje TpyHTyeThcss Bxe Ha Example 2: Solve the following
BJIACTUBOCTSX HEPIBHOCTEH. inequality:
Ipuxaan 2: Po3B's3aTu HEPIBHICTH:
—-5x+3>2x+17.
Po3B'sizok: 1l[o6 poss'szatu oiniiey Solution: In order to solve a linear

HEPIBHICTh, MOTPIOHO B 11 JIBIA YacTHHI

3rpynyBaTd BCl WIGHH, II0 MICTSTh

3MIHHY, @ BCl IHIII WICHU TEPEHECTH B
NpaBy YaCTHUHY:

inequality it is necessary to group
together all terms with the variable on
the left-hand side of the inequality and
to eliminate from this side other terms:

-5X+322x+17 =
—5X+3-2Xx-322x+17-2x-3 =
—7x>14.
[Ilo6 3amucatm po3B’s30k, mnoTpidHo Divide both sides of this inequality by

PO3ILIUTH OOWJBI YaCTUHM OTPUMAHOI
HEpIBHOCTI HAa BiA’€MHE -7 4YHUCIO 1
3MIHUTH 3HaK HEPIBHOCTI Ha 3BOPOTHHIA:
X< -2
3.3.

MiCTATB [ax + b|

Jlinivini PiBHSIHHS, AKI
[Ilo6 po3B's3aTu pIBHSHHA, IO MICTHTH
lax+b|, cmig 3BIIBHMTHCA BiJ CHUMBOIIB
Jlist

MOTPIOHO PO3TISIHYTH JIBa MOMJIMBUX

a0COJIFOTHOI ~ BEJIMYUHM. IIBOT'O
BUIMAJIKH.
Bumagok 1: Skmo ax+b>0, To 3HaK

aOCOJIOTHOI BEIMYMHM MOXHA MPOCTO

the negative number -7 and reverse the

inequality symbol to get
the solution set: x<-2.

3.3. Linear Equations Involving the
Absolute Value |ax +b|

In order to solve an equation involving
the absolute value |ax+b| it is necessary

to remove the absolute value symbol.
This can be done by considering two
possible cases.

Case 1: If the expression represents a
positive quantity then the absolute value
symbol can be simply dropped.
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OIIYCTUTH:

ax+b>0 = |ax+b=ax+b.

Bumagok 2: fxmo ax+b<0, To CHMBOJIH
a0COIOTHOT BEIMYMHU MOXKHA TaKOXK
OIYCTUTH, aJieé TpU IbOMY MOTPIOHO

3MIHUTH 3HAK Mepes] BUPa3oM ax +b

If the expression ax+b represents a
negative quantity then the absolute
value symbol can be also dropped but a
minus sign has to be written in front of
(ax+b)

ax+b<0 = |ax+b=—(ax+b).

Takum  4yWHOM,  BHUXiAHE  PIBHSHHII
€KBIBAJICHTHE JBOM JIIHINHUM PIBHSAHHSIM,
SKMH HE MICTUTh CHUMBOJIB a0COJIFOTHOI
BEJTMYMHH.

OTxe, 3aBIaHHS 3BOJUTHLCS J0 TPOOIEMH,
BXKE PO3TJISTHYTOI paHilie.

Ipuxaanx 3: Po3s's3aTu piBHAHHS

2x+3 =
Po3B’s130k:
Bumagoxk 1: Skmo  2x+3>0, 110
€KBIBaJICHTHO x>-3/2, TO  3HaK

a0COIOTHOT BETMYMHH MOXHA TIPOCTO
omyctutH. Toi

Therefore, instead of the original
equation we obtain two linear
equations, each of which does not
contain the absolute value symbol.
Hence, the problem is reduced that
considered above.

Example 3: Solve the equation

9-x.

Solution:

Case 1. If 2x+3>0, that meansx>-3/2,
then the absolute value symbol can be
simply dropped. Therefore,

2x+3=9-x = 2x+3=9-X =

3a YMOBH, IO X >—3/2.

YMOBa BUKOHYETHCH.

Bumagok 2: Sxmo 2x+3<0, o o3Haydae
X<—3/2, TO TpU OMNYCKaHHI CHUMBOILY

abCONMIOTHOI  BEJIMYMHM BUpa3  (2x+5)

OepeTbes 31 3HAKOM MIHYC!

3X=6 = x=2,
provided that x>-3/2.
That is certainly true.

Case 2: If 2x+3<0, that means
x<-3/2, then we drop the absolute
symbol and write down the minus sign
in front of the expression (2x+5)

2x+3=9-x = —(2x+3)=9-x = x=-12.

Ile 3HaucHHS 3aJ0BOJLHSIE HEOOXITHIN
YMOBI1 X <—3/2.

O0'enHyt0un PO3B'SI3KM, OTPUMaHI y BUIIIE
PO3TJISTHYTUX BHUIAJKaX, MU OTPUMYEMO
0e3119 PO3B'A3KIB IIHOTO PIBHSIHHS:

This value obeys the condition x < -3/2.
The solution set is the union of the two
solutions involving case 1 and case 2.
Thus, the solution set for the given
equation is the following:

{x=-12,x=2}

Ipuxnan 4: Po3p's3aTu piBHAHHS

[2x+15] =

Example 4: Solve the equation
3X—5.

28



Po3B’sa30K: Solution:
Bumnaox 1: Case 1:
2X+15=3x-5 x=20
= =x=20
2x+15>0 x> -15/2
Bumnanok 2: Case 2:
—(2x+15) =3x -5 -2
f— .
2x+15<0 x <-15/2

Bunukino nporupiyus i, OTKe, X=-2 HE €
PO3B’SI3KOM JIaHOTO pIBHAHHA. B 1pomy
BUIIAJIKYy PO3B’A3KOM € MOPOXKHS MHOXKHHA
Q.

Takum yMHOM, PIBHSHHS Ma€ TUIbKU OJMH
po3B’si30k: X = 20.

3.4. JliniiiHi PpIBHAAHHS, WI0 MICTATH
a0COJIIOTHI BeJIMYMHM [ax +b| i [ox +d|

[Ilo6 po3B's3aTu pIBHSHHS, IO MICTHTh
abCONIOTHI BEMMYMHHU |ax+b| i [cx+d|

CIIII 3BUIBHUTHUCI BII BCIX CHUMBOJIIB
a0COJIIOTHOI BEJTUUMHH.

Hexaii x=x 1 x=X, € pIlLICHHIMHA
piBHSIHB ax+b=0 1 cx+d =0, BIATOBIAHO.
Otxe, BUpa3 ax+b 3MIHIOE CBIM 3HAK y

TOYII X,, @ BUpa3 cx+d — Yy TOYIN X, .

3.5. Jliniiini HepiBHOCTI, fAIKi MICTATH

|ax +b|
JliniiiHi ~ HEpIBHOCTI,  1I0  MICTSTh
a0COIIOTHY BEIIMYNHY lax+b|,

PO3B'SA3YIOTECS 3a TIEIO X CXEMOI0, IO 1
BIJIMOB1/IH1 PIBHSHHS.

[To-miepmie, TOTPIOHO 3HAWUTH TOYKY, B
sKiii Bupa3 ax + Db 3miHoe 3Hak. [loTim
KO’KHOMY 3 iHTepBajiiB aXx + b >0 Tta ax +
b <0 mnorpibHO 3amucaTH 1 BHPIIIMTH
CTaHJAPTHUM CIIOCOOOM 3BHYAIHI JiHIMHI
HEpPIBHOCTI, SIKI HE MICTATh CHMBOJIIB
abcomoTHOT BenuuuHU. Jlam mnoTpiOHO
BUOpaTH Takl PIMICHHS HEPIBHOCTEH, SKi

This is a contradiction. Therefore, the
value x = =2 is not the solution for the

considered equation, and the solution
set in case 2 is the empty set @. Thus,
the solution set for the given equation is
the single value x = 20.

3.4. Linear Equations Involving
Absolute Values |ax+b| and |cx +d|

In order to solve a linear equation
involving the absolute values |ax+b
and [cx +d| it is necessary to remove all
absolute value symbols.

Let x=x, and x=x, be, respectively,
the solutions of the equations ax+b=0
and cx+d =0. Therefore, the expression
ax+b changes its sign in the point x,
while the expression cx+d changes its
sign in the pointx, .

3.5. Linear Inequalities
Absolute Value |ax+b|

Involving

In order to solve a linear inequality
involving the absolute value |ax+b] it is

necessary to use the same technique as
in the case of equations.

First, find the point in which the
expression changes its sign. Then in
both cases ax + b >0 and ax + b <0,
write down and solve the linear
inequalities not involving the absolute
value symbols. At this step the problem
can be solved in the usual way, but the
solution for each of these inequalities
has to be tested to determine whether it
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HAJICKATh BIAMOBIIHUM IHTEPBAJIaM. belongs to the corresponding interval.

In some cases one can easily write the
VY neskux Bumagkax pimenHs wmoxxHa Solution set in view of the following
3amuMcaTd  oapa3y,  BHKopucTOByrouHm properties of absolute values:
BJIACTUBOCTI a0COIOTHOI BEJTUYNHH:

x-bj<a = b-a<x<b+a.

x-bj<a = b-as<x<b+a.
x-b>a = xe(-oo,b-a)U(b+a+x).
x-b|>a = xe(-o,b-a]Ulo+a,+mo).

Ipuxnan 6: Po3s's3atu HEPIBHICTH Example 6: Solve the inequality
3x—1<5.
Po3B’sa130K: Solution:

\3x—ﬂ<5:1—5<3x<1+5:>—g<x<2.

Ipuxaan 7: Po3s's3aTu HEPIBHICTD Example 7: Solve the inequality
4x+5/>3.
Po3B’si30Kk: Solution:
a)dx+5<-3, AX=2
4x+5/>3= 1

b)ax+5%> 3. :b)XZ—E-

Takum yrHOM, CYKYIHICTH pimieHs maanoi The solution set for the given inequality

HEpiBHOCTI € 00'efHAaHHAM MHOXHMH s the union of the two solution sets:
OTPUMAHUX PILIEHb:

i)

IMpuxnan 8: Po3s's13aTu HEPIBHICTH Example 8: Solve the inequality
Bx—1 < 2x.
Po3B’s130K: Solution:

Bx—1<2x = -2x<3x-1<2x =
—2X—3X<-1<2X-3X = -Hx<-1<—Xx=>

5x212x:>%£x£1.

Mpuxnan 9: Po3s's13atu HEPIBHICTH Example 9: Solve the inequality
X+ 2 <5x-10.
Po3B’s130k: Solution:
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Bunagok 1: skmo X+ 2 >0, roxi

Case 1: If X+2>0,then

x+2 <5x-10 X+2<5x-10
—
X+22>0 X> -2
{xzs
= X2>3.
X> -2

Bunanok 2: skmo X+ 2 <0, roni

Case 2: If X+ 2 <0,then

X +2/<5x-10 —(x+2)<5x-10
j—
X+2<0 X< =2
x>
3 = X € .
X< =2
Y npoMy BUINAAKY pilliCHh HE iCHye, Tak There are no solutions in this case.

mo Oe3my pilleHb JaHOi HEpiBHOCTI
CKIIQJAEThCS 3 PIMIEHb, IO CTOCYETHCS
JIMIIIE MEPIIOro BUITAJKY: X € [3,+OO).
SIK110 HEPIBHICTH MICTUTH JB1 200 OlbIie
aOCOJIOTHUX BEJIUYHMH, WOTro PO3B 30K
3BOJIUTHCS  JO  PO3B’SI3KY  JACKUIBKOX
JTiHIMHUX HepiBHOCTel. Cepen onepKaHux
pilieHb MOTPIOHO 3pOOUTH BiIOIp TaKHX,
10 TOTPAIUISIIOTH Y BIAMOBIAHI 1HTEPBAJIH.
[xHS cykymHiCTH yTBOprOE Ge3miy pilieHs
HEPIBHOCTI.

3.6. KBajgpartHi piBHSIHHSI
KBanparne piBHsIHHSI MOXe OyTHU ITO/IaHE

ax’+bx+c=0

y BUTJISL

Jle X — 3mimHa; a,b Ta ¢ -
KOHCTAHTH (a + O).

PiBHsHHS (%) TaKOXX  HA3UBAIOTh

PIBHSHHSAM JAPYroro CTYIEHS, OCKIJIbKH B
MBI HOro 4YacTHHI CTOITh MHOTIOYIEH
JIPYTOro CTYICHS.

Akmo  po3minuTH

o0MIB1I  YaCTUHH

Therefore, the solution set for the given
inequality involves Case 1 only: X €

[3,+00).

If an inequality involves two or more
absolute values, then its solution
involves solving three or more
inequalities. Then it is necessary to
select only such solutions that belong to
the corresponding intervals. The
solution set is the union of the solutions
involving all cases.

3.6. Quadratic Equations

A quadratic equation can be written in
the following form

(5)

where x is the variable; a, b an d c are
constants (a = 0).

Since the expression on the left- hand
side (5) is a quadratic polynomial so
equation (5) is also called a second-
degree equation.

Equation (5) can be rewritten in the
form of a monic quadratic equation by
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piBusiHas  (5) Ha koedimient a, To dividing both its sides by the numerical
OTpUMaHe PIBHSIHHS HasuBaeThcs Coefficient a:
KBaJPATHUM PiBHSIHHSIM:

b ¢
X*+—x+—=0. (6)

d a
KBanparni piBHsSHHs po3B's3ytoThes Oyap-  Quadratic equations can be solved using
SIKMM 3 HACTYITHUX METOJIIB: any of the following methods:
* BUZIUICHHS ITOBHOT'O KBa/Ipata, « completing the perfect square;
* 3aCTOCYBAHHAM QOpMYTH; « applying the quadratic formula;
® pO3KIIaJaHHAM Ha MHOXHHUKH. ° faCtoring.
3.6.1. BuijieHHsI IOBHOT'0 KBaJApaTy 3.6.1. Completing the Perfect Square

Buninumo mnoBHuii kBagpar y omiBiii Let us transform the quadratic

yacTUHI MHorowieHa (6), gomatoum Ta Polynomial on the left-hand side of

BiJTHIMAIO4H BiJIMTOBIAHY KOHCTAHTY: equation (6) by adding and subtracting
the constant to complete the perfect
square:

. b ¢ ., b (bjz(bjzc
X+ —X+—=X"4+—X+|— | -| — | +—=
a a a 2a 2a a
(o) (@) -

X+— | —|| — 1| —= |
2a 2a a

[Tpu npomy mMu orpumyemo piBHOcwibHe We get the equation which is equivalent
PIBHSHHSL: to the original one:

(o) () -3

3BeneMo mpaBy 4yacTuHy Jo crubHoro Reduce the right side to the common

3HAMEHHUKA: denominator:
( b jz b? —4ac (7)
X+ = .
2a 4a’

Bemunna D =b*—4aCc wasuBaetscs The valueD =b? —4ac is called the
JUCKPUMIHAHTOM KBajapaTHoro piBHsHHsA, discriminant of the quadratic equation.
a 3HAK JWCKpMMiHaHTa € BaxkiauBoro The sign of the discriminant is an

XapaKTePUCTHUKOIO PIBHAHHS. important characteristic of the quadratic
[Mepenumemo piBusHHs (7) B TepmiHax equation.
JTUCKPUMIHAHTY: Let us rewrite equation (7) in terms of
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the discriminant:

[H b) _ Db @
2a 4a’
Mosxkmusi tpu Bunaaku: D <0, D=0 ta There are three possible cases:
D > 0. D<0,D=0and D>0.
Bunanok 1: sxmo D <0, toni If D <0, then
(x+£j <0. (x+£) <0.
2a 2a

CymepeuHicTb, SiKa BUHUKIIA, BKa3dye Ha Te, This IS a contradiction. Therefore,
mo piBHAHHA (8) He Mae po3B's3kiB Ha equation (8) has no real roots, that is,

MHOXXHHI TIHCHUX YUCEIL. the solution set in Case 1 is the empty
set .
Bunanok 2: sxuo D =0, Toni Case 2: If D =0 then

(x+£j =0.
2a

Omxe, xopeHi piBHsHHA (8) 30iratrorbest Therefore, equation (8) has a twice
OJIMH 3 OJHUM: repeated real root:

b
X =X =——. 9
=X =T 9)

Bunagox 3: sxkmo D >0, to moxna Case 3:If D >0 then by taking the
OTpUMaTH KOpPEHi 3 000X 4acTUH PIBHOCTI square root of both sides of equation (8)

(8): we obtain;
X+ E = @ (10)
2a 2

3.6.2. ®opmyna kopeHniB kBaapatHoro 3.6.2. The Quadratic Formula
PiBHSIHHSA

PiBaicte (10) wmoxxHa mnpexacraButu y The equality (10) can be rewritten in the

BUTJISTI following form
~b+VD —bx+b*-4ac
X1,2 = = . (11)
2a 2a

Ils dopmyna HaszuBaeThess Qopmynaoro Formula is known as the quadratic

KOPeHIB KBajpaTHOro piBHiHHA. BoHa formula. It gives the complete solution
TMOBHICTIO yCYBa€ TNpPOOJEMY BHPIIICHHS for equation (5).

piBHAHHS (5).

Hpuxnaam: Examples:
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Pipusras 33X’ —X+4=0 me wmae The equation3x*—X+4=0 has no
TIMCHUX KOpEHiB, ToMy 1o nuckpuminant real roots because the discriminant is
HEraTUBHUM: negative:

D=(-1)-4-3-5=-59<0.
 Pipasuas X' —6X+9=0mae nume < The equation X*—6X+9=0has a

omHe  pimenns  X=3,  ockiIbkM twice repeated real root X =3because
D=36-36=0. D=36-36=0.

* Bignoigao 10 hopmynu (11) xopersmu  * In view of formula (11), the equation
piBusinns X° +6X+5=0e X =—511a X*+6X+5=0 has the solution set
X =-1. X, =—5and X, =—1.

3.6.3. Po3ki1ajiaHHsl MHOTO4YJIEHIB HA
MHOKHUKHA
Posknaganas MHorowieHa Ha MHOXHHKH A polynomial equation can be solved by
MOBHICTIO BUpIIIYE npodaemy factoring the polynomial expression,
3HaXOMKeHHs Koro kopeHiB. 11]o0 kpamie that is, by representing it as the product
3pO3yMITH B32€MO3B'SI30K mik Of irreducible polynomials. In order to
pO3KIaJaHHsIM MHOrodjaeHa Ha MHOKHHKK understand better the relation between
Ta 3HAaXO/DKCHHAM KopeHiB piBHsHHA, factoring the polynomial and finding the
posriasHeMO, — Hampukiaa, — kBagpatHe solution set of the equation, let us
piBHsAHHS (6). consider, for instance, quadratic
Sxkmo D <0, 1o piBusEas me wmaec equation (6).
}IiﬁCHHX KOpeHiB Xl Ta XZ’ TaK IO If D < 0 ) then the equation has no real
roots, that is, the polynomial

MHOTOWIEH X’ +—X+— He MOXHA , b c . . )
a a X" +— X+ — isirreducible.

PO3KJIACTH Ha MPOCTIII MHOKHHUKH. a a

dxmo D=0, 1o xopeni pisusmus (6) If D=0, then the roots for equation
¢ (6) coincide with each other: X =X,.

So the polynomial can be represented as

3.6.3. Factoring Polynomials

CIIBIAJAOTh OOHMH 3 omHuM: X = X,. 1]
O3Hayae, IO aHaJI30BaHUM MHOTOYWICH
MOXKHA TIPEACTABUTH Y BUTIISII

b ¢
X +—x+—=(x —=xJ.
d a
Sxkmo D >0, to piBusuna (8) mae asa If D >0 then equation (8) has two real

pisni aificni kopeni, X,Ta X,. Ile o3Hauae, roots, X and X, ( X # X, ), that is, the

2 . b C
1o MHOTOUICH X +7 XT3 polynomial  X*+=X+— can be
a a

PO3KIAAA€ThCA Ha ABA JIIHIMH1 MHOKXKHHKH. factored into two linear factors:

, b Cc_ . B
x+ax+a_(x X (X=X, ).
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Po3kpuemo nyxku Ta copoctumo 1o Expand the expression on the right side
TOTOXKHICTb: and simplify this identity:

., 0 C_
X+ —X+— =X = X(X_+X,)+ XX, =
a a

b-l-X + X X+C_XX
a 1 2 a 172

ToroxxHicTh TIOBMHHA BHUKOHYBaTHCs 3a 1he identity has to be valid for any

Oy/ib-KKMX 3HAYEHb X. values of X. Let X =0, then
Hexait X =0, toxi

(12)

C
XX, = a (13)
OTxe, Hence,
b
(5+X1 +xzjx=0.

I OyIb-sIKUX 3HaueHb X . Tomi for any X. Therefore,

b

X + X, =——. (14)
a

®opmynu (13) i (14) 3actocoBytothes sk Formulas (13) and (14) can be used to
JUls 3HAXOJLKeHHs KopeHis piBHsAHHS (6), find the roots of equation (6) as well as

Tak 1 JUpl - TICPEBIPKA - TPAaBUIBHOCTL g test whether the found roots are
OACPIKAaHUX PIIICHD.

correct.
Mpuxkaamm: Examples:
« IIMod6 poskmactu ©Ha MHOHuUKH * In order to factor the quadratic
KBaJpaTHUN MHOTOYJIEH polynomial
X* —4x—-12,

CIIOYaTKy JOAaMO 10 HbOro i BigHiMeMo first, add and subtract the term X°. Next

2 . .
X". IloTiM momapHO 3rpyIyeMO TOAAHKH group the terms by pairs, and then take
Ta BUHCCEMO 3aFaJII>Hi MHOXHUKMU . out the common factors:

X —4x—-12=(X* +2x)-6x-12 =

= X(X+2)—6(x+2)=(x+2)(x—6).
Taka  ¢opma 3amucy  muorowieHa This form of the polynomial gives the

J03BOJISIE€ 3HANTH KOPEHI PIBHIHHS roots of the equation
2X* —4x-12=0.
Poss's3anasaMu 1poro piBHsAHHS € X =—2 The solution set for this equation is
Ta X=06 X=—2and X=06
» KBagpaTHe piBHSHHS * The quadratic equation
X’ —11x+24=0
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JIETKO  PO3B'SI3Y€ETHCS
dbopmyn (13) 1 (14):
11=3+8 r1a 24=3-8.
Omxe, piBHSAHHA Mae po3B'sa3kM X =3T1a
X =8.

Ilepesipka: sxmo X =3, To

3a  AOIIOMOI'ORO

x> -11x+24=0 = 3 -

PiBHSIHHS IEPETBOPUIIOCH Y TOTOKHICT.
Hexaii tenep X =8. Toxi

X =11x+24=0 = & -—

can be easily solved by using formulas
(13) and (14):
11=3+8 and 24=3-8.
Therefore, the solution set for the
equation is X =3and X =8.
Check up: If X =3, then
33+24=0 = 0=0.
That is true.
Now let X =8. Then

88+24=0 = 0=0.

[TepeBipky BUKOHAHO. That is true.
* [1[o6 po3B's3aTu KyOiuHE PIBHIHHS * The cubic equation
X*+4X*+x—-6=0
noTpiOHO  po3kiacTd MHOrowieH Ha can be solved by factoring the
MHO)KHHKHU: polynomial:
X° + 4% + X —6=(x" - x*)+(5x* —5x)+(6x—6)
= x*(x=1)+5x(x —1)+ 6(x —1) = (x —1)(x* + 5x + 6).
Temep poskmamemo Ha  MHoxHukH Now factor the quadratic polynomial

KBa/[paTHUH MHOTOWIEH X +5X+ 6
X +5Xx+6=(x +

X*+5X+6
2X)+(3x+6) =

= X(X+2)+3(x+2)=(x+2)x+3)

TakuM 4MHOM,

X +4X° +X—6=(x—

OTtxe, PIBHSIHHA Mae PO3B'SI3KN
X=-3, X=-21ix=1,
3.7. Jinennst MHOIro4JeHa Ha

MHOTO4YWI€eH
Sk1o MHOrOWwIeH P(X) MEePETBOPIOETHCS

B HyJb IIpA X = A, TO 3 TEOPEMHU PO3KJIAaYy
BUIUIMBaE, mio X—a € OIHUM 13

MHO>KHHKIB MHOTOWJIEHA P (X) :
P(O=(-a)(), ¢ Q)
HEB1JJOMUI MHOT'OYJICH.

1106 3HaﬁTHQ(X), NOTPiOHO MHOTOWICH

e

P(X) posaiiuTh Ha X —a.
npoucaypy

KOHKPETHOMY MPUKIIAII.

ITokaxxemo noally  Ha

3poboumo
KyTOM

IMpuxnan:
IIEHHSA

3aroTOBKY IS
MHOTO4JIEHA

Thus,
1) x+2)(x+3)=0.
Hence, the solution set IS

X=-3,X=—-2and x=1.
3.7. Polynomial Long Division

If the polynomial P(x) is equal to zero

for X=a then in view of the Factor
Theorem X—a — is a factor of the

polynomial P(x): P(x)=(x—a)Q(x),
where Q(X) Is an unknown polynomial.
The polynomial Q(X)can be found by
the division of P(x) byx—a.

Consider the division algorithm in detail
for a particular example.

Example: To perform the polynomial
long division of the polynomial

X' —4x* +X+6 by X—3, write the
expressions in the form of long
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X—3,
HOPSIIKY

X’ —4x*+X+6 Ha
PO3TAIIOBYIOUN  JAOJAHKH
3MEHIIICHHSI CTYTCHIB!

B

X —4AX* +X+6

. . 3 .
IToriMm mominmMmo wieH X , MO MICTUTH
CTapUIMi CTymiHb Yy YHCCIbHUKY, Ha
AHAJIOTIYHMI 4ieH X 3HaAMEHHHKA 1

3aIMIIEMO BIANOBIIb X* HyKue Jiuii:
3 2
X —4X°+X+6

HA JUTBHUK X—3 i
BIJIIIOB1Ib

2
IlomHOXKHMO X
3aITUIIEMO

X’ (X — 3) =X’ —3X° mig MHOro4wIeHOM
YUCCIIbHMKA, PO3TAIIOBYIOYM UWIEHH 3
OJTHAKOBUMH CTYIICHSIMH OJWH i1 OTHUM:
X' —4x*+X+6
x* —3x°
Bignimaemo Bupa3 B OCTaHHIA miHIT 3
BUPA3y y MONEPEaHI:

X —4AX° +X+6

x® —3x°

—X*+X+6
[Torim Bcs mpormeaypa TOBTOPIOETHCS:
YICH (— X*) 31 crapmmM cTymeHeM
OTPUMAHOT'O0 MHOTOWJICHA JIJTUMO Ha YJIeH
X JIbHUKA, OTPUMYEMO (— X) 1 10Ja€EMO
meii pesyaprar g0 X

CTOBITYHKY:

y IpaBOMY

X —4X* +X+6

x® —3x?

—X°+X+6

division:

X—3

Next, divide the leading term X® in the
numerator of the given polynomial by
the leading term X of the divisor and

write the answer X° under the line;

X—3
X2
Multiply the term X* by the divisor
X—3 and write the  answer
X*(x—3)=x>-3x>  under the

numerator polynomial, lining up the
terms of equal degree:

X—3

X2
Then subtract the last line from the line
above it:

X—3

Now we have to repeat the procedure,
that is, divide the leading term (- X*)

of the polynomial in the last line by the
leading term X of the divisor to obtain

(— X), and add this term to the X* under
the line on the right- hand side:

X—3

2

X —X
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[TomHO)Y€EMO (— X) Ha AUIBHHK X —3,
3aIACYIOYH pe3yabTaT
— X(X — 3) = —X* +3X mig MHOroO4JIeHOM
YUCeNbHUKA, OJWH WIE€H MiJ IHIIUM 3
TaKHM K€ CTYIICHEM:

X —4X*+X+6

X’ —3x°

—X*+X+6

2
— X" +3X
Bignimaemo Bupa3 B OCTaHHIA iHIT 3
BUpa3y y MONEpeaHii:

X —4AX* +X+6

X —3x°

—X*+X+6
—Xx*+3x

—2X+6

Temep mOTPIOHO PO3IIIMTH (— 2X) Ha
yieH X13 CTapliMM CTYIEHEM JUIbHHKA,
1o Ja€ (— 2), 1 TofaTH 1el pe3yabTaT Ji0
BUpa3y HIKYE JIHII Yy  IpaBOMY
CTOBMUMKY. [lOTIM TOMHOXHMO YHCIIO
(— 2) HA JUIPHUK X—3 1 3alHIeMo
BIANOBIOL  — 2(X — 3) =-2X+6 mn
MHOTOWICHOM YHUCEIbHUKA, OJWH YJIEH i
THIITUM 3 TAKHUM CaMUM CTYIICHEM:

Then multiply the term (— X) by the
divisor X—3 and write the answer
—X(x—3)=-x*+3x under the last
line polynomial, lining up terms of
equal degree:

Subtract the last line from the line
above it:

At the next step we divide the term
(—2x) by the leading term X of the

divisor to obtain (—2), and add this

term to the expression under the line on
the right-hand side. Then multiply the

number (—2) by the divisor X —3 and
write the answer —2(X —3)=—2X+6

under the last line polynomial, lining up
terms of equal degree:
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X —4x*+X+6

X* —3x*
—X"+X+6
—X* + 3X
X—3
X' —X—2
—2X+6
—2X+6
0
[Mponienypa ninenHs 3aBepmieHa, i mu Therefore, the division procedure is
OTPUMYEMO OCTATOYHO terminated. Thus, we finally get
XX —4Ax*+x+6
=X —X-2.
X—3

Ileii pesynprar MOKHa ImepeBiputd, The easiest way to check the answer
MOMHOKYIOUH 00uABI yacTHM ocTaHHbol algebraically is to multiply both sides

PIBHOCTI Ha JUTHHUK: by the divisor:
X' —4X* +X+6=(X* —x—2)(x—3).
CripocTuMO TpaBy YacTHHY: Expand and simplify the expression on
the right side:

(X* =x—2)(x=3)= x> = X* —2X—3X* +3X +6 = X’ —4X’ + X +6.
Mu oTpuManu TOTOXHICTH 1, BimmoBimHo, Thus, we have the identity and so the
MiATBEPAMINA MPaBUILHICTH OTpuUMaHoro answer is correct. By polynomial long

pesyibrary. Takum umHOM, MHorowieH division, the polynomial
X’ —4X* +X+6 wmae Burmam gooyrky X' —4X°+X+6 is factored, that is, it
MHOTOYJICHIB MCHIIIUX CTYTICHIB. Is written as the product of polynomials
with lower degrees.

3.8. KBaapartHi HepiBHOCTI 3.8. Quadratic Inequalities
KBaapaTny HepiBHICTH mokHa A quadratic inequality can be put into
NpPEJCTaBUTU B OJIHIH 13 HACTynHUX GopM:  one of the following forms:

ax’ +bx+c>0, (15a)

ax’ +bx+c >0, (15b)
ne X — 3minHa, a,bD Tta C — komcrantu Where X is the variable; a,b and ¢ are
(a=0). constants (& # 0).
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[Ilo6 po3B's3aTH KBajpaTHY HEPIBHICTD,
ITOTPIOHO CIIOYATKY PO3B'S3aTH BIAIIOBIIHE
KBaJIpaTHE PIBHSAHHS:

In order to solve the quadratic
inequality it is necessary to solve the
corresponding quadratic equation:

ax’ +bx+c=0.

Moxusi tpu Bumagxku: D <0, D=0
a6o D >0.

dxkmo D <0, T10 piBHaHHS HE Mae
nificaux kopeHis. Ile o3Hauae, mo BHpa3

ax® +bx+cC s36epirae cpiif 3Hak Tpm
Oy/Ib-SIKUX 3HAYCHHSAX X '

ax’ +bx+c¢ >0, skmo a>0;
ax’ +bx+c <0, sxkmo a<O0.
dxmo D=0, KOpeHi

CHIBINAAAIOTh ONWH 3 OJHHUM:

TO PIBHSHHS

X =%
Tomy Bupa3 ax’ +bX+C mae Toit camui
3HaK, IO 1 KoedimieHT a — aiIsa BCiX X,
X=X=X, ¥y
MHOT'OYJICH JOPIBHIOE HYJIIO.

Sdkmo D >0, 1o piBHgHHA Maec 1Ba
NIMCHUX KOpeHi, X, Ta X, (Xl < Xz), a

KpIM  TOYKH AKIH

2 . co
oararowren aX’ +bDX+C 3MiHoe cBiii
3HAK I1iJ] 4ac Mepexo/y uepe3 TOUKU X, Ta

X,. Il TOYKM pO30MBAIOTH YHUCIOBY BICH
Ha TPU IHTEpBAJIU: (— O, Xl), (Xl, X2) Ta
(%, ).

Adxmo a > 0, To MEHOTrOWIEH HOAaTHUIT HA
IHTEpBaIax (—OO, X1) Ta (XZ, OO), TaK 10
pO3B'A3KOM HepiBHOCTI (15a) € MHOXUHA

There are three possible cases: D <0,
D=0or D>0.

If D <0, then the equation has no real
roots. Hence, the expression

ax’ +bx+c holds its sign for any
value of X:

ax’+bx+c>0,ifa>0;

ax* +bx+c <0, if a<O.
If D=0, then the roots for the
equation coincide with each other:

X =X,. So the expression
ax’ +bx+c has the same sign as the
coefficient a for all values X, except
X=X =X,, where it is equal to zero.

If D>0, then the equation has two
real roots X and X, (X1 < Xz), and the

polynomial ax®* +bx+c, changes its
sign when the variable X jumps over

X or X,. These points divide the
number line into three
intervals: (—oo, x ), (x,X,) and

(x,, ).
If a >0, then the polynomial is greater
than zero on the intervals (— 00, xl) and

(XZ, oo). Therefore, the solution set for
inequality (15a) is the union of the sets
X<X and X>X,:

Ix < x Ju{xx > x,

Sxkmo x a <0, To po3s'a3K0M HEpiBHOCTI
€ MHO>KHHa {X‘X1 <X<X, }

[Ipu po3B'A3Ky HEpPIBHOCTEH KOPUCHO
BUKOPUCTOBYBATH YHCIIOBY BICh.

If a<0, then the solution set for the
inequality is {Xx, <X <X, |
We can also use the number line to find
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Ipukaanu: the solution set of the inequality.
Examples:
* In order to solve the inequality

X*+2x—-8>0
noTpiOHO cCrioYaTKy po3B's3aTh piBHsAHHSA It IS necessary to solve the equation

* 1100 po3B'sa3aT HEPIBHICTh

X*+2x—8=0.
Lle piBHSHHS Mae€ JiBa KOpPEHi: This equation has two real roots:
X, =—4 ta X, =2. X, =—4 and X, =2,

OTxe, CykymHICTIO po3B's3kiB HepiBHOcTi Therefore, the solution set for the

x> 2}: {x < —4hu{xx > 2} X < 4] and x> 2f:
* [1]06 po3B'si3aTH HEPIBHICTh {X‘X < _4}U {X‘X > 2}'
* In order to solve the inequality
X*—4x-5<0
NOTPiOHO 3HAUTH KOPEHi PiBHIHHS it is necessary to solve the equation
x> —4x-5=0.
Ile piBHSHHS Ma€ JiBa KOPEHi: This equation has two real roots:
X, =—1ra X, =05. X, =—1and X, =5.
Omke X° —4X—5<0, sxmo —1< X <5. Therefore, x> —4x-5<0,if
« Jlano HepiBHICTB —1<x<5

* Given the inequality
X*+6x+9>0.
KopeHi piBHAHHS The equation
X*+6X+9=0

CIIBIIAJAI0TH OXUH 3 OXHUM 1 IOPIBHIOIOTE  hag 4 tyice repeated root X, =X, =-3.

Otke X +6X+9>0, mis OyIb-SIKUX
nificHux X, kpim X = —3.

Therefore X* +6X+9 >0 for any
X € Rexcept X =—3

* JlaHo HEpIBHICTh * Given the inequality
X*—4x+4<0.

KopeHi piBHSHHS The roots of the equation
X*—4x+4=0

CHiBMaar0Th OJMH 3 ofHUM : X, = X, = 2. coincide with each other: X =X, =2.
Ile o3mauae, mo X —4X+4>0 mpu Hence, X’ —4X+4>0 if X#2, and

X#2,i X’ —4X+4=0npu X=2. X*—4x+4=0if x=2.

Omxke, HepiBHICTH  3amoBoibHAETHCs | herefore, the solution set for the
Tineku pu X = 2. inequality is X = 2.

* Po3B'si3aTH HEPIBHICTH: * Solve the following inequality:
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X’ —4x+5<0.
OCKUTBKH PIBHSHHS Since the equation

X*—4x+5=0
HE Ma€ JIMCHUX KOpeHiB, To MHorowieH has no real roots, the quadratic
X* —4X+5 nomarmiii 3a Oyme-sxux polynomial X* —4x+5 is positive for
Xe R. Omxe, poss'sskom HepiBaocti € anyX € R . Therefore, the solution set
MIOPOKHS MHOKHHA O, Is the empty set @.
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